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TRANSLATOR'S PREFACE. 



In preparing this translation of Professor Reye's Geometrie der 
Lage, my sole object has been to place within easy reach of the 
English-speaking student of pure geometry an elementary and 
systematic development of modern ideas and methods. The in- 
creasing interest in this study during recent years has seemed to 
demand a text-book at once scientific and sufficiently comprehensive 
to give the student a fair view of the field of modern pure geometry, 
and also suffiL entlj sugj,esti%e to incite him to investigation The 
recogi zed merit of Professor Reyes work in all these regards is my 
flnl) apology for offering this trinshtion as in ^ttempt to satisfy our 
present needs 

It has been m) i m t present in td r reid-ible Enghsh the 
geometriL idc-is contained in the text ritl cr than to hold m>selt at 
all po nts to a literal trai slatioi yet I trust that I have not alto 
gether destroyed the charm of tl e onginal writ n^ So i e rhani;es 
have been made the art cles have btti lumbered the examples 
set at the end of the lectures to whieh they are related ind -i few new 
ones added explanatory notes have been inserted where they seemed 
neccssar) or helpful and an ndex has been compiled I ha\e not 
deemed it advisable to o n t from this edition any part of the rig ml 
prefaces or mtroduction e\en though at this d stance from the r 
hrst publication they m ^\\. lot be dema ided n their entirety 

For the most part I have endeavo ired tc bo d rif,orously to well 
■established terninologj "^ few instances of deviation from tb 
pnncple bo e\er may be n entioned I have preferred the terns 
sheaf of rajs sheaf of pla cs ind bu die ol rays or pla es to 
the n ore common though I think less expressive terms fiat pencil 
axial penc 1 ind sheaf of line or phnes rstead of the express on 
conformal rep e entatien is ai e|unalent for tl e German c nf tme 
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vi TRANSLATOR'S PREFACE. 

Abbildung,' I have ventured ' conformal depiction.' The term ' ideal ' 
has elsewhere been applied to infinitely distant points and lines ^ 
with this I have associated the word 'actual' to apply to points and 
lines of the finite region. 

I desire to acknowledge my indebtedness to my colleague 
Professor Henry S. White for valuable assistance; my thanks also- 
and the gratitude of all who may profit by the use of this translation 
are due to Dr. M. C. Bragdon of EvansCon whose interest and 
generosity made its publication possible. 

What is commonly known as Modem Synthetic Geometry has 
been developed for the most part during the present century. It 
differs from the geometry of earlier times, not so much by the 
subjects dealt with and the theorems propounded, as by the processes 
which are employed and the generality of the results which are 
attained. 

Geometry was to the ancients a subject of entrancing interest. 
Its progress is prominently connected with the names of Thales 
of Miletus (640-546), Pythagoras (569-500}, Plato (429-348), who 
cultivated geometry as fundamental to the study of philosophy, 
Menaechmus (375-325), the first to discuss the conic sections, EacUd 
of Alexandria (330-275), Archimedes (287-212), and Apollonius of 
Perga (260-zoo) ; these among others before the Christian era. 

Of the numerous writings of Euclid, the Elements,'^ in which was 
collected and systematized much of the geometrical knowledge of 
that time, has remained for two thousand years a marvellous monument 
to his skill. Whatever may be its defects, and these have been the 
subject of much discussion, it " certainly possesses some excellent 
features; it accustoms the mind to rigor, to elegance of demon- 
stration, and to the methodical arrangement of ideas ; in these 
regards it is worthy of our admiration."^ His Forisms, which 
unfortunately have been lost, are said to have contained many of 
the principles that have formed the basis of modern geometry. 

Ancient geometry reached its highest perfection under Archimedes 
and Apollonius, the former of whom devoted much study to physical 
problems by means of geometry, and the latter carried his investi- 

'For a convenient summary and characterization of Euclid's Elements, see 
Professor Henrici's article on Geometry in the Encyclopedia Brilannica. 
^Poncelet, Proprillh Projective, etc., p. 15. 
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TRANSLATOR'S PREFACE. vii 

gations upon the conic sect oi ^ sj fir as to lea\e few of their 
important properties undiaco^ered He pr duLed t jstenatc 
treatise on conic sections containing hs own dscoi cries and 
including ilso all pre\ious knowledge of these cunes^ 

The great geometer and commentator of tht early centuries of 
the Christian era was Pippuh of Alexandria In his Mjth mittcae 
Collechonts wr tten toward the end of the fourth century he collated 
the scattered works of the earlier celebrated geometers and -i 
multitude of curious theorems from m^ny sources t wh ch he 
added so much of original work a^ to place him among the most 
Uustrious of anuent geometers This work is the chief source of 
informit on on anc ent geometr) It comments so fullj upon 
Euchds book of prnsms that trcpent efforts haic been made to 
restore the httcr not-iblj by Chisles in i860 

The work of the ancient geometers was fra^mentar} Truly 
remarkable disco\enes were made but general pnnciples were not 
brought into prommence theorems were announced diseonncctedl> 
as though they had been recened bj their authors readj made the 
method of their discovery was rarelj il ever indicated the demons 
triUons ■iere given in the most pohshed and s)stematic form 
lut the relations existing among different theorems were not shown 
aid no suggestions were offered for lurther imestij,ition special 
eases of general theorems were as a rule treated as though thej 
were separate and ndependent theorems 

But scattered here and there throughout the f,reat volume of 
geometncal knowledge accumuUted by these earl> ^eometers is to 
be fouid the miter il upon which the hcautful a d sjmmetneil 
structure ot modern geometry has been foun Jed For exan pie 
the property of perspective triangles of which use is made in the 
j,eomctncal defin tion of harmonic poi its though usuallj redited 
to Desargues was in fact annoumLed by Euclid Harmonic division 
Itself was known to Apollonius and the fact that the anharmonic 
ratio of fou coll near pomts is unaltered by projection was demon 
stnted b> Pappus' and was probably known much earlier Ihe 
theorem upon which Camot based the tbeor) of transversals was 
discovered and published by Menelaus early in the second century. 

1 4ti edition f Apollom is Coit c Sail m «ith nctes ete , by T. I.. Hoath, 
M A has recenllj been pulli hed bj MaLmiUan 1 Cj Ljndon. 
Pappus Math niali le C llcchon preface tu book v 11 
Matin ilcoi C lUtotU! V 1-9 
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viii TRANSLATOR'S PREFACE. 

As has already been suggested, modern geometry is characterized 
by generality both in its processes and in its results. The founding of 
modern pure geometry is usually accredited to Monge (1746-1818), 
whose lectures in the Polytechnic School at Paris were published 
under the title of Gkomitrie Descriptive. These lectures, by utilizing 
the theory of transversals and the principle of parallel projection, 
called attention to the advantages to be gained through the applica- 
tion of geometrical methods, and served to revive the interest in 
pure geometry, which had been dormant for so many years. 

But the generalizing processes which characterize modern geometry 
were begun much earlier than the time of Monge. Desargues (1593- 
ifsdt), a contemporary of Descartes, introduced the notion of 
infinitely distant points and lines, with its far reaching results, 
and announced the doctrine of continuity. The methods of Pascal 
(1623-1662) too, so far as it is possible to judge from the few remaining 
fragments of bis mathematical work, partook of the broadest 
generality, and it is fair to assume that had not the work of these two 
great geometers been almost entirely lost, and had not their ideas 
been wholly pushed aside through the overwhelming influence of 
Descartes' discoveries, many of the geometrical theories and results 
of the present century would have been developed long ago, and the 
so-called modern geometry would have been of much earlier date. 

As it was, however, pure geometry was but little cultivated for 
over a hundred years before the time of Monge. Geometrical know- 
ledge was truly increased during this period, especially by Newton 
(1642-1727), Maclaurin (1698-1746), Robert Simson (1687-1768), 
and Matthew Stewart (1717-1785), but their methods could scarcely 
be said to partake of the spirit of modern geometry, and differed 
but little, if at all, from the methods of the ancient geometers. 

The illustrious names in connection with the development of 
modern pure geometery are Poncelet (1788-1867), Steiner (179G- 
1863), Von Staudt (1798-1867), and Chasles (1793-1880); and if 
it were permissible to add the names of living men I should mention 
Cremona and Reye. 

Poncelet's great work, Traitk des propriktks projectives des figures, 
etc., appeared in 1822, and at once clearly justifies any claim 
that may be set up in his behalf as the leader in the so-called 
modern methods. In this work the principle of continuity, the 
principle of reciprocity or duality, and the method of projection 
are the chief factors. 
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There has been much discussion from time to time upon the 
question of priority in the establishment of the principle of duality. 
Poncelet used the method of polar reciprocity with respect to a 
conic, and thus derived the dual of any geometrical figure, but 
it is claimed for Gergonne that it was he who first established 
duality as an independent principle. The name ' duality ' is clearly 
due to Gergonne.' 

The principle of continuity, which was first assumed by Kepler and 
later by Desai^ues, demands of the geometer as well as the analyst 
the consideration of imaginary quantities. Monge discovered that 
the results obtained from a geometrical construction would not be 
invalidated if in a different phase of the construction certain of the 
points and lines disappeared. Poncelet devoted much attention to 
imaginary solutions of geometrical problems, but it remained for 
Von Staudt to build up and to bring to a fair degree of perfection 
a general theory of geometrical imaginaries. 

A conception of the geometer's notion of imaginary quantities 
can probably be best obtained from the following quotation from 
Professor H J S Smith -^ 

All attempts to construct imigmaries have been wholl) abandoned 
in pare geometry but by asserting once for all the principle of 
continuity as universally applicable to all the properties of fibred 
space geometers have succeeded if not in explaining the nature 
of imiginanes jet at least in deriving from them great adiantage-j 
They consider it a consequence of the Iiw of continuity that if wc 
once demonstrate a property tor ai) figure n any one of its j,eneril 
states and if we then suppose the ht,ure to change its form subject 
of course to the conditions in accordance with which it was hrst 
triced the property we have proved though it ma} become un 
meaning can never become untrue even if every point and every 
Ime by neons of which it was originally proved should disappta ' 

The line of demarcation which was visible as earl} as the time 
of Archimedes and Apollonius between the geometers whose theories 
rest upon metric properties and those whose b-isal not oi s are 
purclj positional was very prominent during the toundat on period 
in the development of modern pure geometry Sterner and Chasles 
based their investigat ons ipon netru, piopcrties d fining the pro- 

Annah! de Malhtmahqites, T. X\ I., 1S26. 
- Colkclid Papers, Vol. I. p. 4. 
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X TRANSLATOR'S PREFACE. 

jective relation by means of the anharmonic ratio; Von Standi, on 
the other hand, and after him Reye, define this relation by reference 
to harmonic division, and this in turn is defined purely geometrically. 
Upon such a definition of projectivity they have been able to perfect 
a fomplete theory without any reference to metric properties what- 
soever. Cremona avoids metric properties in his foundations by 
defining two projective forms as the first and last of a series of 
forms in perspective. 

In all the recent development of synthetic geometry the effect 
of contact with analysis is clearly seen. Through its influence the 
foundations upon which the science rests have been carefully ex- 
amined, while characteristic methods of investigation have been 
acquired. The tendency toward generalization may likewise be 
attributed largely to the influence of analysis, though it is true 
that some progress had been made in this direction before the 
analytical methods had attained such universal sway. But, on the 
other hand, geometry has done much to enliven and heighten the 
interest In analysis, so that it may fairly be said that neither pure 
geometry nor pure analysis can any longer boast an isolated 
existence, or hope to attain its highest development independently 
of the other. 

THOMAS F. HOLGATE. 



A NOTE FROM THE AUTHOR. 

Dear Sir, — It is with great pleasure and satisfaction that I 
greet your Enghsh translation of my Geometric der Lage, which 
henceforth will take its place along with the French and Italian 
translations. I trust that it may help to win for pure Geometry 
many friends and investigators in the broad English-speaking 
countries. — I am, yours faithfully, 

TH. REVE. 
, Septsmbfr 1896. 
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THE AUTHOR'S PREFACE TO THE FIRST 
EDITION OF PART 1. 



The Lectures upon the Geometry of Position, which I now offer to 
the public, have been written at intervals during the last two years. 
I have been induced to publish them by a need which has been felt 
for a long time in the technical schools of this country, and perhaps 
in wider circles. The important graphical methods with which 
Professor Culmann has enriched the science of engineering, and 
which are published in his work. Die graphische Statik, are based 
for the most part upon modern geometry, and a knowledge of this 
■subject has therefore become indispensable to students of engineer- 
ing in our institutions. In the present work I attempt to supply the 
want of a text-book which offers to the student the necessary material 
in concise form, and which will be of assistance to me in my oral 
instruction. 

I was obliged, as a matter of course, to make use of the termin- 
ology adopted by Culmann, and, to a certain extent, to follow the 
subject matter of that complete work bearing the same title as this, 
namely,^7"/ie Gemietry of Position, by Professor Von Staudt. 
The new terms which Von SUudt added to the older ones of Steiner 
are so happily chosen that I have preferred a different one in but a 
single instance, the term "range of points" {Punktreihe), first used 
by Paulus (and Gopel) instead of " line form " (gerades Gebilde). 
The way in which Von Staudt establishes this science in contrast 
with all other writers upon Modern Geometry appears to me to 
afford advantages so important that, laying aside all other consid- 
erations, I should prefer it to every other. Permit me, in a few 
words, to assign my reasons for this preference. 

To the engineer as well as to the mechanic and architect, the ability 
to form beforehand a mental picture of his structure as it will appear 



Hosted by 



Google 



THE AUTHOR'S PREFACE, 



in space is of great service in designing it. Suppose, for example, a 
bridge is to be built across a stream. From among the different 
possible modes of construction, that one must be chosen at the 
outset which is best adapted to the given conditions. To this end 
the engineer compares the long iron girders with the boldly swung 
arch or the freely hanging suspension bridge, and endeavours to 
conceive how the pressure would be exerted at this point and at that 
point, and how distributed among the different members of the huge 
structure. Again and again he examines and compares, goes more 
and more deeply into alt the details, until the whole structure stands 
complete in clear outline before his mind's eye. And now the second 
part of his creative work begins. The project is transferred to paper; 
all details as to form and strength are completelj determined But 
still tl c ei^meer and everybod) else who wishes to become familiar 
w th \\\~, idea'i must contmually exert his power of imagination in 
order ictu'^llj to see the object intended to be represented by the 
lines of a drawing which is not it all intelht,ible to the uninitiated 
So also the mathematician and in fact an> one who concerns 
himselt With the natural sciences must, like the technologist bring 
the imagination very frequently into pla> At one time he tnes to 
understand a complicated piece ot -ipparatus trom an insuffi le it 
sketch at anothet from a scinty description to make ntell ^iblc 
remotely connected processes of nature or complicated motions 

One principal object of geometric il stud} appears to me to be the 
exercise and the development of the power of imagination m the 
student and I belie\e that this object is best attained in the way m 
which Von btaudt proceeds That i to say ^ on Staudt excludes 
all calculations whether more or less complicated which make no- 
demands upon the imagination and to whose comprehension there is 
requisite only a certain mechanical skill having little to do with 
geometry in itself and instead arrives at the knowledge of the 
geometric truths upon which he bases the Geometry of Posit on by 
direct visualization It cannot be denied thit this method like 
every other presents its peculiar difficulties and what is more \ on 
Staudts own work evidently not written for a beginner embodies 
peculiarities which are praiseworthy enough in themsehes but which 
essentially increase the difficulties of the study It is especially 
marked by a scantiness of expression and a very condensed almost 
laconic form of statement nothing is said except what is absolutely 
necessary rarely is d ere a word ^f exphiation ^nen aid it is left to 
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the student to form for himself suitable examples illustrative of the 
theorems, which are enunciated in their most general form The 
material, however, is very clearly and systematica 11 > arranged; for 
example, the subjects of projectivity, of the colhnear and the recipro- 
cal relation, and of forms in involution, are completely treated before 
the theories of conic sections and surfaces of the second order are 
introduced, and Von Staudt thus gains the advantage ol bcmg able 
to prove the properties of forms of the second order all at once but, 
on the other hand, the presentation is so abstract that ordinarily the 
energies of a beginner are quickly exhausted hy hi'j stud) These 
features, which, unfortunately, appear to have stood in the wa\ of the 
well-merited circulation and the general recognition ot ^'on Staudt's 
work, stamp it as a treatise on Modern Geometry of superior merit, 
to which we may very appropriately refer, as did the ancient geometers 
to Euclid. In my lectures written for beginners, however, I must 
avoid such peculiarities in order not to become unintelligible. 

There is one other difficulty inherent in the course itself which I 
have purposely not avoided, since it must sooner or later be overcome 
by e\erybod> who desires to comprehend the properties ol three 
dimensionil figures I refer to the diftitultj alreadi mentioned of 
gettin^ a mental picture of such figures in space a difficult} with 
which the beginner h-is to struggle in the stud\ of descriptive 
geometrj and analytical geometrj of space, the surmounting of which, 
as I ha\ e ilreadj remarked, I hold to be one of the principal objects 
of geometrical instruction In order to make the ac<.omplishment of 
this end easier tor the student I ha\e idded plites of dia-irams to 
mj lectures \ on Staudt did not make use of such expedients in 
fact ve should not be far from the truth in ascribing to him views 
similar to those expressed at one time by bteiner that stereometric 
ideas can be correctlj comprehended onl) when they are contem 
plated purelj bv the inner power ot imaginition without any means 
ot illustration whatever By disdaininL, to make use of these 
instruments of illustration which so far as planimetnc ideas are con 
cemed are not at all likch to lead to an incorrect conception I 
should unnecessanly have increased the difticulty on the part of the 
student of comprehendmg m) lectures 

bince the method introduced by "Von btaudt excludes numerical 
computations and investigates the metric properties of geometrical 
figures apart from the general theory it presents still another ad 
vantage ti wl ich I shoild hkc tj c-ill espcc al ittei tion Ihat 
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is, it turns to account most beautifully, in all its clearness and 
to its full compass, the important and fruitful principle of duality or 
reciprocity, by which the whole Geometry of Position is controlled. 
No method making use of the idea of measurement can boast of this 
merit and for the simple reiso i th-it n metric geometry this pnntiple 
IS not in j,encral applicible F it it must bt Jmitted tb'^t geometry 
offers noth ng which is so stm ihting to the beginner and «hich 
so spurs h m on to i depei dt,nt research is the principle ol re 
(. procity and the earlier he is made acqu-inted nith it the better 
Ihe fact thtt this prmciple stands out so clearly particularlj in 
geometry of three dimensions was t)r me a determinatue reison for 
not separating the stereometric discu sions from the phnimetric 

Metric relations I must add (.specially those of the conic sections 
have by no means been neglected m my lectures on the contrar> 
I have throughout developed these relations to a greater extent 
thin did either Sterner r ^ nn Stiudt nherever they could niturall) 
present them elves is specnl cases if general theorems 

I proceed t the stud) of the conic sections and other forms of the 
second (rder treited in this first part ol my lectures bj a route 
different from that of Sterner or Von Stiudt, the latter of whom 
bis d the theor\ f tl esc forms upon the doctrine of colhneition 
ind rcc pro ity B} introd icing the lorms of the second order 
d rectly from i stuiy of projectne one-dim ensional primitiie forms 
I hope to have mide the comprehension of the projective relation 
easier at the sime time I secure the advantage ot being ible to 
prepare the bejmner by degrees for the m re difficult study of 
collmeation ind reciprocity In his highlj suggestive pioneer w rl 
SvstemaUsche Entittckdmtg etc Sterner has ftimshed us with 
the model which I have preferred to follow in my lectures fron the 
fifth to the tenth For reasons ilrcad) referred to however I was 
nblij,ed to ictnm froii defi ing ir c tions as lid Stc ner b\ 

THE AUTHOR. 
ZiiiiicH. March %lli, iS66. 
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EDITION OF PART I. 

This new edition exceeds the iirst in extent by about two-thirds of its 
number of pages The most significant changes made in the second 
edition const Jed m the addition of a collection of two hundred and 
twenty three problems and theorems. A part of this collection was 
originally to be found in the appendix to the second volume, but this 
has been considerably enlarged by the addition of new problems and 
useful theorems The first ctaen sections of this collection, with the 
exception of the two upon the principle of reciprocal tadn and the 
ruled surfa. e of the third order, correspond to the lectures with 
the same headings, and problems and theorems which are com- 
paratively eas) to be proved have been selected mainly with a view to 
furnishing exercise for the student I urgently advise every beginner 
to actually solve the problems of construction graphically, since the 
comprehension of the Geometry of Position is made very much easier 
by the free use ot pencil and paper. 

The last four sections of the problems and theorems contain new 
investigations which were not found in the first edition, and which m 
more than one essential feature have been carried out by means 
of synthetic geometry for the first time so far as I know in this book. 
In order that the investigations upon self-polar quadrangles and 
self-polar quadrilaterals and upon linear nets and webs of conic 
sections might not become too voluminous, I have chosen for them 
a form of statement as brief as possible. By this means and by the 
introduction of a single elementary notion, I have been able, within 
the narrow compass of twenty-one pages, to present the important 
theories of sheaves, ranges, nets, and webs of conic sections m an 
entirely new connection. By means of/ Stephen Smith's theorem, 
the synthetic proof of which I acquired only after many fruitless 
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attempts, and by the principle of reciprocity, these theories are 
developed in a manner remirkabic for simplicity and clearness. 

I have replaced the proof of the fundamental theorem of the 
Geometry of Position as given bj Von Staudt by one free from 
objections, making use of the remarks in that connection of F. Klein 
and Darboux {Math Annalen, Vo! xvii ) It was expressly assumed 
in the second edition by the definition of "correlation," that in two 
projective primitive forms a continuous succession of elements in 
the one form corresponds to a continuous succession of elements in 
the other. This has no« been pro\ed upon the basis of Von 
Staudt's definition of projecti\it> 

It IS due to the kindl) co operation of the new publishers that this 
book, like its Italian and French translations, is supplied with 
engravings of the diagrams inserted in the text. 

THE AUTHOR. 
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INTRODUCTION. 

I. Most of my hearers will have heard till now scarcely more 
than the name of the Geometry of Position; for, unfortunately, 
the ^knowledge of this significant creation of recent times, dis- 
tinguished alike by abundance of contents, clearness of form, and 
simplicity of development, has been diffused but very little; 
and notwithstanding the fact that modern geometry must be 
ac9ounted among the most stimulating branches of mathematical 
science and admits of many beautiful applications to the technical 
and natural sciences, it has not as yet found its way generally 
into the schools. Perhaps, therefore, it will not be amiss if I pre- 
face my lectures with a word upon the place which the Geometry 
of Position occupies among other branches of geometry, and if 
afterwards I mention some theorems and problems which will serve 
still further to characterize this science for you. 

2. The pure Geometry of Position is mainly distinguished from 
the geometry of ancient times and from analytical geometry, in 
that it makes no use of the idea of measurement ; in contrast 
with this feature the ancient geometry may be called the 'geometry 
of measurement,' or 'metric geometry.' In the pure Geometry of 
Position nothing whatever is said about the bisection of segments 
of straight lines, about right angles and perpendiculars, about ratios 
and proportions, about the computation of areas, and just as little 
about trigonometric ratios and the algebraic equations of curved 
lines, since all these subjects of the older geometry assume measure- 
ment. In these lectures, however, at the end of each main division, 
I shall make applications of the Geometry of Position to metric 
geometry, in which I shall assume a knowledge of planimetry as well 
as, in a few instances, a knowledge of the sine of an angle. We 
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2 GEOMETRY OF POSITION. 

shall be Lonremed is little with isosceles and equilatenl triangles 
as with right angled t ungles the rcct'int,!^, the regular polygon, 
and the circle are ilso excluded from our invest^ations except 
in the case ot these applications to metric ^eometrj \\e shall 
treat of the centre the axes and the foci of so-c tiled curves of the 
second order or conic sections onl> is mcidentil to the general 
theory but on the other hind shall become acquimted with many 
properties of these curves more ^cneril md more important than 
those to which most text bock upon inaljticil geometry are 
restricted W e shall be obliged to mark out a new way of approach 
to the conic sections themsehcs since in the Geometry of Position 
we dispense with the help of the circular cone by means of which 
the ancient t,eometers defined these curves and also of the algebraic 
equation through which they are viewed by disciples of Descartes. 
After whit has been said it is scarcel> necessary for me to mention 
the fact that no computations will appear in my lectures; only 
once in a while m the applicaticns to metric geometry shall we 
employ the s%n of equality 

3. Of the knowledge of t,eon ctry acq u cd in the elementary 
schools I shall therefore n ike very little use On the other hand, 
a certain skill in producmg mental in i^cs of geometric forms without 
pictonil representations would be of ^reat sen-ice to you, inasmuch 
as It will not be practicable ior me to illustrate every theorem by 
diagrams especially if the thtoren Tcfcrs to a form in space; 
I shall (ften be compelled t mike demands upon your imagina- 
tion 

Su re the n agination is bro i^jht much nto play in descriptive 
geometry 1 kiowledge of th s litter science would likewise stand 
you in good stead the converse is equiUy true, that the Geometry 
of Posit o makes an excellent prehminar} study for descriptive 
geometry '\nd n general I may saj that of all branches of 
geometry the descriptne is most helpfu in facilitating the study 
of the t eometry of Position— m the first place, because it is very 
closel) related to the latter a d 1 1 the second place, because in 
descriptive geometry relations of magnitude come less under con- 
sideration thin do the pos t ons of forms relatively to one another, 
or to the plaie of projection this rclativit;y, to be sure, often 
being defined b\ the use of circles and right angles. 

Abo^e ill however you will find that perspective or central 
projection phjs an important pirt m the Geometry of Position, 
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and thit many forms of expression used in the lutoi subject are 
derived from the former 

4 Pure geonietr) stinds m a (.ertain antithelicil lelation to 
analytical geometry on account of its method, which, as you know 
from the geometry of ancient times, is synthetic In our study we 
shall start out with a small number ot 'prlmltl^e forms , the simple 
relations which may be established amon^ these will bring us to the 
so called forms of the second order, among which are found the 
conic Sections, and will at the same time permit the principal 
properties of these forms to be easily recognized We shall then 
be able to proceed in the same wa> from the forms of the second 
order to still other new forms Dunng our investigations we clearly 
must a\oid all processes of anal>sis, that powerful instrument of 
modern mathematics since wc make no use of measurement, and 
in order to be able to compute with forms in space we should first 
be obliged to express them m numbers, t e measure them 

On account of its methods pure geometry as distinguished from 
analytical is often designated by the name 'synthetic geometry.' 

5 Since in the pure Geometry of Position metnc relations are 
not considered its theorems and problems aie very general and 
comprehensive For example, the most important of the properties 
of conic Sections which are proved in textbooks on analytical 
geometry are merely special cases of theorems with which we shall 
beiome acquainted later K few illustrations will serve more 
cxactl) to characterize the material with which we shall he con 
cerned in these lectures 

6 In desii,n ng architectural structures ■tnd 1 1 drawing ^eneralh 
It IS not infrequent that a solution is re ]u red of the piohlem ' To 
driw a third straight line through the inaccessible point of inter 
section of two (convergmg) straight lines Metric geometrv fur 
nishcs us with any desired number of points of such a thud hie 
bj the aid, for instance, of the proper!) that proportional sej,mcnts 
are formed upon parallel Imes b) any three transversals which meet 
m one point The Geometrj of Pos ti n affords a simpler solution 
as follows Choose some point P outside the two given straight 
lines I and b (Fig 1) and pass through it anv number of 
transversals Thei ascertain the po nt of intersection of the 
diagonals in each of the quadrangles formed bj twe of these 
transversafs taken with the lines a and b all these points of 
intersection he upon one straight line which passes through the 
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. GEOMETRY OF POSITION. 

intersection of a and b* The proof follows very simply from the 
important harmonic properties of a quadrangle, which may be stated 
in the following form : 




If we choose three points A, B, C, upon a straight line (Fig. i), 
and construct any quadrangle such that two opposite sides pass 
through A, one diagonal through B, and the other two opposite 




sides tlirju^h C thei thi, second du^,' 
ABC - - ■ - - ■ 



lu^h C thei till, second dut,rml meets the straight hni. 
-I ffrftit]) defmiti. fourth pomt D The pomt^ A B 

*I strongly recommend tht beginner to driw ihe figure lUustnting this 
theorem for h mself accordmg t) the sMtement of the text v, thoul first haiing 
seen the one drawn ly me and especnily to do so for the subsequent 
theotein= which ire not ) simple A d igran bu It up by degrees is fir 
easer to be comprehended tnd Unstratcs most cf the theoren b to be 
repie entei fa better thai d)e oie «itl ill Is \ >: harj 1 tif^ ieil> dr ,i 
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C D are called fo h ' \ ' X & A D ' "d t > h 

n 11 padf 5bhpo 4dC 

B gdft qdgl fg 1 

c d lb fi f f h 

all dda^ Idp hglhfidf Ip D 

rhpbl dbcabmd f vi 

i q d nd gh I ne b y nd n b 1 f 

e plbyndfest:,asiih ffd m f dg 

th 1 1 

7. Of theorems relating to triangles I shall mention only the 
following : 




If two triangles ABC and A^B^C^ are so situated (Fig. 3) that 
the straight lines joining similarly named vertices, viz. AA-^, BB-^, 
CCj, intersect in one and the same point S, then the pairs of 
similarly named sides AB and A-^B^, BC and B-^C-^, CA and Cj^i, 
intersect in three points C^ A^ B^, which lie upon one straight line 
u ; and conversely. -. 

The diagram illustrating this theorem is worthy of notice as 
representing a class of remarkable configurations characterized by 
a certain regularity of form. It consists of ten points and ten 
straight lines ; three of Che ten points lie upon each of the straight 
lines, and three of the ten lines pass through each of the points. 

8. Another series of theorems is connected with curves of the 
second order or conic sections. You know from analytical geometry. 
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g GEOMETRY OF POSITION. 

and will be able later to pro^e sj ntheticallj thit a curve of tbe 
second order is completelj determined h> lue po t'. or fi\i, 
tangents But you also know the difficult} ■vhich is n Lt with n the 
actu^l computation and lon'itruction of a conic sectio i dtt rm ed 
in this wa> The Geometry of Position establishe tio \erv im 
portant theorems concerning curves of the second order whch 
render it possible for us to construct with e'^se fr m fne gvci 
points or tangents of such a cune an) required number of new 
points or t-ingents and so re'^dily to dr'i s the curve itself Those t 
you who are already acquainted Mth these two theorems will remem 
ber how much preliminarj knowledge is demanded for their proof 
by anahtical methods The first of these originally estiblished by 
Pasc^l st'ites that the three p-urs of opposite sides of any hexagon 
inscribed in -i curve of the second order intersect m three points 
which he upon one straight line itcording to the sec nd which 
was hrst enuncnted by Bnanchon the three pnncipil diagonals 
{le the straight lines jonmg pairb of opposite vertices) of any 
circumscr bed hexagon pass through one and the same point B th 
theorems may easily be verified in the case of the circle "iou will 
notice that in these theorems nothing is said concerning the size of 
the conic section or concerning its centre or its axes or its foci But 
just on that account he thcorens ire of the greatest generalit) aid 
significance so that the whole theory ot conic sections can be based 
upon them In particilar the important problem of drawing a 
tangent at a given point admits of solution by means of Pascal s 
theorem even \hen the conic se tion is given by only five if its 
points w^thout s ipposing the whole curve to be drawn 

9 The problem of constructing tangents to i curve of the second 
order may be solved in many cases by the aid ot a theorem which 
expresses one ot the most important pnperties of these curves but 
which IS frequently not to be fund in textbooks on analytical 
geometry since its analytical proof is quite complicated and is 
scarcely capable of setting forth thi property in its true light 

Namely if through a point 4 {\\g 4) which lies in the plane of 
a curve of the second order but not on the curve secants be drawn 
to the curve any two such secants determine four points as A Z 
M V upon the curve Each pair of straight lines other than the 
secants joining four such points two and two for example LM 
and NK or A M and LN intersect in a point of a fixed straight 
h c fl which ilkd the \ olar of the i, ven po t J If the point 
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A lies outside tlie curve, its polar a intersects the curve in the points 
of contact of the two tangents which can be drawn from A to the 
curve ; if A lies inside the curve, the latter is not cut by the polar. 
You can apply this theorem in drawing tangents to a conic 
section from a given point with the use of the ruler only. 




Upon any secant passing through A, there are four points worthy 
of notice; first, A itself; next, the first point of intersection B with 
the curve ; then follows the point of intersection C with the polar a 
of A ; and finally, the second point of intersection D with the curve. 
These four pointk A, B, C, D are harmonic points, and the polar a 
thus contains every point which is harmonically separated from A 
by two points of the curve. 

The important theorems relating to centres and conjugate dia- 
meters of conic sections are merely special cases of the theorems 
just mentioned. These latter may easily be extended to surfaces of 
the second order, since such surfaces are in general intersected by 
planes in curves of the second order. 

From these few examples, which I might multiply indefinitely, you 
will doubtless have observed how different from the theorems 
treated in analytical geometry, for instance, are those with which 
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8 GEOMETRY OF POSITION. 

the Geometrv of Position is concerned but certainly they are not 
less important I wou d ren ind you st 11 further in th s connection 
that inaljtic-il geometr) seeks to determine the positions of tangents 
to a conic section e spec ally by means of the ini,les whch thty 
form ftith the fotal riys or by means of the nttrtepts fthi(.h they 
determine upon the axes thus referring the whole matter to metric 
properties Of course reference is made here only of the elements 
of ai aljt cal i,eometry to which most text books on tl e subject are 
conhned and ot of the exceed n^lj fruitful m dern methods f r 
whose e\ t ire ^ e aic ndcl tu I il o e »11 to ti c i^ci ous \ lucke 
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10. As is well known, the great number of concepts which are 
advanced in the ancient geometry, m trigonometry, and in analytical 
geometry ire based for the most pirt upon measurement ■ accord 
ingl} they can hnd no plate in the pure Geometrj of Petition It 
ought not therefore to be surprismj, that moderi geometry h^s 
stt forth for Its purpo es a considerable number of characteristic 
cincepts With these >ou will be midt. acquainted m this and 
in the foUowinif lecture and thereafter the> must oistantly be 
employed 

11 The pomt, the straight hie and the plane ire the simple 
'elements of modem geometrj * \t, a rule we shall designate 
points bj capital letters Iihls by sn all italics aid planes bj ( reek 
letters Straight lines (or rays is they will frequently be called) 
aid planes will always be considered as unhmited in extent unless 
the opposite is expressly stated ^\e are able to combine these 
elements into systems bj looking upon one of them is tht base 
or support ( Trager) of an infinite number of elements of another 
sort By this means we irr\e at the so called p rimitive for ms 
of modern geometrj Before explaining these I shall b-v wij of 
mtroduttion gne a brief iccount of the importait metho is of 
Projection ind bection of whith frequent use is made 

12 If we look it in object saj a tree everj (iisible) pomt of 
It sends to the eye a riy which is called the projector or the 

projecting ray of this point The projector of the whole tree 
i'j compounded out cf miny rajs each of which projects one 

' It js worthy of not ce tha no a tempt s made to ilefine i point straight 
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or more points to the eye. If a number of points lie in a straight 
line not passing through the eye, all their projecting rays lie in 
that plane which can be passed through the eye and this straight 
line ; every such straight line is projected to the eye by a plane 
which is called the ' projector,' or the ' projecting plane ' of this 
line. Similarly, a curve is in general projected by a conical surface. 
We can now intercept, or 'intersect,' the projector of the tree by 
a plane, each projecting ray being cut in a point and each pro- 
jecting plane in a straight tine. By this means we obtain in the 
plane, as the 'section' or 'trace' of this projector, a perspective 
picture, a 'projection' of the tree, and this projection evidently 
throws the same projector Into the eye as the tree itself, and is 
therefore quite competent to convey a notion of the latter to us. 
Ordinary photographs of three-dimensional objects are essentially 
such perspective, plane pictures of the objects. 

Upon this kmd of projection which is known b> the n'^me of 
central projection is based the theorj of perspective and ill 
other larieties of projection which are in use in descnpti\e geometry 
may be looked upon as special cases of this one In orthogonal 
projection for example in order that the projecting rajs may bt, 
parallel wt need onlj to imagine the eye removed to an mhnite 
distance The shadows whirh objects throw upon phnes when 
the) are illuminated from a finite or infinitel> distant point ire 
nothing else than projections of these objects in which the Uu ni 
niting point takes the place of the eye 

13 A simple example mi) show how we are able to disc \er 
and at the same time can prove important theorems tl r ugh mt e 
^ isuali^ation \ ith the help of these methods of projection and section 
A system of p-irallel lines n projected from the eye by planes -ill 
of which intersect m one and the same straight line namely in 
that parallel which passes throTifc,l tl e cje these projecting phnes 
are intersected h\ an arb trar> pi t ire pla c in straight hnes all 
passing through one point namch tl r ugh the trace of the line 
in which the projecting planes intersect Consequentlj in the 
perspective ■view of a tree or other object the projections of 
parallel edges converge toward one fHJint their so-caUed vanishing 
point and only m one particular ca c wh ch jou \ ill at once 
recall are these projections also parallel 1\ have thus 1 c d t 
ally estabi shed and proved a wellkiown fundamental theorem of 
central pr ject 1 
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THE METHODS OF PROJECTION AND SECTION. n 

14. Leaving aside all optical references, let us now further employ 
the expressions just used, viz. 'projector,' 'ray,' 'to project,' 'to 
intersect,' etc., where instead of the eye we shall choose an arbitrary 
point S, and instead of the definite object or tree, an arbitrary 
system 12 of points and straight lines in space. This system !i is 
projected from 6' by a system of rays and planes, namely, each 
point by a ray and each ray, not passing through S, by a plane. 
The point S is regarded as the ' base ' of all these rays and planes 
which together form the projector of the system ii. If we choose 
in space an arbitrary system S of planes and straight lines, then 
any new plane e would 'intersect' this in a system of straight 
lines and points, namely, in general, each plane in a straight line 
and each straight line in a point. The plane < appears in this case 
as the 'base' of all these straight lines and points which together 
make up the ' section ' (the ' trace ') of the system 2. 

15. We can also' project from and make sections by straight 
lines. Thus every point lying outside a straight line g, together 
with g, determines a plane, or is ' projected ' from g by a plane ; 
and similarly, every plane which does not contain g is 'inter- 
sected ' by this straight line in a point. The straight line appears, 
in the first case, as the base of planes which intersect in it; in the 
second case, as the base of points which lie upon it. 

16. Through such considerations as these we obtain the following 
so-called primitive forms, which occupy an important place in 
modern geometry. 

The totality of points lying upon one straight line is called a 'range 
of points ' (Punktreihe) or a ' line form ' (gerades Gehilde) ; the 
mdi ndml pomts of the straight line are the elements of the 
range ot points ^^ e consider these promts to be ng dlj connected 
with one another so that their rehlie positioni remain unaltered 
if the straight line their base he no\ed 01 1 of its onginal position 
A portion of 1 range of p ints hoi ded bj two points of the range 
IS called a set, lent 

The totil ty of rajs \ as inf, tl rcu^h one point and Ijing in one 
and the same plane we shall call a iheaf ot rajs ('-■trahlenbuschel) 
The common point of intersection of the rajs is called the centre 
of the sheaf the si gle ra^s unlimited on either side of the centre 
are the elements of the sheaf Here again te imagine the elements 
to be rigidly connected with one another 

Either the e it e or the pla e n which the ra\ lie na be 
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12 GEOMETRY OF POSITION. 

looked upon -vs, the 'base of the sheaf of rajs A portion of i 
sheaf of n}s hounded by two ra)s of the sheaf as sides is 
called a complete plane an^le This consists of two simple 
angles which are vertically opposite to each other In an\ sheaf 
of rajs S (Fig 5), if four rajs a b, c d ire thosen at rand m 
then among tht.sc there are two pairs 
of "ieparated ra\'. for instance a ind 
c are separated from each other bj 
b and d so that wc cannot pass in 
the sheaf from a to t without cross 
ing either b ox d 

The totality of planes, unlimited in 
all directions which pass through one 
straight line we shall speik of as a 
sheif of phnes (Ebenenbusi.1 el) ind 
^"^ ^ die straight line shill be cdlcd die 

' 1XIS of the sheaf ^s in the range of points so here we consider 
the elements of the sheaf thit is its planes to be ri_ dlj connected 
in unalterable reKtnc positions A portion of a sheaf of phnes 
bounded b> two planes as faces is tailed a complete dihedral 
angle and consists of two simple dihedral aigles wl leh arc 
vertiLall) opposite to each other ^mong four phnc of a sheat 
two pairs again are separated 

If no confusion is likely to be ciuscd i form which consi ts 
only of discrete points and the mtencmng segments of a striif,ht 
line will often be called a rai^e of pomts In the same way a lorm 
which compri es only discrete elements and the included angles of 
a sheaf will often be spoken of as a sheaf In doing so we n ust 
constantly bear in mind thu deviating from the ordinary defanition 
we have mcluded angles as part of a sheaf 

17 ^\e designate the range of points the sheaf of lines and 
the sheaf of planes as one dimension il primitive forms or primit ve 
forms ol the Jlnf Ejrade The elements of a cne dimensional 
pnmitve form for example the planes of a sheaf ire to be 
looked upon as simple elements le the\ arc to be ^^ewed apart 
from the forms (sieometrical hgures and the like) whose bases thej 
might be In the case of the sheaf of rajs this view is facilitated 
if we distinguish the straight lines whose totalitj makes up the 
sheaf bj the name rajs For by a ra\ is ordinarily meant a 
straight hne n itself viewed apart from the p )ints h ng on it 
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THE SIX PRIMITIVE FORMS. 13 

or the pknes passing through it. Unfortunately, there is no 
corresponding second designation for the plane available. 

Of the primitive forms of the first grade, moreover, we can 
imagine any one to be generated by either of the others. Thus 
a range of points ABCD (Fig. 6) is projected from an outside 




point 5 h\ 1 shelf it r-i)', ahd A which the rin^i. ABCD is ^ 
section In the same naj the r^n^i^ ADCB is projected b) the 
sheif adcb A sheaf of planes a^yS is inter'iectcd b\ in} pline not 
passing through its a\is in a sheif of ravi abed whose rcntre lies 
upon the axis every sheaf of njs is projected from 1 point not 
l)ing m Its plane by a sheaf of phnes Finalh, everj sheaf 
of planes is intersected bj a stra^ht line which does not lie in a 
plane w ith its ixis, in a range of points and ei erj range of points is 
projected from an ^\is which does not lie in -i phne with it, by 
a sheif of planes From these relations it is certainly permissible 
to characterize the nngc of points the sheif of nys and the 
sheaf of phnes as primitive form-, of the same mmeh of the 
first grade For, from whit his heei said it is cleir thit a range 
of points contains just as many points ■^s, 1 sheif contains rijs 01 
planes 

18 There arc two nineties of primitne forms which irt 
said to be of the sc nd grade mmel> the plane field md the 
bundle of rajs The totality of points and lines which are 
contained in a plane we name a plane sjstem or field 
the plane is the 'bise of the system ot ponts and 
lines In the plane field there are contained comequentlj not 
only points and straight lines as elements, but also indefinitcl> 
miny ranges of points and sheaves of rajs for all the p mis 
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14 GEOMETRY OF POSITION. 

lying on a sCrait,ht line of the held taken tof,ether form a rani,e 
of points and -ill the lines of the held pis ng thrju^h o e 
point form a sheaf of n>s The phne field i'. therefore juitly 
characterized is a primitive form of higher gr dc than the one 
dimensional pnmitue fonns 

Fmther we call the totahtj of r-ns ind plants which pass 
through any point in ^pace {as centre) a bundle of rays 
(Strahlenbundel) In this there are contamed as elements not 
only stni|,ht hnes and planes but also indehnitel> manj 
shea\es of rays and sheaves of planes For all planes of the 
bundle which mteriect m one and the same a\is form a -.hcaf 
of planes and, in the same waj all straight hnes of the bui die 
rthich he in one and the same plane form i sleafof ra\s Thus 
the bundle of rajs is in realitj a primitive fo m jf higher grade 
than the one-dim en si onal pnmitue forms 

The term bundle which is appropriate to denote a multipl city 
of higher grade than the term sheaf was ven happily chosen 
by \ on btaudt we can however name the foregoing primitive 
form a bundle of planes (Ebenenbundel) with the same 
proprietj as a bundle of ra}s since it contains planes for 
elements as well as rajs 'Vccordinj^ also is the points (r the 
straight hnes come more into consideration is the \ lane held 
designated as a field of pomts or i field ol rays 

It IS scarcely necessary to mention that in the plane field and n 
the bundle of ra)s we imagine the elements of which they eons st 
to be rigidly connected with one another so that in the bundle for 
evamplc the relative fxsitions of the ra}s planes and sheaves con 
taned theren are unaltc cd when the centre which is the base of 
the bundle s moved frim its original position 

\\ e ma) fu her assc t that a bundle ol rays contains just as many 
rays and pla es a a plane field contains points and rays and we ire 
therefore whoU) justified in considering the two primitive forms as of 
the bame mz the second grade since we can imag i e the bundle 
of ra>s to be generated from the plane field and conversely If we 
project for instance a pla e field 2 from an outside po nt 5 s d that 
each point /• of 2 s projected b) a ray SP of S and each ray 
of S b\ a pla e of S then we obtain a \ unlle of rajs S whi h 

15 called a prijeetor of the field 2 aid ol wh el tic field i a 

To a d }our imagination suppose that 2 is a plane landscape 
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THE SIX PRIMITIVE FORMS. 15 

spread out at jour feet unl n ited 11 e\lenE ind parklmt, in 
\ariegated colours and that tht outside pout S is >oui c)e Each 
point of the landscape then sends nto your c>e a rij nt light 
each straight line ot the landscape a plane of light If now >ou 
coi sider these rajs a d pKnes as unliKuted m ill directions you 
obviouslj ha\t. i bundk of njs as projector ot the nhole 
landscape 

Wennj further conclude that each range )t p^iit of the phne 
field IS projected from *;■ b) a heif ot rajs each sheaf of ra\s b\ 
a sheaf of planes each curve by a conical surface belon5,in^ to 
the bundle or in other words the projectors of a range of points 
a sheaf of rays and a curve Ijing in the plane field arc respectivelj 
a sheaf ol rajs a sheaf of planes and a conical surface i tl e 
bundle of rays Just so each segment is projected b> 1 plane 
angle each plane angle by a dihedral angle etc 

Conversely if we consider the bundle of rays as the original 
form and imagine its centre to be say a luminous point nhich 
sends out coloured rays on all sides then the field maj be looked 
upon as a section of this bundle In this case, each ray of the 
bundle IS cut in a pcint of the field each plane in a straight 
line each sheaf of ravs n a range of points and each sheaf of 
planes m a sheat of rajs 

19 Fmallj, there eiists a pi ii tivc form of the ll 1 i ride 
namelj the sp^ce sjsten cr inboundcd space witl Ul pos ble 
points hnes* and planes in it The space sjstem < ntain as 
elements indefinitelj miny primitive forms of the first \nd second 
grades since each of its planes is the base of a field each point 
the centre ot a bur die of rajs each straight hne the bise of a 
range of po 1 t, aid at the Tie t me the axis of a sheaf of 
planes 

20 To each of the six pnmitivc forms which I have just defined 
there corresponds a dist net geometrj It will be readily conceded 
that there must be ji t as complete a geometrj for the bundle of 
rays as for the plane field for correspondmg to eveij plane ^eome 
tncal figure we immediate!) construct a form in the buidle b) 
projecting the plane field from an outside point The theoiems 
which may be enunciated concerning plane figures an be carried 

• Pioperly speaking, the space system viewed as consisting of lines is of four 
dimensions. — H. 
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i6 GEOMETRY OF POSITION. 

over in some manner to their projeetors in the bundle of rays. 
We shall have occasion to make frequent use of this process. 

It is more difficult to perceive that there is also a geometry for 
the one-dimensional primitive forms, for example, for the range of 
points, i.e. the points of a straight line; but I need only to 
recall the theorem upon harmonic points cited in the introduction, 
in order to convince you of this fact. The statement I made 
there was that the position of a fourth harmonic point is deter- 
mined by three points of a straight line. To show, further, that 
in reality something of a geometry of one-dimensional primitive 
forms can be established without the aid of measurement, let me 
recall the fact that among four rays of a sheaf there are two 
pairs of rays which are separated by the others. 

21, The discussions up to this point make it possible for me 
now to indicate the principal contents of the Geometry of Position 
in a very few words. That is to say, the Geometry of Position 
treats of the six primitive forms mentioned in this lecture and of 
their mutual relations. 
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LECTURE II. 



22 In the ancient geometry two straight lines are said to be 
parallel il the) lie in the same plane and have no point in common 
Likewise, two phnes or i plane and a straight line are pirallel 
if no point of the one lies at the same time in the other Modern 
geometry establishea parallelism m a different manner, and it 
will be my next object to make >ou familiar with this modem 
con(,£,ption which ^ on btaudt has called the perspective view of 
parallelism We ait. brought directl) to thia when we dune one 
primitive form from another b> considering the first a section 
or a proiector of the second 




If a straight line w (Fig. 6) lies in a plane with a sheaf of 
rays S without passing through its centre, then it intersects the 
sheaf in a range of points, namely, each ray a, b, ir,...of S is 
cut in a point A, B, C,...of u. If now by rotating about S in 
a fixed sense abc, any ray describes the sheaf S, its trace upon 
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INFINITELY-DISTANT ELEMENTS. ig 

point We are forced lo this conclusion is soon as we admit 
the assumption thit e\ery straight hne coitains one and only 
one tnfii itelv distant point We shall see Ktcr thit the two 
branches ot a h>perboh -m. to be considered is coinected at 
infinity in just the sime waj \nil>si& leads to simihr conclusions 
pointing out bj frequent examples that w e can piss frorn the 
positne to the negative not onl} drouth zero but ilso through 
infinity 

25 Since the we Lin yo trim one pout of \ stiight hne 
to another by passinj, over the infinitely distant poir t of the 
line, the 1 Uowinj, statement is true Among f ur points of a 
range there are onlj two pairs whose elements ire sepinted 
b) the remajning points of the quidruple This is st ictly 
aialogous to the fict thit imonj, four elements of 1 sheaf onlj 
two pairs of elements can be so chosen that the elements com 
posing a pair ire separated ly the other two and just is a 
bhcaf lb dmded b) two of its elemcits into two tomplete an^jles 
{these being supplementarj n^les) so a range of points is divided 
bj two of Its pti ts into two segments ot which eieh is called 
the ' supplement of the other One of these two segments contains 
the infinitely distant point of the li le unkss this point itself forms 
one of the boundaries of the sej,meits In the htter case each 
of the two se£;ments may be called a halfiay 

26 In order to distinguish the infinitely distant point of 1 stni^ht 
line from the po nts of the line which he in the hnite region we 
shall call the former an ideil pjint and the litter ictuil 
pomts The modern eonceptun of pinllelism explained at the 
opening of this lecture might ilso be chanctenzed is ideil All 
the parilJel lines which may be drawn in a pjine in any one 
direction have but one infinitely distant or ideil point in common 
nimelj that point which my one of them has in tommon with 
each of the others These pinllels may therefore be considered 
IS forming a sheif whose tentre is in mfintely distant point of 
the plane and sich 1 system we shall hereifter des gnate as a 
sheaf of pirallel ra)s whenever a distinction from other sheaves of 
rays is desirable Likewise under the lame bundle of parallel 
rays are to be comprehended all possible pirallel rays m space 
hiving a given direction together with ill planes passing through 
them I would lemind jou it this point that the tatements 
' parallel hies hive the same direction and pirillel hnes ccn 
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20 GEOMETRY OF POSITION. 

tiiii the s-ime inflniteiy distant point mean e\actlj the sime thing 
Any yien din^ctioi dttermines one infinitely distant po 1 1 ind 
comersel) each ideal point in space determines a single direction 
moreover eiery ictual straight line determines both a direction 
and in infinitely distant point namely the ideal port hii^ 
upon It 

27 It IS assumed of all the inhn tely distant poi its of a plane 
that they he in an infi utel) distmt or ideal 1 ne * This line must 
be looked u; on as a straight lie s n l it is interaetted by ever) 
actual straight line of the plwie m only one po nt — tic infii telj 
distant point of that h e — wh le curved lines may have in common 
with a straght line more than one joint 

Another reason for this view is the tict that in accordance w ith 
the perspective idea two parallel planes must have all the r nfi 1 telj 
distant point 1 common For if these planes are cut by ai) 
thrd plane in t vo actual straight lines these lines cm intersc t 
in n) -ictu 1 point they are therefore parallel since they lit. in 
one plane and consequently have 11 common in infinitely distait 
point of both planes In this manner it may be shov^n that eve > 
infinitely distant point cf the one plane lies also the other 

But since in general an} t o intersectini, planes have a single 
straight 1 ne m comnon we attnbute also to two parallel planes 
a single com no 1 straight line 

28 As it IS said of parallel lues that thej have the same 
dtrectton so we siy of parallel planes that they have the same 
aspect jnst as then in everj direct on there lies an iifinitcly 
distant point SO for ever) aspect there is an 1 ifinitely d stai t 
stra ght 1 ne ^11 parallel planes in space of any one aspect pass 
through one and the same nfinitely distant straight line namely 
through tlat straight 1 ne n whcl some one of these plani. is 
intersected 1 > each of the others Parallel phnes may theref re 
be considered is forming a sheaf of planes whose axis s an 
mfinitcly distant straight line, this vre shall call a shtaf of 
paralle p at 

29 Of he nh y d n pon ad e of p 
assumed h h nanheydaoda f 

•Tha hhhydisp p tm 
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INFINITELY-DISTANT ELEMENTS. 2, 

this surface must be considered plane since it is intersected by 
every actual stra^ht line in only one point and by every actuil 
plane in a stnight line Thi. intinitely distant or ideal plane is 
common to all bundles of pariUel ra>a ind to all sheaves of 
parallel planes smc it passe through the centre of the firmer 
ind through the a\is of the latter 

In the bimc wi> the infinitelj distant line m iny plane is a 
ray common to all sheaies of parallel ra}s !ym^ in thit phne 
sinLC it passes through the centre of each ot them No definite 
direction (.an therefore be assigned to the infinitelj distant straight 
line of a plane, but it possesses the direction (contains the mfinitel} 
distant point) of eierj stiaght line of the plane 

30 Some light is thrown upon the question of infinitelj disUi t 
or ideil elements by the rehtions which maj be established between 
two primitive foims Two tonus are siid to he correlated to 
each other if with every element of the one is associated in element 
of the other Iwo elements of the forms which so appertain to 
eaeh other are called ' correspondin|, or homolct,Jus elements 
If two pnmitive forms aie correlated to a third then are they also 
correlated to each other For to e\ery element of the third there 
corresponds an element ot each of the other two t rms and these 
two elements are by this means associated with each other 

31 Two primitive forms of different kinds are coiielated to each 
other in the simplest and clearest manner bj makii|, the one a 
section or a projector of the other J or example if a sheaf of 
rajs S (lig 6) lies in a phne with a range of points 11 not passing 
through its centre, we maj assign to each ray of the sheaf that 
point of the ranc-e which lies upon it To the parallel raj / cf 9 
rorrcsponds then the inhnitcly distant point of u 

Again if a plane field 2 is considered as being a seetion of a 
bundle of rajs S whose centre lies outside 2 then 2 and S are 
correlated to each other in suih a manner that to each point of 
2 corresponds the raj of S passinc; through it, and to each strait-ht 
hne of 2 the plane of S passing through it The phne ot S 
parallel to 2 corresponds therefore to the mhnitely d stant line of 
2 and to each raj of S Ijing in this plane corresponds its infinitely 
distant point lying in 2 To each sheaf of planes in S corresponds 
the she^t of rajs m which it is cut bj 2 the kttei is a sheaf 
of parillel rajs if the axis of the sheaf of planes is parallel to 2 
It "i IS a hundle of parallel ra\ its centre Hing inhnitely distant 
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22 GEOMETRY OF POSITION. 

then to each actial p it of 2 r rrespo ds -i i ictual ray of S, 
and to cich ideal element ot 2 an deal element of S. If S is 
the infimtel) distant plaie ind 5 a point of the finite region, then 
to each ray of S corresponds ts inhmtely distant point; to each 
pl^jie Its nfinitely d slant hne to each sheaf of rajs in infinitely 
distant range of points and to Lach "iheif of plincs an infinitely 
d stant sheif of rays 

32 Two pnmiti^i, forms of the amc k nd may be correlated 
most simpl) \>\ considering then to be sections rr projectors of 
one aid the same third jrmtiie forn Thus 11 tvo sheaves of 




rays, or ranges of points, which are sections of one and the same 
sheaf of planes, those two rays, or points, correspond which lie 
in the same plane of the sheaf. On the other hand, two sheaves 
of rays 5 and S^ (Fig. 7) can easily be so correlated that they 
are projectors of one and the same range of points u, i.e. so that 
those pairs of rays a and a^, b and b^, c and c^,... which intersect 
in points of the range are corresponding rays. If two ranges of 
points u and a^ (Fig. 8) lying in one plane be considered sections 
of one sheaf of rays S, then it is worthy of notice that to the 
infinitely distant point P {Q-^ of one range corresponds, in general, 
a point /\ ((2) lying in the finite portion of the other. 
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CORRELATION OF PRIMITIVE FORMS. 23 

Two plane fields are correlated to e'lch other if they are sections 
of one and the same bundle of rays For eximplc an extended 
plane landscape and the perspective picture of it which we obtain 
by intercepting its projector from the e>e bj iny plane a verticil 
one, saj are so correlated that those points of the landsc^pe and 
picture correspond which he upon the same ray ot the bundle 
having the eje for centre that is on} two points of the landscape 
and picture correspond which are found in a -itraight line with the 
eye. To c-ich straight 1 ne of the landscape corresponds a straight 
line of the picture and the two straight lines lie in a plane with 
the eye To the infinitel) distant straight line of the landscape 




(the horizon) corresponds, in general, an actual straight line of the 
picture, another reason or warrant for considering the infinitely 
distant line of a plane to be a straight line. Of two plane fields 
correlated to each other in this manner we appropriately say that 
one is a 'projection' of the other, and the centre of the bundle 
which is at once a projector of both fields is called the 'centre 
of projection.' If the centre lies infinitely distant, the bundle is 
a bundle of parallel rays, in which case the process of projection 
becomes the ordinary parallel projection of descriptive geometry. 

Two bundles of rays are correlated to each other if we conceive 
them to be projectors of one and the same plane field. Each 
ray of the one bundle intersects, then, the corresponding ray 
of the other in a point of the field ; Ukewise, every two homo- 
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logous planes of the bundles have a straight line of the field as 
their intersection. The projectors of a plane landscape viewed 
from two different points constitute such bundles. 

33. I must leave the immediate discussion of the correlation of 
primitive forms to each other for the time being to your own 
efforts ; I remark, however, that the primitive forms may be corre- 
lated in other and more complicated ways. For example, it is 
possible to correlate two plane fields to each other by correlating 
them to one and the same third field. Referring again to an 
illustration which has been frequently used, you may imagine 
perspective pictures of a landscape to be constructed from two 
different centres of projection. Two such pictures or plane fields, 
then, are correlated to each other, since each is correlated to the 
landscape ; and clearly, two points of these correspond if they are 
projections of the same point of the landscape. A straight line 
of the one picture would correspond always to a straight Une of 
the other. But such plane fields, in general, have no longer the 
particular position with respwct to each other which was previously 
discussed, that namely, in which corresponding lines lie in a plane 
and the joining lines of pairs of homologous points all intersect 
in one point Later, we shall have to investigate more minutely 
the mutual relations of the two fields so correlated to each other. 
Two fields may be so correlated that each straight line of the 
one corresponds to a curve in the other, or that to each point 
of the one field corresponds a straight line of the other, and 
conversely, to each straight line of the former, a point of the 
latter. For the present, however, it is left to your own ingenuity 
to work out these more diverse relations of primitive forms. 
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LECTURE III. 

THE PRINCIPLE OF RECIPROCITY OR DUALITY. SIMPLE AND 
COMPLETE «.POINTS, «-SIDES, «.EDGES, ETC. 

34 Before developing furthet the correlatio h ch i ia> be 
e'itibl shed an ong the primitive lorin ot modern geometry I 
must maki. mention of a oeometri il pr nc pie which will occupy 
an mportant place in these lectures This pnnciple very t,reatly 
simplifies the stud) of the ( eometry of Position in that it divides 
the voluminous material ol the subject into tvro p\rts and sets 
these over against c-i(.h other in such a v(ay that the one part 
arises immediatelj out of the ther This pnnciple of reciprocity 
or duality is it is called was hrst established in an elementary v ay 
b> t ergonne * Poncelet + having previously shoi\ n by means of 
the polar theorj that to every ht,ure in apace there tin be con 
struLted one vhich corrt-spoids to t n the dualistic sense 

35 '\ltl ouj,h the princ pie of dualit} cannot be generally 
ipplied in metric geometry jet there are man) the rems n metric 
geometrj which point dire t> toward this principle a d whieh 
I need o 1) to eall to ni id n order to make ) ou a are of its 
existence In three d mcnsio lal space the po t and the plane 
stand opposed to each other as leciproea elements so that 
every theorem of the Genn etry of Pos tio i fnds its complement 
in iiothcr v^hich vse ma> deduee Irom the first b) interehanginj, 
the terms poi it and pUne and hence als range of points 
and sheaf of plane segn ent a d dihedral an^le ete Ordm 
arily we shall write two such 'reciprocal' theorems side by side 
as the two members of one theorem. For example ; 

*Gerg[)nne, Annales de Mathcmatiques, T. XVI., 1826. 

+ Poncelet, Traill des ptoprietes projectives des figures, Paris. 1S22. 



Hosted by 



Google 



26 GEOMETRY OF POSITION. 

TWo points A and B determine Two planes o. and /3 determine 

a straight line AB^ namely, the a straight line o^S, namely, their 

line joining them. line of intersection. 

A straight line a and a point B A straight line a and a plane /3 

not lying upon it determine a plane not passing through it determine 

aB which passes through both. a point a/3 which lies upon both. 

Three points A, B, C, which do Three planes a, ft y, which do 

not lie in one straight line, deter- not pass through one straight line, 

mine a plane ABC (the joining determine a point afiy (the point 

plane). of intersection). 

Two straight lines a and i, which Two straight lines a and 6, which 

have one point in common, he in lie in one plane, have one point ai 



36 IncidenUUj )ou mil notice from these few theorems how 
useful the introduct on of the infinitely distant or ideal elements 
into geometr> proves to be Without these we should not have 
been able to enunctite all the abo\c theorems in a general form, but 
must have cilled particular attention to special cases -is exceptions. 
The first theorem on the right for ex^mple would ha\e read ■ " Two 
plaies n and fi either determine a straight line a.^ or they are 
parallel while Iron the new po nt of \iew i straii,ht line is also 
determ ned in the latter case n-^mely the mfin tely distant straight 
line of the planes In the same wij wi, should have been obliged to 
distinguish several casts of the first theorem on the left according 
as th<- tuo giVL.n points A and B ari, actuil points or not It would 
have reid \ str■^lght Ime is determ ned b> tw ^nen (actual) 
points or by 01 e point and a given duettion from the f er.spcctive 
point of vtw however the latter case is included 11 the former, 
since among the given points infinitely distant pc nts may also be 

onsidered "iou can yourselves etsily make similar observations 
upon eich of the other theorems 

37 For the sake of hrevitj vlc shall call t^o straight lines 
I L dc t if the} intersect a strai ht line or phne and a point 

are • mcident ' if the latter lies in the former ; and finally, a ray, or 
point, and a plane, if the latter passes through the former. Straight 
lines not incident are called 'gauche.' 

38. The foregoing theorems lead now to the following problems, 
the solutions of which we shall always in future consider possible : 

Through two points to pass a To find the line of intersection 

straight line. of two planes. 
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Through a straight hne 


and a 


To find the poi 


nt of 


intersection 


oint not incident with it 


to pass 


of a straight line 


and 


a plane not 


plane. 




incident with it. 






Through three points to 
lane. 


pass a 


To find the c 
three planes. 


omm< 


jn point of 


Through two incident ; 


straight 


To find the c 




)n point of 


nes to pass a plane. 




two incident straight lines. 



„,. For the sake of practice, I shall cite a few double theorems 
which are in frequent use. I strongly urge you to deduce for 
yourselves, from the one half of each of these, the other reciprocal 
half. 

If four points A, B, C, D are If four planes a, 0, y, 8 are 

given, and the lines AB and CD given, and the lines of intersection 
, then the four points lie ajS and 78 intersect, then the four 



in one and the same plane, so that planes pass through one and the 
the lines AC and BD, as well as same point, so that the lines ny and 
AD and DC, must also intersect. jSS, as well as uS and 0y, must also 



If of any number of straight lines each intersects every other 
one while they do not all 
pass through one point, then thev lie in one plane, then they must all 
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pkt 
point and on 



through the gi en Determ ne the point of inter 

cf thegnen straght sect on of the gi en plane with 
one of the gien sCraght 1 ne 
ind the problein become'; identiLal with the preceding oi e 

The problem, To draw a straij,ht line which intersect'; three 
gnen straght linei. is hkcwise reciprocal to itself ^\c ma> either 
choose a pLmt m one of the straight Imes or piss a plane through 
one of them and then under the conditions of the preceding 
problem find a straight line which passes throuf,h this po nt or 
hes m this plane and intersects the other two ^nen straight lines 
40 The pnmiti-vc forms cin ■^Iso he opposed reciprocallj to one 
another for example the plane field and the bundle of ra\s arc 
clearly reciprocals, smce their b^ses mmcl> the 1 lane ind the 
point are reciprocal elements 



; reciprocal to 
5 plane the sheat of pla 
t cons deied ts th 
1 10 planes the sheal ul 
in the bundle of rajs 



Hence 
the point the ran^e of points 
tie ray cms deied as joinin^ tuo 
po nt the sheaf of ia\ etc m 
the plane field, 

Ihe obser\ation mil press itself upon you here is i man> 
previous theorems that in space of three d mensions the straight 
hne (or raj) is reciprocal to itself In realitj the straight line 
occupies an intermediate position between the rer procal elements 
point and plane 

41 The following, screes as an example of a double theorem 11 
which the plane held and the bundle of rajs are opposed to ea h 
other as reciprocal forms 



If tno plane fields are correlwel 
to each other by eons denng them 
as sections of one and the same 
bundle then pairs of conesponding 
elements (pints or lines) of the 
fields 1 e upon one and tl e same 
element (ra> orplanejof the bundle 

The line of ntersection of the 
two planes coincides with its cor- 
responding line, and hence cor- 
responds to itself The same is 
true of each point found in this 
line. The two plane fields there- 



Iftst b dies art- correlited to 
eich othei b\ Lon idcr ^ them 
as projectors of one and the Sirae 
field then pa rs of correspond ng 
elements (ia>s or plai es) of the 
bundles pass tl uu^h o e and the 
same element point or straight 
Ine) of the field 

The common ray of the bundles, 
i.e. the ray which joins their centres, 
coincides wath its corresponding 
ray, and hence corresponds to itself 
The same is true of each plane 
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THE PRINCIPLE OF RECIPROCITY OR DUALITY. 39 

fore have a 'self-corresponding' passing through this ray. The two 
range of points. bundles therefore have a 'self- 

corresponding' sheaf of planes. 

42. If two forms are correlated to each other, and an element 
of one coincides with {i.e., is identical with) its corresponding element 
in the other, then we say that this element (double element) is a 
self-torresponding element in the two forms. 

43. As the point and the plane are reciprocal elements in space 
of three dimensions, so in space of two dimensions, the point and 
the straight hne, also the range of points and the sheaf of rays, 
the segment and the angle, are opposed to each other as reciprocal 
forms ; and similarly in the bundle of rays, the ray and the plane, 
the sheaf of rays and the sheaf of planes, etc., are reciprocal forms. 
For example : 

(di) Any two points of a plane (oj) Any two straight lines of a 

determine a straight line. plane determine a point. 

("a) Any two rays of a bundle (aj Any two planes of a bundle 

determine a plane. determine a ray, 

A plane curve may be looked upon 

(ft) As the aggregate of the (ft) As the aggregate of the 

points lying upon it. straight lines (tangents) enveloping 
it (Fig. 9). 




And you will find that in the modern geometry the latter con- 
ception is brought into use just as frequently as the former. In 
the same way, a conical surface (in the bundle of rays) can be 
looked upon 

(ft) As the aggregate of the (ft) As the aggregate of the 

rays lying upon it. planes (tangent planes) envelop- 

ing it. 
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44 Of fiur theorems rt-lated to one another is are those of the 
list irtiLle the two relati g to the hundlt of n)s can alway; be 
deduced from tht other two b^ projecting the plane field from 
an) centre \s a rule therefore, I ihall in future state onl) 
the two plan metric theorem', and will leave jou to seek out the 
others for joursehes In space where point and plane are re 
ciprocal to earh other the first and last (a^ ai d o.^ also the 
second and third (i and a,} of an) four such theoiems offset 
each other as reciprocal theorems 

45 The principle ol reciprocity will become clearer an,d more 
familiar to )ou in the course of our investigations but only alter 
a series of de\elopments upon the one dimensional pnmiti\e forms 
can I demonstrate that it has general lahdity in the Geometry 
of Position or that in reality to e^ery theorem there corresponds 
a reciprocal theoren In the meantime I shall so adjust my 
lectures that theorems associated reciprocally with each other will 
be placed side b) side and I shall so carry out their deme n 
strations that the duahsm will stand out verj clearly To this 
end It IS necessary that I should develop beforehand some 
retiprocal ideas and m part cular modif) some of those geo 
metncal not ons which \ou ha\e brought o\er with )ou from 
metnc geometr) 

46 I refer here particularl) to the conception of the polygon 
In modern geometry we understand bj a simple plane ;; point 
not as a rule a portion of the plane which is bounded on all sides 
by n intersecting stra%ht h les but a set of it po nts of a plane 
and the n stra%ht 1 nes or sides each of which joms two emseeutive 
points or \ertces We look upon the points as being arranged 
in a definite order and specif) that no th ee conseeutne points 
shall he in one strait,ht 1 ne 

The simple n point might also be named a simple n side 
since a simple n side is a set of n stra^ht lines of a plane (the 
sides of the figure) and the n points in which two conseeutne 
sides intersect 

The «pont and « side are reciprocal fif,uies To the lines 
joining two non consecutive vertices ((t to the diagonils) of a 
simple w point the points of intersection of non-consecuti% e sides 
in the 71 side are reciprocal each to each 

47 In metric f,eometr) where by an « pont is meant a po tion 
of a plane enclosed b) « sides the reentrant « point s ich as the 
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pentagon ABCDE (Kig. lo), or the hexagon ABCDEF (Fig ; 
is generally excluded from consid 

The «-point and the ?(-side o d 
occasion for distinction between an fi d h 

the sides are supposed unlimit d m 

call any two of the 2n elements ( d d ta g h 

of a simple «-point or «-side p m h 

separated from each other by half h b 

consequently, the w'" and (« + ») m h Z ^ 

from any one element round the fi d 

to each other. 




For example, in the pentagon ABCDE (Fig. lo) a vertex and 
a side lie opposite to each other in pairs namely the vertex A and 
the side CD, B and DE C vnd. E 4 etc m the hexagon or 
hexalateral .^5C7J£/^ (Fig ii) on the other hand the vertices in 
pairs, and the sides in pairi as for instance the vertices A and D, 
the sides AB and DE the vertices B and E etc are opposite 
elements. 

48. Modem geometry however deals not oilj mth 'simple 
K-points and «-sides,' but also with con pletc points and 
resides,' and in these figures the principle of rt-ciprocity may again 
be distinctly recognized. We define as follows 

A compute plane n-poirt % set A conplete pi vie n side: a set 

of « points of a plane together n ith of « straight 1 lies oi 
all straight lines (sides) joining together with all the r 



them two and two, or what 
same thing, a simple «-point to 
gether with aS its diagonals 



plan,, 
points of 
I (vertices) or what is 
the same thing a tmple «-side 
together with all the points of 
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In these definitions it is assumed that no three vertices of the 
M-point lie upon the same straight line, and that no three sides 



of the n-side pass tlu-ough the 

In each vertex of the 
plete ?i-point,(«— i) sides i 
These pass through the remain- 
ing (« — i) vertices (each of them 
through a second vertex). Hence 
the total number of sides of the 
complete «-point is ^n {n~\). 



Upon each side of the com- 
plete M-side lie (m- l) vertices; 
through these pass the remaining: 
(b-i) sides (through each vertex 
a second side). Hence the total 
number of vertices of the complete 
«-sideisi«(«^i). 



4g. It is readily seen that many simple ^-points and ?;-sides 
are contained in the complete figures whenever 71 is greater than 
three. For example : 




A complete quadrangle ABCD 
(Fig. 12) has six sides ; any two of 
these sides as AB and CD, or 
AC and BD, or finally, AD and 
EC, which do not pass through one 
and the same vertex are 'opposite 
sides' of the quadrangle, so that 
in a- quadrangle there are three 
pairs of opposite sides. Moreover, 
the complete quadrangle contains 
three siniple quadrangles ABCD, 
ACDB, and ADBC, the sides of acdb, and adbc, the vertices of each 
each consisting of two pairs of op- consisting of two pairs of opposite 
posite sides of the complete figure. vertices of the complete figure. 

go. The forms in the bundle of rays which correspond to these 
plane figures are most easily obtained by projecting the latter from 
a point lying outside their plane. Each plane «-point gives rise by 
projection to an ?i-edged figure, or, more briefly, to an ' ?;-edge,' 
and each plane «-side, to an «-faced figure, or an '«-face.' 



Fig. 13. 

A complete qutdr lateral abed 
(Fig. 13) has si\ vertices ; any two 
of these as ab and Ld, or ac and 
bd, or finall>, ad and be, which do 
not lie upon one and the same 
side are 'opposite vertices' of the 
quadrilateral, so that in a quad- 
rilateral there are three pairs of 
opposite vertices. Moreover, the 
complete quadrilateral contains 
three simple quadrilaterals abed. 
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Accordingly, 




A ' complete n ed„c is a set uf 
n rays ot a bundle to^elhcr «ith 
all planes (fkces) passing through 
them, two and two assum ng thit 
no three of the n n\s or edges 
lie in one plane 


A complete « t. t ^ t srt of 
n planes of i bundle to^, ether with 
all their lines of intersect on (edges), 
issuminj, that no three of the 
n planes or 'faces pass through 
one and the same raj 



It would be in ea-)> matter tor jou to dcfint, the ' simple « edge ' 
and 'simple « face and to develop properties of these forms in the 
bundles analogous to those of the r orrespondin^ plane figures 

51. I shall conclude this senes of definitions with those of the 
analogous space configurations 

A ' complete three dimensional A complete three dimensional 

«-point' consists of n points (ver /i face consists of n planes (faces) 
tices) of «h Lh no four lie m one of iih ch no four pass through one 
plane, the straight lines e-ich of point the straight lines (edges) in 
which joins two of the « pcints and each of which tno of the «plmes 
the planes each of wh ch passes ntersect and the points (\ertices), 
through three ct the n points in each of wh ch thiee of the 

I lea\c the determination ol the number of edges and faces of 
a three-dimensional n point as also the edges and vertices of a three- 
dimensional ??face to jour own mquirj I remark however, that 
the three dimensional tetragon and the tetrahedron do not differ 
from each other anj more than do the triangle and the trilateral 
in the plane That the principle of reiiprocit) is applicable to 
the tetrahedron the following theorems among others will show 

The four lertcea and si\ ed),es The fou faces md si\ edi,es of 

of a tetrahedron are projected from \ tetrahedron are ntersected by 
any point which lies in none of Its any plane wh ch passes through 
faces b> the foui edges ind \ none of its \ertices in the f ur 
faces of a complete lour edt,e s des and si\ lert ces of \ co plete 

quadrilateral 

You will here observe that in space of three dimensions the 
complete plane «-point is reciprocal to the complete «-face in a 
bundle, and the complete plane n-side to the complete «-edge, 
since point and plane are reciprocal elements. 
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52. In my lectures thus far I have sought to solve but one of 
the problems lying before me, namely, to make you acquainted 
with the most important concepts peculiar to modern geometry. 
I have no doubt that you have many times wearied of this multitude 
of definitions following in quick succession, hut it was necessary 
to place these before you in a connected form, so that later we 
might bring to light with less interruption the rich treasures which 
the Geometry of Position affords. 

Let us now proceed to the first real theorem of modern geometry. 
The very simple propositions heretofore stated have been mentioned 
as occasion might offer, more with a view to familiarizing you with 
the new concepts and for completeness than because they were 
all necessary for the establishment of our science. 

I shall first call particular attention to the theorems upon harmonic 
points, rays, and planes ; in a word, to the theorems upon harmonic 
forms in general, which I shall now develop as essentially funda- 
mental in the Geometry of Position. 

53. The properties of harmonic forms, of which mention was 
made in the Introduction, can be proved most simply by making 
use of some elementary theorems upon the correlation of n-points, 
«-sides, and «-e»^es to one another. 

In a way similar to that by which we have already correlated the 
primitive forms, we can associate in certain figures, to each vertex, 
side, or edge of one a corresponding element of another. One 
quadrangle, for example, can be correlated to a second by associat- 
ing with each vertex of the first a vertex of tlie second ; and in 
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consequence of this, to each side of the first there will correspond 
a side of the second. 




We may now state the following self-evident theorem 

if two correlated triangles ABC 
and v4ij5|Ci (Fig 3} lie in different 
planes and each of the tlreepans 
■of homoloEous sides AB and^^i^i 
^Cand ^iCi /"Cand .SiCi nter 
sect (necesiar Ij upon the coinn on 
line u of the planes of the two 
tnangles) then the planes of the 
three pairs of conespondmg sides 
determine a three edged fij,ure of 
which the two triangles are sections 
The joining lines AA-^., BB^, and 
CCi of the pairs of homologous 
vertices intersect therefore in one 
point, namely, in the vertex 5 of 
the three-edge. 

54. It vrould be an easy matter for you to enunciate the converse 
of either half of this double theorem. By the help of these we find thai 

If two complete quadrangles If two complete four-faced figures 

ABCD and A^B^C^D^ {Fig. 14) belonging to ditferent bundles of 
lying in different planes whose line rays whose common ray lies in 
' u passes through none of the eight faces, are cor- 



If two correlated three-edged {or 
three-faced) figure*! belong to differ- 
ent bundles dnd La(.h of the three 
piirs of homoloEOUs edges inter- 
sc t then the three points of inter- 
scrtion determ e i triangle of 
which the t vo three edges are pro- 
jectors The lines of ntersection 
of the three j d rs of homologous 
planes (fices) of the three-edges 
he therefore in the plane of this 
triangle, whose sides they form. 
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none of the eight lertices die cor- 
related to each other, and fn e sides 
a, b, c, ii, e of the one quadrangle 
interscLt (upon li) the eonespond 
ing sides <7i, *!, <„</i, C| lespectiielj' 
of the other, then are the two 
quadrangles sections of one and 
the same complete four edge, and 
therefore their remaining tuo sides 
/"dnd ti alsi inter'^en upon // 



related to each other, and five 
edges of the one intersect the 
corrcspondinj; edges of the other, 
then are the two four-faced figures 
projectors of one and the same 
complete plane quadrilateral, and 
therefore their tivo remaining edges 




According to the theorem of the 
last article the lines AA^, BB^ CC,, 
and likewise the lines DD,, BBi, 
CC„ intersect in one point ; the 
straight lines AA, and DD, there- 
fore meet in the point of intersection 



The five edges of the one com- 
plete four-fece which are intersected 
by the corresponding edges of the 
other determine in that four-face 
two three-faced figures, the faces 
' of each of which arc intersected by 
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Sof B£j and CC,, the vertex of the the homoiogous faces of the other 
four-edgementionedin the theorem; in the three sides of a triangle 
and since the straighthnes/and/i Hut these two triangles have two 
liein the plane determined by ^^, sides in common. They he there- 
and /)i>„ they must intersect. fore in one plane, and determine 

the plane quadrilateral, of uhich 
the given four-faces are projectors. 

55. In order not to become too profuse I shall at this point 
■drop the investigations of the right-hand column and only make 
use of a result obtained in the left-hand column in establishing 
the theory of harmonic elements. But even so we shall very soon 
reach new theorems which offset each other in just the same way 
as do those already denoted as reciprocals. 

56. We have just now found that — 

Jf, in two complete quadrangles which are correlated to each other, 
five pairs of homologous sides intersect in points of a straight line 
u which passes through non^ of the eight vertices, then the sixth pair 
also intersect in a point of this straight line. 

This theorem holds true for the case in which the quadrangles 
lie in the same plane, as well as when they lie in different planes. 
For if they lie in the same plane, wc can immediately reduce to 
the case already treated either by rotating one of the quadrangles 
about the line u, out of the given plane, or by projecting it from 
an arbitrary centre upon a second plane through u. In either 
case it happens that through the point of intersection of i< 
with the sixth side of the one quadrangle, the sixth side of the 
other quadrangle also passes. It may be remarked incidentally 
that if « is an infinitely distant straight line our theorem would 
read: 

If, in two complete quadrangles which are correlated to each other. 
Jive pairs of homologous sides are parallel, then the remaining t%vo 
sides are also parallel. 

57. We may now announce the following definition ; 

Four points A, B, C,Ti of a straight line are called ' harmonic 
points' (and form a harmonic range of points) if they are so situated 
that in the first and in the third of them a pair of opposite sides of 
a quadrangle may intersect, while through the second a>id fourth 
points the two diagonals of the quadrangle pass. 

From (yhat has already been said the following important theorem 
immediately presents itself: 
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Three points A, B, C o/ a straight line and the order of their 
succession completely determine the fourth harmonic point D. 

For example, we find B by constructing any quadrangle KLMN 
(Fig. 15), of which a diagonal ZiV" passes through the second point 
B, two opposite sides KL and MN intersect in the first point A, 
and the other two opposite sides LM and NK intersect in the 
third point C; the second diagonal KM will then determine D. 




If we construct another quadrangle K-^L^M^N^ which is related 
to the points A, 5, C in a manner similar to that of the quadrangle 
KLMN, then, in accordance with the theorem of the preceding 
article, its second diagonal K^M^ (being sixth side of the complete 
quadrangle K-J^^M-^N^ must also pass through D, the point of 
intersection of KM and ABC. 

The points B and D through which the diagonals pass, are 
separated from each other by the points A and C, in which pairs 
of opposite sides intersect, and are therefore said to he ' harmonically 
separated by A and C' 
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In the same way a harmonic sheaf of lines is projected from ; 
point not lying in its plane by a harmonic sheaf of planes. Ir 
general, 

Four harmonic points are pro- Four harmonic planes are cut b; 

jected from any straight line by any straight line in four h: 

four harmonic planes, and from points, and by any pL 

any point by four harmonic rays. harmonic rays. 

Four harmonic rays are — 

Projected from any point by four 
harmonic planes. 



Cut by any plane i 



These several statements may be combined into a single state- 
ment of great importance ; 

From any harmonic primitive form, after projection and section 
there results always another harmonic primitive form. 

At the same time you perceive that by three elements of a one- 
dimensional primitive form the fourth harmonic is completely 
determined if it is known from which of the three the fourth is 
separated. For, if the given elements are three points of a straight 
line, then the complete quadrangle yields the fourth harmonic 
point. If, on the other hand, the given elements are rays or planes 
of a sheaf, these may be sectioned by a straight line, and the fourth 
harmonic point to the three intersection points may be found. 
Through this point passes the desired fourth element of the har- 
monic sheaf. By this means the problem, " From three elements 
of a one-dimensional primitive form to construct the fourth har- 
monic," is at once solved. 

6i. The correctness of the following theorems will be evident to 
you at a glance : 



If three planes a, ^, y, of a sheaf 
be tut bj arbitrarv transversals, 
dnd upon each transversal is found 
the fourth harmonic to the three 
points, this being 
i from the pomt of inter 
seaion with ^ in eich ctse, then 
all these fouith harmonic points he 
in a plane S, which is the fourth 
haimonic plane to a, j3, y, separated 
from i3. 



If three points^, ^, C of aiinge 
be projected from arbitrirj axes, 
and for e-ich aMS is found the 
fourth harmonic to the thiee pro 
jecting planes, this being separated 
from the plane passed through h 
in each case, then all these fourth 
harmonic pi ines pass through one 
pomt D, which is the fouith bar 
monic point to A, B, C, separated 
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To these t«o theorem'; which off et eich other reciprocally in 
•ipace of tl rce dimensions jou will easily be ille to state two 
■conespo iding ones tor the plane I them a sheaf of ra\s takes 
the phce of the sheaf of phnes Ami ^.ous thi. reus Tia\ also 
be stated for the bundle of rajs 

62 In Che defi iition of harmonic po nts 4 ^ C Z* by n eans 
ol the quadrin^le KLMN (^ % 15) we ha%e made a distinction 
between the two pjnts A and C n wh ch the opposite sides of 
the qu-idran^le ntersert and the two remaining points B ind D, 
through which the diagomls pass It may be shown however, 
that the two pairs of separated points in the harmonic range play 
e\actly the samt. part In the first place t s e-vident that of four 
harmonic points two separated points may be interchanged without 
destrojing the harmonic relation it if 4BCD is 1 hirmonic 
nnge of points the same is true ot iDCh CB4D CDAB; 
for in each of these ranges two oppos te sides of the quidrangle 
AZJiiV" pass through the fir'it aid two tl rou^h the th rd point, 
■while the diagonals pass through the se ond and fourth points If 




now through the point of intersection Q of the diagonals (Fig. 16) 
the straight lines AQ and CQ_ be drawn, they determine upon the 
■sides NK, KL, LM, and MN, respectively, four new points 
S, T, U, &x\A. V. Of the lines ST, TU, W, and VS, which 
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are seen to be second diagonals of the quadrangles KSQT, 
LTQU, MUQV, and NVQS, two opposite ones pass through B 
and the remaining two through D. We thus obtain a quadrangle 
STUV, of which the pairs of opposite sides pass through B and I>, 
and the diagonals through A and C. Hence, in a harmonic range 
of points, the two pairs of separated points can also be interchanged 
without destroying the harmonic relation. That is. 

If ABCD is a harmonic range of points, not only are ADCB, 
CBAD, and CDAB likewise harmonic, but so also are DCBA, 
DABC, BCDA, and BADC. 

This theorem of course holds good also for harmonic rays and 
planes, which we have already defined by reference to harmonic 
points. 

63. We say of two separated elements of a harmonic form that 
they are ' harmonically separated ' by the remaining two elements, 
or are 'conjugate' to each other. For brevity and simplicity of 
expression we shall frequently say that two elements of a form are 
harmonically separated by two other elements not belonging to 
that form, if, by means of the latter elements, tivo belonging to the 
form are determined by which the first two elements are harmonically 
separated. Two points A and C, for example, are said to be 
harmonically separated by two planes fi and S, if these cut the 
straight line AC in two points B and D such that ABCD is a 
harmonic range ; and similarly ^ and S are said to be harmonically 
separated by A and C if they are harmonically separated by the 
two planes which project the points A and C from their line of 
intersection. 

As an illustration of this mode of expression the following double 
proposition for forms in a plane may be cited : 

From two straight lines and a From a straight line and two 

given point outside them a third given points outside it a third point 
straight line may be determined may be determined which lies on 
which passes through the point of the straight line joining the given 
intersection of the given lines and points, and through which passes 
contains every point that is har- every straight line that is harmoni- 
monically separated fi-om the given cally separated from the given line 
point by the given lines. by the given points. 

In reality this proposition is merely a repetijion of that of Art, 61, 
when the latter is transcribed for forms in the plane. Upon the 
theorem on the left and the one next to be stated rests the solution 



Hosted by 



Google 



HARMONIC FORMS. 
of the problem mentioned in the Introduction (Art. 6, Si 



■). 



" Through the inaccessible point of intersection of two straight 
"lines to pass a third straight line." 

64. After what has been said it will be an easy matter for you 
now to prove the following properties of the complete quadrangle 
and complete quadrilateral (see Fig. 15). 




In the complete plane quadrangle 
any two opposite sides (as KM and 
LN) are harmonically separated by 
the two points A and C in which 
the remaining pairs of oppositf 



L the complete plane quadri- 
lateral any two opposite vertices 
(as A and C) are harmonically 
separated by the two straight lines 
KM and LN which join the re- 
maining pairs of opposite vertices. 
You will notice that in Fig. 15 not only can K, L, M, and JV 
be taken as vertices of a complete quadrangle, but also AL, AA'', 
CL, and CJV can be taken as sides of a complete quadrilateral of 
which A and C, K and M, L and JV are the three pairs of opposite 
vertices. 
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65. In the quadrangle KLMN (Fig. 15) let the two vertices 
K, L, and the points of ititersection A and C of two pairs 
of opposite sides remain fixed, while the side MN rotates 
about A, the vertices M and N moving along the straight lines 
CL and CK, respectively ; at the same time the two diagonals 
will rotate about K and Z, and the points B and D will so 
move along the line AC that they remain harmonically separated 
by A and C. Since now no position of either point B qx D 
corresponds to more than one position of the other, it is im- 
possible that these points should move at one time in the same 
sense and at another time in opposite senses along AC; moreover, 
they must always move in opposite senses since they are always 
separated by A and C, and must coincide with C when the moving 
line MN is brought into the position CA, or with A when brought 
into the position LA. 

From this it follows that — 

If a pair of points A and C harmonically separate each of id.o otJui 
pairs of point!. B, D and Bj, Dj, then aie E and D not stpirtted h 
Bj^ and D^ Thuo pain of points on a straight line which mutually 
separate each other cannot therefore both he harrtwnicalh separated 
bv the same third pair of points 

66 To two pairs of pomts B, D and B^, Dy, on a straight line, 
which do not separate cath othur, there alwajs exists (at least) 
one third pair of points 4, C, by which B is harmonicallj separated 
from Z> and at the same time B-y from ZJj 

In ordt.r to pro^e this, we shall imagme the segment B^U^ 
upon which B and D do not he to be trwersed b) 1 point P 
Of the poinfi -Z", and P which are harmonically separated from 
P bj By and D^, and bj B and B, respectii ely, the first P.^ 
describes the supplement of the segment B^D^ and the latter P 
a segment B^D^ contained in this supplement, whose extremities 
are hirmomcally separated from B^ and Z),, respectively by B 
and D. The points Z", and P^ move m the sense oppwsite to 
that in which P moves, and must coincide at least once, since P^ 
describes a segment within which the segment traversed by P^ is 
contained. If, now, we denote by A this point of coincidence and 
by C the corresponding position of the point P, then A and C 
harmonically separate B from D and at the same time B^ from D^. 
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metric relations of harmonic forms. 

67. I ought not to close the theory of harmonic forms without 
developing for you, as was suggested in the Introduction, their 
most important metric relations. We approach these most simply 
by means of the following theorem : 

If in a straight line two points A and C hm^e equal distances from 
a third point B, then are they harmonically separated by this point 
and the infinitely distant point Ji of the straight line, or A, B, C, I> 
form a harmonic quadruple. 




In a plane passed through the line ABC choose two infinitely 
distant points K and M (Fig. 17), and toward each of them draw 
parallel lines through A and C ; these will intersect in two new 
points L and 7K The straight line LJV, as second diagonal of the 
parallelogram ALCN, passes through the bisection point B of the 
segment AC. Of the quadrangle KLMN, then, two opposite sides 
KL and MN intersect in A, two others LM and NK in C, the 
diagonal LN passes through B, and the second diagonal, namely, 
the infinitely distant straight line KM, passes through Z>, so that 
ABCD are in fact harmonic points. 

68. Since four harmonic points ABCD are projected from u 
fifth point S by four harmonic rays, it follows that — 

If we draw through the vertex .S of a triangle ASC, two straight 
lines, the one d parallel to the base AC, and the other l> toward the 
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middle point of the base, then are these harmonically separated by 
the adjacent sides of the triangle. 

If ASC is isosceles, then /> is at right angles to AC, and con- 
sequently also toi^; moreover, the supplementary angles formed by 
a and c are bisected by b and d. Hence : 

"The lines bisecting two supplementary adjacent angles are 
" harmonically separated by the boundaries of these angles, and are 
"normal to each other." 




The converse of this theorem may be stated thus : 

" If, of four harmonic rays, two conjugate rays are at right angles, 
" these bisect the angles between the other two." 

The proof of this is derived immediately from the following 
statement, which will be recognized as the converse of the one just 
quoted : 

" If a harmonic sheaf abed is cut by a straight line u parallel to 
" one of its rays, then one of the three points of intersection with the 
*' remaining rays bisects the segment between the other two." 

The points of intersection of u with abed are four harmonic points, 
and one of them lies infinitely distant. 

69. These theorems, to which similar ones may be stated for 
harmonic planes, can be utilized for the solution of a series of 
problems. Thus, for example, the problem : 

" To construct the fourth harmonic to three points or rays " 
admits a solution very much simpler than by means of the complete 
quadrangle as soon as the construction of parallels and of equal 
segments is conceded. For if to the rays b, c, d (Fig. 18), the fourth 
ray a, harmonically separated from c^ is required to be found, we may 
intersect b and c by any straight Hne u parallel to d in the points B. 
and C, and upon this line make AB equal to BC \ the ray a pf the 
sheaf bed, passing through A, is the one sought. 

If, further, to the three points A, ^, C (Fig. 19), the fourth point 
D, harmonically separated from B, is required, we may lay off upon 
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any straight line passing through B, two equal segments A-^B and 
BC^ ; then determine the point of intersection S of the straight lines 
AA^^ or a and CC-^ or c, and draw through this point a line d parallel 




to A-^BC-y This straight line will cut ABC in the required point D. 
For, since A^, B, Cj, and the infinitely distant point of A^B are four 
harmonic points, S (AiBC^I?) or ai/rd mu b a h n on h 
and therefore ABCD, a section of this sh f a h m n 

of points. 

70. If a segment AC and its middle po n B ae give pa llel 
to the line ABC can be constructed through any po n A (F g o) 
with the use of the ruler only, as follows 

Draw the lines J^A and KC and int h n n Z nd ^ 

respectively by any straight line passed thogh^ hnd mn 
the point of intersection Mof CL and AN and ho h h po n 
will pass the required parallel. For, as o d d a onal o h 
quadrangle KLMN, the line KM interse h ra gh 1 4B 
in a fourth point harmonically separated i an B hy 4adCbu 
which hes infinitely distant since -5 bisects 1 n 4t 
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If, conversely, two parallel lines are given, any segment lying 
upon one of them may be bisected by a linear construction. How 
these constructions can be turned to account, in land surveying for 
instance, will be evident to you without further < 



71. Among the segments which are formed by four harmonic 
points ABCD on a straight line there exists an interesting proportion. 
In order to find this, we project the harmonic points from some 
centre 5 by a harmonic sheaf abed (Fig. 19) and then pass through 
B a parallel to the ray d. This meets the rays a and c in two- 
points A-^ and Cj^, which are equally distant from B ; at the same 
time two pairs of similar triangles are formed, namely, AA-^B 
similar to ASD and BC^C similar to DSC. We obtain then the 
proportions : 

AB__AD . BC ^Cp 
A^B SD "BC-^ SD' 

If we divide the first of these by the second, and take into 
consideration that A.B = BC., we obtain 



AB AD 
BC~ CD ' 



..(i> 



The segment AC is divided internally at B in the same ratio 
as externally at D, B and D being harmonically separated by 
A and C. 

This relation is frequently taken as the definition of harmonic 
points, and might be chosen as starting point in the study of 
the theory of harmonic forms. 
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As a consequence of this relation the point D lies out beyond 
C, if AB is greater than BC and likewise AD greater than CD; 
while, on the other hand, D lies out beyond A if AB is less than 
BC; so that both B and D are nearer to A than to C, or else 
both are nearer to C than to A. 

72. In the above proportion, since the equal segments CD and 
DC are described in opposite senses, we ordinarily write -DC 
instead of CD, so that the proportion reads more symmetrically, 
thus: 

AB^^ AD 
BC~ DC' 

If M is the middle point of the segment BD, equation (i) may 
be written : 

A M- BM ^ AM+MD . 
BM- CM^ CM+ MD ' 

or if AfD is replaced by BM: 

AM-- BM^AM-i-BM 
BM-CM CW+BM' 

Clearing of fractions we obtain after a very simple reduction : 

BM^ = AM. CM, (2) 

or the remarkable property, 

" BM .(and similarly DM) is a mean proportional between 
"AMsLTid CM." 

This useful property might also be admitted as a definition of 
harmonic points. 

73. If we draw any circle through A and C (Fig. 19), and to this 
a tangent MT from M, then by the well-known theorem upon the 
segments of secants of a circle, 

AM. CM= TM^, 
and hence TM =BM^ = DM The pomt of cont-iLt T of the 
tangent lies therefore upon the circle which is described «ith centre 
M and radius ^Af or MD and this circle cuts the other or 
thogonallj at T since its ridius MT is tangent to the other it T 
Thu'; 

"In a pline, the circles which pa'is through two gi\cn points 
"A and C ^re cut orthogonally by any circle the extremities of 
" whose diameter BD are harmonically separated by A and C ' 
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The theory of harmonic points thus leads us easily to the study 
orthogonally, and might suitably 
the investigation of orthogonal 



of systems of circles which i 

be chosen as the starting point i 

systems of spheres. 

74- The reciprocal of equation 
may be written : 

AC-A B _AD-AC 
AB ~' An' '° 



A B-AC _AC 'A£> 
AB ~" AB ' 



and it is to this latter equation that the points A, B, C, D, owe the 
rume ' harmonic ' points. For, as you are awarcj we are accus- 
tomed to say of three quantities ^, y, S that they are ' in har- 
monical progression,' or are ' harmonic,' if the difference between 
the first two is to the first as the difference between the last two 
is to the last, that is if 



and the equation last written 
AJy has exactly this form. 

Performing the division indicated abov 
relation ; 

AC AC 
^ A£~AD ^' 

which may be written in the form : 

AC^AB'^AD' 



■olving the segments AB, AC, and 
have finally the 



f 



! 



Sml 




m h b d 1 p d f h 
y pi I p f h 


d 11 
Ij 




h ipl h m 
1 ) h gea 1 


75 ^ 




It h h 1 pi f 


pp cabl 




lea ppl 


d 1 
1 




hi h 1 
h h d p 




ml h f h fi ly d 



d by 



Hosted by 



Google 



HARMONIC FORMS. 51 

range of points ; while, on the other hand, we rect^niie in the 
latter no segment which could be so defined and characterized by 
measurement as can the right angle in the sheaf. 

EXAMPLES- 

1. To three given elements in each of the one-dimensional primitive 
forms construct the respective fourth harmonic elements. 

2. Through a given point draw a straight line which if produced would 
pass through the inaccessible point of intersection of two given lines. 

3. Without the use of circles bisect a segment AC of a straight line, 
having given a parallel to this line. 

4. In a plane are given a parallelogram andasegment ^Cof a straight 
line ; it is required, without the use of circles, to bisect AC and to draw 
a parallel to ^C; also to divide AC'mion equal parts. 

5. \f A, B, C, D, are four harmonic points of a straight hne, and a circle 
is described upon ^C as diameter, of which 5 is any point, prove that 
the arc subtending the angle BSD, or its supplement, is bisected at A or 
Ate. 

6. Through a given point P draw a straight line meeting two given 
lines of the plane in A and B so that (i) the segment AB shall be 
bisected at P, (2) the segment ^T' shall be bisected at B. Under what 
circumstances is the solution impossible ? 

7. If two points are each harmonically separated from a third point 
by a pair of opposite edges of a tetrahedron, they are harmonically 
separated from each other by the third pair of opposite edges. 

[The plane of the three points intersects the tetrahedron in a complete 
■quadrilateral whose diagonals intersect in the three points.] 

8. Given two pairs of points, A^ B, and Ai, Bi, upon the same straight 
line, which do not separate each other. With the aid of circles, find two 
points which harmonically separate each pair. 

[Choose any point D outside the given line and describe the circles 
DAB and DAiB, intersecting a second time in £. Let the straight hne 
D£ cut the given line in O. From O draw a tangent OT to DAB or 
to DAjB,. The circle whose centre is.O and radius OT will cut the 
^iven line in the required points.] 

9. A straight line intersects the sides of a triangle ABC in the points 
A^ Bj, Cj, and the harmonic conjugates A2, B^, Q, of these points, with 
respect to the two vertices on the same side are determined, so that 
AC^BC^ BA-fiA^, CB-^AB^, are harmonic ranges. Show that ^1, B^, Q ; 
fi„ Ca A^; Ci, A^ B^, are coUinear, that AA^, BB^, CL a 
and that AA^, BBi, CC^; AA„ BB^, Cd; AA^, BB^, CC^. 
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LECTURE V. 
PROJFXTIVK PROfK 

76. Ill the present lecture I shall again take up and further 
develop an idea which, has aheady been mentioned, namely, the 
correlation of two primitive forms so that to each element of the 
one there corresponds one and only one element of the other. 
As very simple methods of correlating two primitive forms of the 
first grade the following have already been mentioned : 

(i) A sheaf of rays or planes and a range of points (Fig. 6), or 
a sheaf of planes and a sheaf of rays, are correlated to each other 
if each element of the latter lies upon the corresponding element 
of the former. 

(a) Two ranges of points are correlated to each other if they are 
sections of one and the same sheaf of rays (Fig. 8). 

(3) Two sheaves of raya are correlated to each other if they are 
projectors of one and the same range of points (Fig. 7), or sections 
of one and the aame sheaf of planes, or both. 

(4) Two sheaves of planes are correlated if they are projectors 
of one and the same sheaf of rays. 

77. We shall hereafter speak of two one-dimensional primitive 
forms which are correlated to each other in any of the ways men- 
tioned above, as being ' in perspective position,' or more briefly, they 
shall be spoken of as being ' perspective ' to each other ; so that 
of two 'perspective' primitive forms of different kinds, the one is 
always a section of the other, while on the other hand, two 
' perspective ' primitive forms of the same kind are always either 
sections or projectors of one and the same third primitive form. 

78. If two one-dimensional primitive forms are correlated per- 
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spectively to one and the same third form {for example, two 
ranges of points to a third), they are also correlated to each other, 
but in general are not in perspective position with regard to each 
other. We thus observe a second, the so-called ' skew ' position of 
two correlated primitive forms, which might be obtained from the 
perspective position by giving one or the other of the perspective 
forms a slight displacement; then with each element of the one 
form there would continue to be associated a parricular element 
of the other form, but in general the forms would lose their 
perspective position. 

79. Two primitive forms may be correlated to each other, how- 
ever, in numberless other ways ; for example, two sheaves of rays 
are correlated by viewing them as projectors of one and the same 
curve, no matter what this curve may be. The method of correla- 
tion in question, however, is distinguished from all others in one 
important particular, and just as clearly so, whether the forms are 
in perspective or skew position ; namely, if any four harmonic 
elements are selected from one of the two forms, to these 
evidently correspond four harmonic elements in the other form, 
since projectors and sections of harmonic forms are in turn 
harmonic forms. This peculiarity is not in general found in 
other methods of correlation and we are thus led to enunciate 
the following definition : 

Two primitive forms are said to be related ' projectivefy ' to each 
other, or, more briefiy, are said to be ^ projective^ when they are so 
correlated that to every set of four harmonic elements in the one 
form there correspond four harmonic dements in the other. 

Two perspective one dimensional primitive forms are therefore 
also projective, perspective correlation and projective correlation 
being distinguished only by the relative positions of the forms. 
The e\pressions 'conformal' and ' horn ographic,' which Paulus and 
Chasles use, have the same meaning as 'projective.' Von Staudt has 
introduced the symbol 7\ fot '11 projective to.' 

From the definition of the projective relation it follows im- 
mediatelj that — 

If two forms are taJi projtHtt.t l? a third form Ihey are pro- 
jective to each othet 

For example, if two ranges ot points are perspective, and hence 
projective, to one and the same third range, then are they pro- 
jective to each other, but it is onh in particular cases that they 
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are in perspective position relative to each other. The same is- 
true of any two primitive forms of the first grade. 

80. In two projective ranges of points, to any four points K, E, C, T>, 
of the one range, of -which the first two are not separated by the last 
two, there correspond always in th4 other range four points A^, B,, 
Cj, Dj, "which are subject to the same condition. 

For there are, in the first range, two points M and N by which 
A is harmonically separated from B, and also C from D (Art. 66), 
and in accordance with tho definition of projectivity there corre- 
spond to these, in the other range, two points M^ and N^ by which 
A-^ is harmonically separated from B^, and also C, from D^. On 
this account it is impossible for the points A-^ and B^ to be 
separated from each other by C-^ and D^ (Art. 65). If ^ and Care 
separated by B and D, then must also A^ and C^ be separated by 
.5j and Z*!, for the opposite conclusion would bring us into dis- 
agreement with what has just been proved. 

If in the one range any number of points A, B, C, ... F, Q, ... 
are so chosen that no two of them are separated by the one named 
just before and the one just after them, there correspond to these, in 
the other range, the same number of points A.^, B^, Cj, ... P^, Qy ... 
for which the same relation holds true. If the points B, Q, J?, ... of 
the first range are consecutive points of the range, then must also their 
corresponding points /"j, Q^, R^, ... be consecutive points in the second 
range, for if 7*^ and Q^, say, were not consecutive points of this range, 
there would be points 6'], V-,, which separate them, and it would 
be necessary then that P and Q be separated from each other by 
the corresponding points If and V, and they could not in that 
case be consecutive points. Similar conclusions may be reached 
in the case of .sheaves of rays and of planes, since these are cut 
by arbitrary transversals in projective ranges of points. Hence the 
important theorem 1 

If two one-dimensional primitive fortns are projectively related, 
then to every continuous succession of elements of the one form there 
corresponds a continuous succession of elements of the other. 

81. Two projective primitive forms of the same kind may also 
be conjective or be superposed, that is to say, may have the same 
base. Two projective sheaves of planes, for example, may be placed 
with their axes coinciding, and similarly two projective ranges of 
points may lie on the same straight line, so that each point of the 
line must be considered twice, once as belonging to the one range, 
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and again as belonging to the other range. The investigation as 
to how many 'self-corresponding' elements may exist in two pro- 
jective one-dimensional primitive forms which are superposed, that 
is, how many elements of one form coincide with their homologous 
elements in the other, is of great importance in all that follows. 




82. In the first place, that it is possible for the two forms to 
have either one or two such ' self-corresponding elements ' is 
clear from the following theorem : 



If in a plane there are given 
two sheaves of rays S^ and 5^ 
(Fig. 21) which are projectors of 
one and the same range of points fi, 
i.e. are perspective, and these are 
intersected by a straight line v, 
then there are determined upon 
this straight line two projective 



If in a plane there are given two 
ranges of points u^ and u,^ (Fig. 22) 
which are sections of one and the 
same sheaf S, i.e. are perspective, 
and these are projected from a 
point T of the plane, then this 
point becomes the centre of two 
projective sheaves of rays in which 
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ranges of points u^ and %, in the lines joining T with S and with 
which the intersection of v with u u^u.^ are self-corresponding rays, 
and with S^S^ are self-correspond- These two rays coincide if u^u-i 
ing points. These two points lies upon ST. 
coincide if S^S^ passes through uu. 

In the theorem on the left two points ^j and A., of u^ and j/o, 
respectively, correspond to each other if S^A^ and -S'^j intersect 
in a point A of u. 

The three ranges of points ?/, //j and u^ therefore haic tlie 
intersection point uv self-corresponding, while w, and u^ have also 
self-corresponding the intersection point of v with the common ray 

83, If, of two projective ranges of points u and u^, the first is 
described by the continuous motion of a point P, the corresponding 
point ./"j at the same time moves continuously along the other 
C A B ,, 





range, and if a and w^ lie upon the same straight line, tlic points 
/■ and Pi may move either in the same sense or in opposite 
senses (F^s. 23 and 24) upon the line." In the case of figure 24, 
in which the points move in the same sense along the line, we 
shall call the ranges directly projective, in the other case (Fig. 23) 
oppositely projective. We shall in the same way call two projective 
sheaves of rays S and S^ which are concentric and lie in the same 
plane (Figs. 25 and 26}, or two projective sheaves of planes which 
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have the same axis 'directly' projective (Fig -6) or 'oppositely 
projective (Fig 35) accord ng as two homologous elements m 
descnbmg the sheaves w ould rotate m the same or :n oppos te senses 
In primitive forms of the first grade which are superposed and are 
oppositely projective the two describing elements must ncces'iirilj 
coincide twice hence 

Primitive forms of the first t,rade which are superposed and ire 

oppos tely projective always have two self correspondng elements 

all other pairs of homologous elements ire separated b\ these 

self-*. orrespon ding elements 

On the other hand forms which are superposed and are d rectly 
projective have two self corresponding elements only m ase a 
segment AB (or an angle) ol the one lies whollj w thin the 
■corresponding segment (or correspondinj^ angle) of the other (Fj, 
24) in particular cases they have only one, and mtj hive (Fig 26) 
no self corresponding element Iv^o pro ei-tive ranjjes of ( Jints 
u and J J which have three self correspond ng joints i B L n ust 
be directly projective 

84. We can now prove the following fundamental theorem of 
the Geometry of Position : 

1/ two projective one-dimensional primitive forms have three self- 
corresponding elements A, B, C, then are all their elements self- 
corresponding and the forms are consequently identical. 

Suppose, in the first place, that the projective primitive forms 
^re two ranges of points u and u^ (Fig. 27). Then a point which 

A V B C " „ 



is harmonically separated from any one of the self-corresponding 
points A, B, C, by the other two must coincide with its correspond- 
ing point, since four harmonic points of a always correspond to 
four harmonic points of «j by definition, and the harmonic conjugate 
of a point with respect to two others is uniquely determined. 
Suppose farther that there is given upon that segment AB which 
■does not contain C, a point P oi u which does not coincide with 
its corresponding point /\ of u-^. If now we permit P to traverse 
the range u in the sense ABC, then /", will traverse u^ in the 
same sense, and must coincide with P in B, or perhaps before 
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rearhiiig B in snme point B \i P should move in the opposite sense 
CBi then ^j would nifve in the sense CB -l and would coincide 
with P \n A or before reading 4 in a point -Jj In this wa> we 
should obtain a segment A^B^ nhich is e ther equil to 4.B or is a 
part of AB and of which no point e\cept the extremit es 4 and B 
coincides with its corresponding point But th s impos ible b n< c 
th^t point which is htrmonically separated from C b) 4j and B-^ 
must coincide with its corresponding point and fall in this segment 
Hence the ranges u and u^ tnust ha\e e\er) point of the seament 
4B self corresponding and therefore every other [ oint Q self 
corresponding since Q is. harmonicallj sepinted Iran suue po nt 
of the segment 4B b) A and B 

The theorem may be proved in an analogous manner lor the 
CISC ot two projective sheaves of ra>s or phnes which ha\c three 
self corresponding elements or wh-it is simpler these cases may be 
reduced to the one just proved bj mtersectii g the shelves with a 
strii^ht line The ranges of poi its thus obtained w ould be project \ e 
and have three self correspond ng elements consequently ill their 
elements would be self corresponding hence all the elements of the 
sheaves n ust be self-correspionding 

85 Two projective one dimensional primitive forms can have then 

-It most two self-corresponding elements unless evcr\ element of the 

one coincides with the corresponding element ot the other An 

important deduction from this fundamental theorem is the following 

If a range of points ib projective to anj sheif or a sheaf of 

rajs to a sheaf of planes and three elements ol the first form lie 

upon their correspondino elements n the second forn then the 

first form is a section of the second 

For It has three self corresponding elements with thit section 
of the second form which is made b> its ba c hence all their 
elements are self corresponding and the hrst form 1 identic 1 w th 
the section of the second form 
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For if we join the points B and 
C, in which any two rays b and c 
of the sheaf S are intersected by 
their corresponding rays d, and c^ 
of S-y, by a straight line w, then are 
the two ranges of points in which 
u cuts the sheaves S arid S^ identi- 
cal, since they are projectively 
related, and have three self-corre- 
sponding- points ua^ ub, and uc. 



For if we join any two points B 
and C of u with their corresponding 
points Bi and C, of Ui by the 
straight hnes b and c, and denote 
the point of intersection of these 
lines by A", then are the two sheaves 
of rays by which the ranges of 
points u and », are projected from 
Si identical, since they are pro- 
jective, and have three self-corre- 
sponding rays SA, SB, and SC. 




87. The following theorems from the geometry of the bundl 
of rays are analogous to those just stated, and may be proved i 
a similar manner : 



If two projective sheaves of 
planes whose axes intersect ha\e 
the plane of the axes self-con-e- 
sponding, then are they projectors 
of one and the same sheaf of rays, 
sequently perspective 



For if 



the 



sheavcb of planes nith a plani 
which IS determined by the line; 
of intersection of in> two pins o 
hornologous pHnes of the sheaves 
we obtain t«o projective sheaie; 
of lavi nhich haie thiee self cor 
responding rays and which "iif 
consequently identical 



If two projective sheaves of rays 
which are concentric, and he in 
different planes have the line of 
intei-section of these planes self- 
corresponding, then are they sec- 
tions of one and the same sheaf 
of planes, and are therefore per- 

For if we project the two sheaves 
of rays from the line of intersection 
of any two planes, each of which is 
determined by a pair of homologous 
rays of the sheaves, we obtain two 
projective sheaves of planes which 
have three self- corresponding 
planes, and which are consequently 
identical. 
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88. Two projective but not con- Two projective but not conjective 

centric sheaves of rays A" and 5, i-anges of points ti and Ui (Fig. 28) 

(Fig. 29) have perspective position have perspective position if, of 

if, of the points of intersection of the lines joining their homologous 

pairsof homologous rays, any three, points, any three, BBy, CC,, and 

S, C, and B, lie in one straight BD-^, pass through one point .S'. 

line u. For, the projective sheaves of 

For, the projective ranges of rays by whicli the two ranges of 

points in which the two sheaves points are projected from the point 

of rays are cut by the straight line i' have these three rays BB„ CC,, 

u have these three points B, C, A r>f>,, and consequentlv all their rays 

and consequentl> II ther po nts elf correspond ng a 1 ne ning 

self-correspond ng all po nts of hon ol gous po s of w and 11, 

intersection of h logo -1 f con equentl pa hroui,h S 
the two sheave co e |uen 1 e 
upon the straight ne 



\ou can eibily enuncntc and proie the malogous theorems for 
shei\es of ra>s ind phnei in the bundle of rajs 

8g If two Lorrehted she-nes of ra>', lie in one phnc and are 
not concentric the points if intersection of pairs ot homologous 
rtys form a continuous (.urve for if a raj describes the one sheaf 
by continuous rotation about its centre, the corresponding r-i) will 
rotate continuouslj about the other centre, and will describe the 
other sheaf the point of intersection of the two rajs will conse 
quently describe 1 continuous line 

II non the two shewes of ra)s -ire prO]L.<.tivelj rel-ited but are 
not m perspectne position, all the points of intersettion of pairs 
of homologous r'ljs lie upon % curve which, in consequence ot the 
theorem of Art 88 has m common with no straight line ^ore 
than two points On account of this pCLulianty we shall call this 
curve a cune or range of points of thi, stiotid order , the ordinarj 
range of points shall be distinguished from this, wherever it ippears 
necessary, b> the name range of points of the first order 

If two projective ranges of points he in the ';ame pHne ind art 
not perspective, then, as m the case above, the straight lines joinm^ 
piirs of homologous points form a continuous succession of rijs 
of which not more than two pass through any point of the plane 
We designate the totality of these joining hnes as a theaf of ta%f 
of the second order, the ordinarj sheaf of rajs being hereafter dt 
Mgnated a sheaj of tht first ordtr to avoid confusion 
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Curves and sheaves of rays of the second order are defined 
from the nature of their formation, then, in the following manner : 

Tisio projective sheaves of rays Two projecti've ranges of points 
{of the first order), 'which lie in the {of the first order), which lie in a 
same plane and are neither con- plane and are neither superposed 
centric nor perspective, 'generate ' nor perspective, 'generate ' a sheaf 
a curve or range of points of the of rays of the second order, each 
second order, each ray of the one point of the one range being pro- 
sheaf intersecting the corresponding jectedfrom the corresponding point 
ray of the other in a point of this of ike other by a ray of this sheaf 
curve. Not more than two rays of a 

Not more than two points of this sheaf of the second order pass 

curve of the second order lie upon through any point, 
any straight line. 

Wholly analogous forms of the second order are generated in a 
bundle by projective sheaves of rays and planes. All these new- 
forms will be investigated more closely in the nest lecture. 

90. The construction of curves and sheaves of rays of the second 
order depends upon the following important theorem : 

Two one-dimensional primitive forms may always be correlated pro- 
jectively to each other so that any three elements of the one shall 
correspond to three elements of the other chosen at random ; to any 
fourth element of the one form, the corresponding element of the other 
is then uniquely determined. 

The proof of this theorem might be deduced directly from the 
definition of projectivity and the fact that, by three elements of 
a one-dimensional primitive form, a single fourth element is deter- 
mined, which is harmonically separated from one of these three by 
the ' other two. From considerations similar to those of Article 
84, it appears that by means of the three given pairs of homologous 
elements indefinitely many such fourth pairs are correlated to each 
other, and that no element of the one form is without a corre- 
sponding element in the other. 

1 shall, however, proceed to prove the theorem in a different 
manner, but only for two ranges of points, since all other cases 
may be easily reduced to this one. For instance, if one or each 
of the two primitive forms is a sheaf, then instead of this we can 
substitute its section by a straight line, which is a range of points. 

91. Suppose, in the first place, that two ranges of points u and u^ 
lying in one plane {¥\g. 28), are so correlated projectively that they 
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have the point of intersection A (or A-^ of their hases self-corre- 
sponding, and that the points B and C of « correspond, respectively, 
to the points B■^ and C^ of «^ ; then must the one range of points 
be a projection of the other from S, the point of intersection of 
BB-^ and CCy. To any fourth point D oi u corresponds, then, 
in «j its projection D^ from the point S. 

Next, suppose that any two ranges of points u and Wj (Fig. 30), 
not lying on the same straight line, are so related projectively that 




the points A, B, C, of u correspond respectively to the points 
A^, B^, C■^^, of Uy Let us now choose upon one of the straight 
lines joining two corresponding points, for example upon AA-^, a 
point S different from either A or A^, and draw through A-^ a 
straight line u^ cutting u, and different from either u-^ or AA^. 
Project now the range u upon Wg from the centre S, and let 
A^, B.a ^a ^e the projections of A, B, C, upon u^. By this means 
our problem is reduced to that of the preceding x>ai'agraph. For 
we have only to so correlate «j and u^ that they may have their point 
of intersection A-^ (or A<^ self-corresponding, and the points B^ 
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and Cj of i^j corresponding respectively to B^ and C; of u^. The 
ranges of points u and u-y can then be looked upon as projections 
of one and the same third range of points u^. In order to de- 
termine the corresponding point D^ in w, to any point D in w, 
we find first its projection D^ upon a^, by the aid of which we can 
then find D^ according to the method already pointed out. 

Suppose, finally, two ranges of points lying upon the same straight 
line are so correlated projectively to each other that the points 
A, B, C, of u correspond respectively to the points A^, B^, C„ of u^. 
This case can be reduced to the preceding by first projecting u-^ 
upon another straight line u^. If any two corresponding points 
coincide, for example, A and A-^, u^ is drawn most advantageously 
through that point, and so the problem is referred back to the first 
case considered. 

92. During the process of these investigations there has arisen 
the following theorem : 

Two projective one-dimenswnal primitive forms may always be 
considered as the first and last of a series of forms, of which each 
is perspective both to the one preceding it and to the one following it. 

Two projective ranges of points, for example, may be looked 
upon as the first and last of a series of not more than four ranges 
of points, of which each is a projection of the adjacent ones. This 
fact justifies the use of the term 'projective.' 

93. At the same time we obtain very simply a series of ap- 
parendy complicated theorems ; of these I shall mention only the 
following : 



If the sides «i, a.^, ... a„, of a 
variable simple «- point rotate in 
order about t fixed points S„ S^, 
... 5„, while «-i vertices aia^ 
iJjOj, ... a,^ici„, of the same move 
along fixed straight lines «,, Wj, ... 
u,^i, respectively, then the remain- 
ing vertex, and likewise every other 
point of intersection of sides of the 
«-point, describes either a curve of 
the second order or a straight line ; 
a straight line certainly in case the 
fixed centres of rotation S„ S^ ... 
5b, a]] lie upon one fixed straight 



If the vertices ^„ y? 5, ^3, ... A„, 
of a variable simple K-side move 
in order along n fixed straight lines 
Uj, Kj, ... Kfl, while n - 1 of its sides 
A,A,, AjA^, ... A„^iA„, rotate 
about the fixed points S„ S^ ... 
5n_i, respectively, then the remain- 
ing side A„Ai, and likewise each 
diagonal of the re-side, either de- 
scribes a sheaf of rays of the second 
order or else it rotates about a fixed 
point ; the latter case certainly 
happens if the straight lines u,, Wj, 
... a„, all intersect in one fixed 
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The sides a„ a^, ... a„, describe The vertices A^ A^, ... A„, de- 
about 5„ S^ ... 5„, sheaves of rays scribe upon «<„ a^i ■■■ ^«' ranges of 
of which each lies perspective to points, of which each lies perspect- 
the following one, the ranges of ive to the following one, while 
points «i, Kg, ... a„_i, forming per- S„ S^, ... S„-j, form the respective 
spective sections of these sheaves ; centres of projection ; consequently, 
consequently, all pairs of these all pairs of these ranges of points, 
sheaves, and in particular the first and in particular the first and last, 
and last, are projectively related, are projectively related and gener- 
and generate a curve of the second ate a sheaf of the second order if 
order if they do not chance to they do not chance to be perspect- 
be perspective. This latter case ive. This latter case happens, 
happens, among other ways, if the among other ways, if the straight 
centres of the sheaves all fie upon lines «„ u^ ... «„, intersect in one 
one straight line ; for in that case point P, for in that case the ranges 
this line would be a self-correspond- all have this point self-correspond- 
ing ray of all the sheaves, since in ing, since in the variation of the 
the variation of the K-point all the w-sidc all the vertices at one time 
sides at one time coincide with the coincide with P. 

These theorems, of which the one on the left is a generalization 
of a theorem by Maclaurin and Braik en ridge, and the other is due 
to Poncelet, afford us a means of finding any desired number of 
points of a curve or rays of a sheaf of the second order by linear 
constructions. These constructions are simplest when « = 3. 



94. Among the angles and segments which are formed by an;- 
four homologous elements in two projective primitive forms there 
exists an important proportion, which in conclusion I shall no« 
develop. Let us set out with a sheaf of rays -S and a range of 
points u perspective to it (Figs. 28 and 29). Any four rays a, b, c, d, 
ai S pass through their corresponding points A, B, C, D, of u. The 
triangles formed by u and two of these rays, whose common 
vertex is S, have equal altitudes ; their areas therefore vary as their 
bases, so that, for example : 

AASB^AB , A CSH ^ CB 

l\ASD AD ^ C^CSB CD' 

But the area of a triangle is equal to half the product of two 
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sides and the sine of the included angle. If we denote the angle 
between two rays p and q by (/?>, we obtain for the areas of the 
four triangles the values : 

I\ASS = i^AS . SB . sin {a/>) ; 

i^ASD ^^AS.SD. sin {^d) ; 

A CSB ^{CS.SB. sin {cl:) ; 

A CSD = \CS.SD. sin {cd) ; 

and if these values are substituted in the above equations, and 

the common factors in numerator and denominator are removed, 

it follows that 

SB.<An(ad) _ AB_ . SB .ivcv{ cb) _ CB 
SD.€Mad) AD SD .^\u{cd) CD' 

Dividing the first of these equations by the second we obtain : 
sin(a^) sin(f^__^ CB^ . . 

sin(«^) ' sm{cd)''AD " CD ^^^ 

95. Each term of this proportion is a ratio ; for example, -p^ 
is the ratio of the two segments into which BD is divided by the 
point C (which in Fig. 28 lies outside BD), and , ■ y-J is the ratio 

of the sines of the two angles into which the angle {bd) is divided 
by the ray c. Thus the left-hand side, and similarly the right-hand 
side, of this equation is a ratio between two ratios, or a so-called 
double-ratio, cross-ratio, or anharmonic ratio. You will readily 
observe the particular way in which these anharmonic ratios are 
formed. That on the right, for example, among the segments 
formed by A, B, C, D, is obtained by dividing the ratio between 
the segments of BD determined by one of the remaining points 
A, by the ratio between the segments determined by the other 
point C, these segments being taken in the same order in both 
ratios. The anharmonic ratio among the sines of the angles is 
formed in an entirely analogous manner. Moreover, it follows 
from the manner of deriving our equation that it is immaterial 
which segment and which angle we look upon as being divided, 
if only both anharmonic ratios are formed in the same way. 
A different choice of our four triangles would have yielded the 
following relation ; 

%m{ad) ^m(bd) AD BD 

sin(«^) ■ sin(^^) AC ' BC 
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and it would not be difficult for you to produce still other similar 
relations for the same points and rays. 

96. It is worthy of note that this relation remains true if we 
alter the position of u relative to the sheaf of rays. Hence upon 
any other straight line u {Fig. 28) which cuts the rays a, b, c, d, 
in points A-^, M^, Cj, Bj, respectively, segments are formed for 
which the following relation, analogous to (i), is true: 

sm(«£) mn(^)_A^ C^ , ,, 

sin(ttrf) ■ sinlcJ) A-^D^ ' C^D^ ' ^ 

and similarly if A, £, C, D, are projected from any point S-y 
{Fig. 29) different from S, by four rays a-^, /\, i^j, i^j, then, 

sin(V,) . sin(^A) _-^^ ,'^-g {,) 

sin(Vi) ■ sin(fi^,) AD ' CI? ^"^ 

An anharmonic ratio among four elements of a range of points or 
/>f a sheaf of rays of the first order does not therefore alter its value 
if these elefttents are replaced by the corresponding elements of a per- 
spective range or sheaf. {Compare Pappus, Mathematicae Collec- 
tiones, vii. 129.) 

97. Since now we can always consider two one-dimensional 
primitive forms, which are projectively related, as the first and 
last of a series of primitive forms of which each is perspective to 
those adjacent, it follows that — 

Jf two primitive forms are projective, then every anharmonic ratio 
Among four elements of one of them is equal to the analogous an- 
harmonic ratio among the four corresponding elements of the other. 

If, for example, u and «j are two projective ranges of points, and 
to the points A, £, C, D, of u correspond the points A^, i?„ C-^, Z>i, 
of w„ then there exists among the segments which are formed by 
these points the proportion : 

ad'- CD A^D^'CiD, ^' 

Sterner used this property as definition of the projective relation, 
and in this way placed the treatment of anharmonic ratios at the 
foundation of his Sy^tematische EntiDickelung, etc The theorem 
holds equally well for sheaves of planes, since the angles between 
the planes of such a sheaf are measured in a sheaf of raji whose 
plane is at nght angles to the axis of the sheaf of planes, and which 
is perspective to the latter 



Hosted by 



Google 



METRIC RELATIONS OF PHOJECTIVE PRIMITIVE FORMS, fi; 

98. In conclusion, it would be well to state here the metric 
properties of the angles of a harmonic sheaf of rays or planes. If 
n, b, c, d, are four elements of such a sheaf, and A, B, C, D (Fig. 19), 
the four harmonic points in which these arc cut by a straight line, 
wc have for the latter the relation -j,-^= --^^^(Art. 72), and there- 
'fore from equation (i); 

Sin(^^) sin(^r) *5^ 



EXAMPLES. 

I. («) Two ranges of points u and. a, are each perspective to a third 
range % ; construct the sheaf of rays generated by u and «,. When 
is this of the first and when of the second order ? 

ip) Two sheaves of, rays S and S^ are each perspective to a third 
sheaf S^ ; construct the range of points (curve) generated hy Ji and .S'l. 
When is this of the first and when of the second order? 

z. (<i) Of two projective ranges of points a and «„ three pairs of 
homologous points are given ; to any fourth point D of k construct the 
corresponding point />, of u^, whether u and a, lie upon the same oi- 
upon different straight lines. 

{S) State and perform the reciprocal operation to (a). 

3. To bring two projective sheaves of rays or ranges of points into 
perspective position. 

4. To bring a range of points and a sheaf of rays projective to it 
into perspective position, 

5. In one of two given perspective sheaves of rays find tivo rays 
normal to each other which correspond respectively to two normal rays 
in the other sheaf, and hence show that in two projective sheaves of 
rays whose centres do not lie infinitely distant there is always a pair 
■of homologous right angles. 

6. If a sheaf of planes u is perspective to a sheaf of rays H, the axis 
of the sheaf of planes is normal to one of the two rays at right angles 
in .S' which correspond to two planes at right angles in u. Thus we 
find that each of the two following problems admits of two solutions : 

Given a sheaf of rays S and a sheaf of planes u projective to it, it 
is required— 

(i) to pass a plane through a given point which shall intersect u in 
a sheaf of rays congruent to .?. 

(2) to find an axis from which S is projected by a sheaf of planes 
congruent to u. 
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7. Place a sheaf of ra)s i tnd \ sheaf of pKnea u in buth leldtive 
positions that three giien planes a. fi y oi u ihall piss thi >ugh three 
given rays ( li c ol S (problem 6) 

8. Construct d pHne cutting the Kteial faces a. fi y oi i tianguUr 
prism in a tr angle ab which is similar t) a gi en triangle 1 *, , 
[This problem can be red ced to the preccd ng ] 

9. Given two fi\ed straight lines u and u intersecting m and tio 
points S and Ji colhnear with O A straight line 1 rotates about a fa\ed 
point t/and intersects u and u \a 4 and A lespectiielj Show th'it the 
locus of the point of mteisection of the straight hnes SA ind s^ is i 
straight line. [Chasles, Gionietris Supirieure, Paris, 1880, Art. 343, 
Pappus, Math. Coll., Book vii., Props. 138, 139, 141, 143.] 

.State also and prove the reciprocal theorem. 

10. P, S, and 5" are three coUinear points, u and «' two fixed lines 
which intersect in O. Through P an arbitrary straight line t is drawn 
which intersects a and u' in A and A', respectively ; the straight lines 
AS and A'S' intersect in M, Show that as v rotates about P, M will 
move upon a straight line which passes through O. [Chasles, he. cit,, 
Art. 343.] 

This proposition may also be stated as follows : 

If the three sides of a variable triangle MAA' rotate about three 
fixed collinear points F, S', S, respectively, while two vertices A and 
A' move upon two fixed straight lines which intersect in 0, then the 
third vertex .J/ «ill describe a straight line which also passes through O. 

In this form the proposition is equivalent to Desargues' theorem 
upon perspective triangles stated in Article 7. State the reciprocal 
theorem. 

11. If the four vertices A, B, C, D, of a variable quadrangle move 
respectively upon four fixed straight lines which pass through one 
point O, while thiee of the sides AB, BC, CD, rotate about three fixed 
collin ear points, then the remaining three sides will also rotate about 
fixed points, these si.~i fixed points forming the vertices of a complete 
quadrilateral, i.C. they lie three by three upon four straight lines.. 
[Cremona, Projectiv€ Ceomclry, Oxford, 1885, Art. ui.] 
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CURVES, SHEAVES, AND CONES OF THE SECOND ORDER. 



gg. In the last lecture we reached the following important n 



ulls: 



projective sheaves of rays 
ane plane, but are neither 
ir perspective, the 
points of intersection of their 
homologous rays form a curve or 
range of points of the second 
order, which has not more than 
two points in common with any 
straight line. 



If two projective ranges of points 
lie in one plane, but are neither 
upon the same straight line nor 
perspective, the lines joining pairs 
of homologous points form a sheaf 
of rays of the second order, which 
has not more than two rays in 
common with any sheaf of the first 



In order to give you a definite conception of these forms of 
the second order, I shall state now, giving proofs later, that the 
curve of the second order is identical with the conic section, and 
hence may be obtained by intersecting an ordinary circular cone 
with a plane. A sheaf of rays of the second order consists of the 
system of tangents to such a conic section. 

loo. To the two preceding theorems from plane geometry, there 
correspond the following from the geometry of the bundle of rays : 



If two projective sheaves of 

not perspectiie, the hnes of inter 
section of their homologous planes 
form a cone of the second oider, 
which has not more than two n\s 
m common with an> plane The 
pomt of intersection ot the tno 
aves, through uhuh all jq\s of the 



If two projective sheaves of rays 
whose pUnei intejsect aie ion 
centric but not perspectne, the 
planes deteimined bv pairs of 
homologous rays form a sheaf of 
pliUCb of the second order, «hieh 
has not more than two elements 
in common with an\ sheat of 
phn(= of the first oidei The 
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cone pass, is called the 'veitex' common centre of the sheaves of 

of the cone. rays, through which all planes of 

Ihc generated sheaf pass, is called 

the ' vertex ' of the sheaf of planes. 

1 he con 1 1 th heif i plai es of the second order mij be 
derived froii the cur^e and tt e sheif of rays of the second order 
by projecting the latter forms from some point not l>mg in their 
plane For the ttto projective sheaves of r^)s S and S^ (Fi^s 31 
and j3) b> which a curve of the second order i generated are 
projected from such 1 point O (your eye for example) by two 
projective sheaves cf planes which generate \ cone of the second 
order having its vertex at O and passing through the given 
cune In the same (iy the two projective ranges ct points j 
and «j (Fig j->) which generate a sheaf of rays of the second 
order -ire projected from by two projective sheaves of ra\s and 
these in turn generate a sheaf of planes of the second order which 
passes through the given sheaf of rajs and has O for vertex 

Converse!) evcrj cone of the second order is intersected by a 
plane not passing through its vertex in a curve of the econd 
order for the two projective sheaves of phnes which £;enerate 
the (-one arc ntersected in two proje tive sheaves ot rays which 
generate the cunc of section It then more than t^o ra}s of the 
coifc were to 1 e 11 one phne more than tvo poi ts of the curve 
of section would he n one stra t,ht lie wh ch from the theorem 
quoted at the opening of the lecture s impo s hie "iou mII 
eas ly be ible to piove for jourschts the analOoOus proj ert> of a 
sheat of planes of the second order ind at the same t me yoi 
will recognize the correctne s f the follow n statements 

Any cur^e or an> sheat of rajs A co e or m> 1 caf of planet, 

of the second order s projected of the second ordei s nter ectel 

f om a po nt not 1> ng n ts plane by a plane lot passmt, hrou& tb. 

bj A cone 01 by a shof of phnes vertex n a cur e or n a sheaf f 

of the sec 1 d ord r ra>s of the second ordei 

loi \ou will observe from tl is that all results vhich are ob 
tained foi phne iorms of the se ond order may be immediatelj 
carried over by project on to the analogous forms in the bundle 
of rays I shdll ccnfine mjself therefore in the first place to tie 
mvctigatio 1 of curves and sheaves of raj of the second ordei and 
shall bei, 1 th the fo !o ^ ^ ol er\ t on 
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The curve of the second order k^ 
•which is generahddytu o projectii e 
sheaves of rays S and S, {Fig 31), 
passes through the centres of ihete 
sheaves. 

For to the ray Si, or/ of the 
sheaf S,tt to the hne joining the 
two centres corresponds in the 
sheaf 5i a raj /, different from 
Sj5, since the 3hea\eb are not pei 
spectlve the po nt of intersection 
oi p arid /i nimeh S, hes there 
fore upon the curi e k" and ^imilarlj 
it may be shonn that tl e cent c 
S is alsf d po nt of the cune 



The sheaf of rays of the second 
order K^ -uhich ts generated dy two 
projective ranges of points u and 
"1 {f'g 32), contains the straight 
lines u and Uj upon -which the 
ranges of points lit 

For to the point uui or P, of 
the range v le \a the point of 
intersection of the t« o straight 
hnes corresponds in //; a point P, 
difierent from u^u s nee the rani,cs 
of points "ue not pei'ipectie tht 
join n), 1 ne PP^ ->r u-^ belongs 
therefore to the sheaf A^ and 
himil-iil) t ma> be shown thit it 
[.euise belongs to the sheaf 




102. In the theorem on the left, of the preceding article, the 
ray p■^ (Fig. 31) is the only ray passing through ^j which has but 
one point, namely S-^^ in common with the curve. Any ray a.^ of 
the sheaf ^j, different from /j, is intersected by its corresponding 
ray n, in a second point of the curve ^, not coinciding with 5j. 
We bay therefore that the ray /j touches the curve l^ in 5^, or that 
it is a tangent to k^. 

Similarly, in the theorem on the right the point _P-| (Fig. 32) 
is the only point of Uy through which there passes but one ray of 
K^, namely, the ray u^ itself. For through any other point A^ 
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of u^ there passes a second ray A^^A of K^, since A cannot coincide 
with P and hence A-^A differs from »,. We call P-^ therefore a 
point of contact of the sheaf K^ in the ray Uy Hence : 



To the common ray of two pro- 
jective sheaves of rays there corre- 
sponds in each sheaf a tangent 
to the curve of the second order 
which is generated by the sheaves. 



To the common point of two 
projective ranges of points there 
corresponds in each range a point 
of contact of the sheaf of the 
second order which is generated 
by the ranges. 




103. As you know, two one-dimensional primitive forms can he 
so correlated projectively to each other that to any three elements 
of the one correspond three elements of the other, chosen arbitrarily, 
and the correlation so established is unique. 

If, then, we wish to construct a curve of the second order by 
means of projective sheaves of rays, we may not only choose at 
random the centres S and S^ of the generating sheaves (Fig. 31), 
but also three of the points of the curve, namely, the points of 
intersection of three pairs of corresponding rays of the sheaves. 
In case one of these three points of intersection coincides with S, 
the tangent to the curve at the point S may be chosen arbitrarily, 
and the same thing is true for Sy 

In order, to construct a sheaf of rays of the second order by 
means of projective ranges of points, we may not only choose at 
will the bases u and «j of the generating ranges (Fig. 32), but also 
in the plane containing u and u^, three other rays of the sheaf, 
namely, the lines joining any three pairs of corresponding points 
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of the tangos In ewe one of these joining Unes coincides with 
u then the point of contact of the sheat in the rij u maj be 
<hosen at will and the same thin^, s true for u^ 

Consequently tht pioblems — 

To constr ct a cune of the To tmstriLt ■\ si eat of rdji of 

secoirt order of nhich hve poi ts the second order of which five 
or tour points and the tingent at ia>s or fo r n>s and the point 
o le of them or three points and ot contact n one of tl em or three 
the tingentb at t o of them are rajs ind the points of contact in 
given tn<i of them are gnen 

admit cf solution ai d e\identh reduce to the following problems 

Two piojeet ve sheaves of rajs Tuo project \e i-ani,ei. of po ts 

S and Si are given bj three pars 11 «id u are gnen bj three pairs 

of corresponding ri>s ( and \ of corresponding, points ^ md ^j 

b and b, c ind c. to ton-itruct B and Bi L and C, 



any requued numbei (f po nts of -in> requ red number of rajs of the 
the curie of the secoid order F heaf of the second oider A uhich 
which these sheaves geneiate the e ranges generate 

104 The solution of these problems depends upon findini. thi. 
element of one primitive form which corresponds to an arbitriril} 
chosen clement ot the other nhen three pairs of corresponding 
elements arc given, since at the same time a new element of the 
resulting form of the second order is determined I m ght refer 
jou thei to the construction yven in the last lecture (\rt 91) 

I shall however, solve the problem a^ain aid in a more sjm 
metrical minner particularl) since maiy importint theortms are 
■connected with the solution This solut on consists in finding a 
thrl prim tivc form which is perspective to each of the ^ivcn 
forms Thus * 

Thrcug,h the po nt of intersec In the line 4A^ |0 n ng anj tv\o 

tion aai of anv two corresponding conespondmi, po nt A and A^ of 
rays of the projective sheaves i) the projective i^nges ot po nts « 
and *>, (Fig 3^) draw two straight and «, (F ^ 34 choose centre S 
lines a and «, of which the first and S of two sheaves of rays of 
u cuts the sheaf s(a&) in a range which the first S(M) piojects the 
of points u{ABC) and the second range of points u{ABC) and the 
«, cuts the sheaf i'lC^iVi) '" ^ second ii{a/iCi) projects the range 

» I would again urge that the beginner draw the diagram for himself according 
to the statement of the text, since by this means (he coinprehenaion of the solution 
is greatly simplified. 
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range of points u^iAiB^C^. As 
sections nf projective sheaves the 
ranges of points it and «i are hke- 
wise projective to each other. But 
they are, moreover, perspective, 
since in their point of intersection 
two homologous elements A and A^ 
coincide {Art. 86). They are thus 
sections of a single sheaf of rays 
S^ in whose centre the rays BBy 
and CC, intersect. 

In order now to find for any 
ray d of the sheaf .S" the corre- 
sponding ray rf[ of -S'l, we project 
the point of intersection du or D 
from the centre 5^ upon the straight 
line «! at Zlj ; then D^St is the 
required ray i/j, and the point rfi/j 
or P lies upon the curve of the 
second order k^. 



u,(AiB,Ci). As projectors of pro- 
jective ranges of points these 
sheaves of rays 5 and 5, are like- 
wise projective to each other. But 
they are, moreover, perspective, 
since in the line 55, joining their 
centres two homologous rays a and 
a, coincide (Art. 86). They are 
thus projectors of a single range 
of points Hi, upon which the points 
of intersection M[ and cci lie. 

In order now to find for any 
point -O of a the corresponding 
point D, of Ui, we determine the 
intersection of the straight line DS 
or d with u^ and project this point 
of intersection from 5, by the ray 
</i upon the straight line u,. The 
intersection ' of d, with k, is the 
required point D^, and the ra;- 
DD) belongs to the sheaf of the 
second order A'-.* 




105. The following probler 



* In Fig. 34 the sheaf of the second order JC^ is indicated by the curve which 
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Upon any ray of S (or S*i) to 
find the second point of inter 
section with the cur\e of the 
second order, i'.s.the point difteieilt 
from S (or S^. 



Throu|,h an^ point of u (01 a,) 
to draw the second raj of the 
sheaf of the second order ; e the 
raj different fr>m 11 im 11^ 




If by the same method 
which correspond to the 
point of intersection of thi 
for the problems : 



construct tlie two rays (or points) 
ray of the sheaves {or to the 
of points) we obtain a solution 



t the tangents t 
; of the second order, at 
i of the generating shea 



To find the points of contact in 
a sheaf of rays of the second order, 
upon the two projective ranges of 
of rays. points which generate the sheaf 

106. Another very important result is derived from the above 
construction. 

If in the construction on the left (Fig. 33) we draw the ray S^S^ 
or m^, which is intersected by Wj and u in M-^ and M respectively, 
there corresponds to this in 5 the ray SM-., for if D^ is brought 
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into the position M-^, then will both D and P coincide with M. 
Thus M is that point in which the curve fi^ is intersected a second 
time by w. Similarly the point i„ in which «j cuts the curve ^^ 
a second time, lies upon the straight hne SS^- I would remind 
you at this point that the arbitrarily chosen straight lines u and Mj 
are subject to no other condition than that they intersect in a point 
of the curve U^. 

On the other hand, if in the construction on the right (Fig. 34), 
we join the point of intersection u^u^ or Q^ with S, the point Q 
of u which corresponds to Qy of «j will lie upon this straight line ; 
or ^^j is a ray of the sheaf of the second order K^ ; and similarly, 
the ray S^^R which projects the point of intersection of u and w., 
from ^j is a ray of K*. It will be remembered that S and S^ 
were chosen arbitrarily upon a ray a of the sheaf K^. These 
phases of the general constructions give us the solution of the 
problems : 

Upon any straight line ;( which Through any point S which lies 

<:uts a carve of the second order upon a given ray u of a sheaf of 

k"^ in a given point A, to find the the second order K'^, to draw the 

second point of intersection with second ray of this sheaf, 
the curve. 



107. Moreover, the two exceedingly fruitful theorems of Pascal 
and Brianchon, of which I made mention in the Introduction, arise 
spontaneously out of these constructions. 

If, on the left, from the five points S, S^, A, M, and Zj of the 
curve k\ we determine any sixth point P (Fig. 33), then in the 
construction necessary to determine P it is seen that D the point 
of intersection of SP and u lies in a straight line through S^, 
with D^ the point of intersection of SyP and Kj. But Z), D^, 
and S2 are those points in which the three pairs of opposite sides 
of the hexagon SPS^MAL^ intersect. 

If on the other harid, in the problem on the right (Fig. 34), 
from the five rays u, Mj, SS^, SQj, and 5,^ of the sheaf of the 
second order A"-', we construct any sixth ray I>I>j^, then the straight 
lines SI> and Sj^D^ must intersect upon the straight line Q^R or n^- 
But these three straight lines passing through one and the same 
point are the principal diagonals, i.e. the lines joining opposite 
vertices, of the hexagon SSiPPfD^Qi- 
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We accordingly have the following theorems : 

Pascals Theckkm * Bri^nchons THl■OR^M 

In anj simple he\agon h i.h is In any s mple he\a|,on \ h ch 

inscnbed. n a curie of tbe second formed of si\ rajs of i. 'iheaf ->{ 
order the three pairs of opposite the second order the tl ree pnn 
sides ntersect in three po nts of ipal diagonals itersec in one 
one straight Ime po 1 1 

io8 To be made perfectly rigorous the dei ronstrit in ol the t 
theorems must I admit be freed fron Lertain rcstr ctio is 1 he 
two hexagons which here come into questi n contain clement 
which are not chosen freelj fjr on the left for example the 
vertices 4 If Zj and /"were chosen at random upon the cur\e M 
but the same is not true of S and \ It might be thought that 
the centres 5 and ^j of the projectue sheaves of rays by which 
the curve is generated are distinguished trom other points of the 
curve b> peculiar properties for ex'wnple that Pascal s theorem 
holds true only for those inscribed hexagons of which S ind 6j 
are two vettices A\ e shill now remove this possibihtj b) 
demonstrating that an) t\o po nts ot the urie whatsoever mi(,ht 
be taken as the eitres ot projective sheaies of rajs which generate 
the curie and hence that S and S^ ma> te replaced in the Pascal 
hexagon by an} two ponts oi the curve hosei arbitrarih The 
same thing is true of the straight lines u aid u^ which ipptar is 
sideb m the Briinchon hcxaj,on 

log If in the Pascal hcxaj,on SPS-yMAL^ (Fit, i,^) we imag le 
all the vertices except 4 to remain fixed while A moves ilong the 
curve then L^4 or u-^ will rotate ibout Zj and 1/4 or v about 1/ 
while the po nts Z>j ind D move upo i the fixed stra t,ht lines 
r/j and d in such a way that the straight line DD^ alwajs pisse 
through the fixed point S Ihe lascal theorem therefore holds 
true lor an) one of the hexagons so coi stituted 

Now the po nts D-^ and f) describe two perspective ranges 
d^ and d each of wh ch s a sect on of the sheif of rajs 9 ^.t 
the same t me Wj ■ind u descube about Zj ■ind W respectively 
projective sheaves of rays these being projectors of the perspective 
ranges of points rfj and d we may thus coisider the curve k to 

' Paa al d o ered th = fundin entat property of s x pi nts of a con c se t on 
va i6j9 whe onl) l6 years of age Brianehon publ shcJ h e equally fundimental 
theorem m iSo6 in \he Journal U PE oU p Ijltchii que Vol xill 
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be generated by the projective sheaves of rays Zj and M, whose 
centres have been chosen arbitrarily upon the curve. 

Similarly, let os imagine the side SS-^ of the Erianchon hexagon 
SSyRDB^Q^ (Fig. 34) to so move as to remain a ray of the sheaf 
K^ while the other sides are unaltered; then 6'^ describes a range 
of points ^'5^^ or r^, and S describes a range of points SQ-^ or </ 
projective to r-^. For the point of intersection of the principal 
diagonals 5,Z>j and SD moves upon the fixed straight line Q-^R 
and describes in this line a range of points u^ to which ^ and r^ 
are perspective. We might therefore consider the sheaf of the 
second order to be generated by the projective ranges of points 

Hence the Pascal and Brianchon theorems are perfectly general, 
the proof of which has brought us to the following fundamental 
theorems upon curves and sheaves of rays of the second order : 

A curve of the second order is A sheaf of rays of the second 

projected front cmy two of its points order is cut by any two of its rays 

by projective sheaves of rays, those in projective ranges of points, those 

pairs of rays being homologous pairs of points being homologous 

•which pass through the same point luhich lie upon the same ray of the 

of the cunie. sheaf. 

1 10. We shall make use of these theorems later in correlating 
forms of the second order to each other and to the one-dimensional 
primitive forms, in a way simijar to that in which we have estab- 
lished projective relations among the latter forms. With this in 
view and upon the basis of these theorems we propose the following 
definitions : 

Four points of a curve of the Four rays of a sheaf of the 

second order are called 'harmonic second order are called 'harmonic 

points' if they are projected from rays' if they are intersected by 

any, and consequently from every, any, and consequently by everj-, 

fifth point of the cur\'e by four fifth ray of the sheaf in four hai- 

harmonic rays. monic points. 

Thus by three points of a curve, or three rays of a sheaf of the 
second order, the fourth harmonic is determined unambiguously, 
and can easily be constructed as soon as it is specified from which 
of the three given points or rays it is to be separated. 

111. Bearing in mind the statement of Article 102 concerning 
tangents of the curve of the second order and points of c 
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of the sheaf of rays of the second order, and the results of Article 
109 He ronUude thit — 

through an> po nt of a <_ rve of upon a ; rt> of 1 she f of ihe 
the second ordei there passes one second order theie hes one po nt 
tangent t the curve of ontact of the sheaf 

F\i.rv turve of the secoid order then is en^clopi,d 1 j a s)stLm 
of tangents and e\cry sheaf of rajs of the second order envclrps 
1 series of ponts of contact It mil be one uf the problems ot 
m> ne-it lecture to show jou that this systcn of t-inj,cnts tt a 
curve of the second order is njthn^ else than a sheaf of ia)s of 
the second order and that the series of points ot Lontict n t 
sheaf ot rivs of the second ordi.r constitutes a curve ol the secoid 

112 Other vcrj mportint properties of cuncs \nd shelves cf 
rays of the second ordti are stated in the follovi nj, theorems jf 
■which we shall hereafter make Irequent use 

T1U0 cunes of the second older Tuo shenes / rij •: 0/ Ihe secoiia 



comade if they h r 
sttker file points, or four points 
and the tangent at one of them, 
or three points md ike tiMgcnts 
at tuo of them 

For if ive pioject botl lui es 
from one of their common points 
S by a single 'heaf of idvs to 
this IS project ve eich of the t\o 
sheaves piojeet g tl e curves sep 
arately from inoti er eon n on 
point T, But the latter shelves 
are ident cal in -inj of the th ee 
cases me t oned s nee m each ase 
thev have th ee self corresponding 
rajs namely (i) the lays joming 
Sj to the three common points ot 
the curves, different from S and i[ ; 
(2) the rays joining S^ to the two 
remaining common points and to 
S if the curves have a common 
tangent at 5 ; and (3) the ray join- 
ing 5; to the third common point, 
the ray S^S and the tangent at 5, 
if the curves have common tangents 






ord r coincide }f the} hii 
inon eith t fi^e rays or four riys 
and the point of contact tn one of 
them or thne rays md the points 
t m too of them 
o the ran^e of points in 
le of the common rivs i< 
both sheaves of rays is 
piojective each of the i-inges of 
points n which the two sheaves 
of ia)5 are separatel) inteisected 
b a second common laj ( liut 
the latter ranges of points arc 
dcnticil in -in) of the thiee cases 
mentioned since in each c^ e 
thev have three self corresponding 
points namelj (1) the po nts of 
of Ml with the three 
rays of the sheaves, differ- 
ent from u and a, ; (2) the points 
of intersection of b, H-ith the two 
remaining common rays and with 
It if the sheaves have a common 
point of contact in u ; and (3) the 
points of intersection of «i with the 
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at 5 and 5,. Every ray of S there- third common ray, and with u and 
:s both curves a second the point of contact in «, if the 
i point, and hence sheaves have common points of 
■e identical. contact in u and u^. The rays of 

the two sheaves, therefore, which 
pass through the same point of u 
coincide, and hence the two sheaves 
are identical. 



[ I" 



[ 
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e draw the fourth hf 
be tangent to the required 



i hence the <: 






e of the second 
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plane and the other side in a different plane, the plane of the angle 
will envelop a cone of the second order, to which the two fixed planes 
are tangent. 

7- If from any point perpendiculars be let fall upon the tangent 
planes of a cone of the second order, these will lie upon another cone 
of the second order. 

The tangent planes are generated by two projective sheaves of rays, 
and from these can be immediately derived two projective sheaves of 
planes of the first order which generate the second cone. 

8. The geometrical locus of a point S, from which a plane quadrangle 
KLMN is projected by a harmonic sheaf of rays S{KLMN), is a curve 
of the second order circumscribing the quandrangle (Art. no). 

ray to NK, NL, and NM, this wili 
t N,s. 
be constructed. 

Ascertain whether or not there is more than o 
order satisfying the given conditions. 

9. State the reciprocal of Example 8. 

Remark : With Von Staudt we shall c 11 ^ P f f ' "ts 

of a one- dimensional primitive form, taken d fi d h w 

\Wurf\ Two throws, ABCD and akd, ar sa d b p j hen 

the two primitive forms in which they lie c b 1 ed p j t ely 

to each other that the elements A, B, C, D i i\i P d to 

a,6,c,d of the other. Example 8 may the b g Id f U vs ; 

Suppose abed is a given throw consisting f f y f heaf 

of the first order ; then all points S, from h h q d gl A i WW 

is projected by a sheaf S{KLMN) project b d \ p rve 
of the second order circumscribing the qu d 1 

How would the tangent at N be constru t d tl g 1 ? 

The reciprocal theorem may be general! d m 1 

10. If two triangles ABC and D^E^F^ nbed rv of 
the second order k\ they are also circum bed t th n of 
the second order ; and conversely. 

The throws A{_BCE^F^ and D^{BCE^F^, are projective since they 
consist of corresponding elements in the projective sheaves of rays 
A and Z*i which generate the curve. If, now, BjCjEiF^ is the section 
of the sheaf A (BCF,F^) made by the line E,F^, and BCEF that of 
the sheaf Di(BCE,F,) made by the iine BC, then are also B,CjE,F, 
and BCEF projective throws, and the six sides of the triangles, BC, 
BB„ CCi, EiFy, EEy, and FFt, are rays of a sheaf of the second 
order. The converse may be proved analogously. 
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113. The important properties which have just been proved 
concerning the hexagon in the curve and in the sheaf of rays of 
the second order bring us to other theorems no less important con- 
cerning pentagons, quadrilaterals, and triangles,^ similarly described. 
I must preface the deduction of these theorems with a remark 
upon the tangents to the curve, and the points of contact in the 
sheaf of rays. 

114. Any ray/j^ which lies in the plane of a curve of the second 
order and which has only one point Si in common with it (Fig. 
31), has been called a 'tangent' to the curve at the point Sj, 
and we have found that through each point of the curve a single 
tangent may be drawn. Any other ray a, of the plane passing 
through 5j cuts the curve in a second point A. If now we rotate 
the ray a^ about S^, its intersection A moves along the curve and 
approaches indefinitely near to the point ^j, while a-^ approaches 
indefinitely near to the position of the tangent /j. The tangent 
thus presents itself as tht limiting position of a straight line which 

joins two points of the curve indefinitely near (consecutive) to each 
other, and this definition clearly applies to tangents not only of 
curves of the second order, but of any curves whatsoever. Simi- 
larly, we have named any point /\ (Fig- 32)1 through which passes 
only one ray Wj of a sheaf K^ of the second order, a ' point of 
contact ' of the sheaf in the ray u^, and have found that upon 
each ray of the sheaf K^ there lies one, and only one, point of 
contact. Through any other point A-y of u^ there passes a second 
ray a of the sheaf. If we move A^ along a^, a traverses the sheaf 
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«3 



K^f and approaches indefinitely near to the position of the ray 
«j as A^ approaches indefinitely near to the point P-^. In this 
way the point of contact appears as the limiting position of the point 
^f intersection of two rays of the sheaf indefinitely near to each other. 

115. If, then, in a hexagon which is inscribed in a curve of 
the second order, two adjacent vertices approach indefinitely near 
to each other, the side joining them assumes the position of a 
tangent to the curve; and if in a hexagon whose sides are rays 
of a sheaf of the second order, two adjacent sides approach in- 
definitely near to each other, in the place of the vertex in which 
they intersect we have a point of contact of the sheaf. The hexa- 
gon will become a pentagon, a quadrangle, or a triangle, according 




as one, two, or three pairs of adjacent elements coincide. As 
applied to the pentagon, the theorems of Pascal and Brianchon 
read as follows : 



In any pentagon inscribed in a 
curve of the second order, the points 
of intersection of Pmo pairs of non- 
adjacent sides lie in a straight Um 
•with thit point in which the fifth 
side is cut by the tangent at the 
opposite ■vertex. 

This double theorem affords 

Given any five points of a curve 
of the second order, to draw the 
tangents at these points with the 
use of the ruler only. 



In any pentagon formed from 
rays of a sheaf of the second order, 
the two straight lines -which join 
two pairs of non-consecutive vertices 
intersect that straight line -which 
joins the fifth vertex to the point of 
contact of the opposite side in one 
and the same point. 
the solution of the following two 

Given any five rays of a sheaf of 
the second order, to find their points 
of contact with the use of the ruler 
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Ii6. For the quadrangle and quadrilateral we obtain the following 
theorems {Fig. 37) ; 



/« any quadrangle inscribed in a 
curve of the second order, the points 
of intersection of pairs of opposite 
sides lie in a straight line •with the 
points of intersection of the tangents 
at opposite vertices. 



In any quadrilateral formed of 
rays of a sheaf of the second order, 
the diagonals and the straight lines 
joining the points of contact in op- 
posite sides intersect in one point. 




117. And finally for the triangle we have the following : 

The three points in which the In any triangle whose sides are 

sides of any triangle inscribed in a rays of a sheaf of the second order, 
curve of the second order are inter- the three straight Unes which join 
sected by the tangents at the opposite the vertices to the points of contact 
vertices lie upon one straight line. on the opposite sides intersect in one 

118. All these theorems, which prove very useful for the solution 
of a series of simple problems (in particular those of Art. ,103), 
admit of direct deduction without reference to the hexagon. I shall 
by way of illustration give you the direct proof for the theorems 
upon the quadrangle, since this proof discloses important new 
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properties of projective primitive forms, and since I shall make use 
of these in deducing other results. 

In order readily to find in one of two projective sheaves S 
and S^ (Fig. t,^ the ray corresponding to any chosen ray of the 
other, we construct (Art. 104) a third sheaf of rays S^ perspective 
to each of the given sheaves. For this purpose we intersect 
S and 5i in the ranges of points u and Wj, respectively, by two 
straight lines passing through A the point of intersection of any 
two homologous rays a and a^ of the given isheaves; since these 
two ranges are perspective, the sheaf S^ of which they are sections 
is the one required. 

This is equally true if u coincides with a^ and u-^ with a (Fig. 38), 
so that the points ba-j^ and b^a, or B and B^, ca-y and c-^a, or 



C and C,, etc., in which two corresponding rays a and a^ are cut 
by any two others, as b and /'„ c and f„ alternately, lie in a 
straight hne with a fixed point S^. If through this point S^ a 
straight Hne DD-^ is passed which cuts the rays rtj and a in the 
points D and ZJj, respectively, then are SD and S-^D^ corresponding 
rays of the sheaves S and 5j. If now we bring D-^ into coincidence 
with S, SD falls upon SS^ or ?, so that to this ray of .S corresponds 
the ray S-^S or q^, which joins the centres of the sheaves 5 and .5"^. 
The straight line SS^ or q is thus a tangent to the curve of the 
second order generated by 5 and S-^, and similarly S^S^ or/, is also 
a tangent. Consequently the fixed point S^ is the intersection of 
the two tangents q and p-^ drawn at .S and S^, respectively, i.e. the 
intersection of the two rays which correspond (in the two sheaves) 
to the common ray .S^,. We obtain therefore the same point S^ 
whether we let u^ and u coincide respectively with a and Uj or 
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with some other pair of homologous rays (as b and b^ or c and c^. 
That is to say : The straight line which joins the points in which 
any two pairs whatsoever of homologous rays intersect alternately 
{e.g., ab-^ and a^b, ac^ and a-^c, etc.), passes through the point S^. 

On the other hand, in order easily to find the point in one of 
two projective ranges u and u^ (Fig. 34) which corresponds to 
any point of the other, we determine (Art. ro4) a third range u.^ 
which is perspective to each of the given ranges in the following 
way : Project u and u-^ by two sheaves of rays S and S^ whose 
centres are chosen upon the straight line a joining any two 
homologous points A and A^ of the given ranges ; since these 
sheaves are perspective, the range u„ of which they are both pro- 
jectors is the one sought. 




Fig. 39. 



If now we let S coincide with A-^ and 61 nith 4 (Fig 39), 11, 
will pass through those two pomts of u and //, which correspond 
to their point of intersei tion For, two arbitrary pomts D and 
D^ which correspond to each other are projected from A-^ and 
A respectively by two riya A-fi and AD-^^ which mtersect upon 
the straight Hne u^-, but obviously this intersection, and con 
sequently also D-^, coincides with the point u^u^ or F^ if D is brought 
into coincidence with uu.^ or P, so that u^ passes through one (and 
similarly through the other) of the two points Py and Q which 
correspond to the intersection point P, Q^, of u and u^. In other 
words, u^ joins the points of contact of the sheaf generated by 
n and Wj, lying on these two lines. We therefore always obtain 
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the same straight line u^ whether we let the centres S^ and S 
coincide with A and A^ or with some other pair of homologous 
points, as B and B-^ or C and Cy The point of intersection of 
any two straight lines joining pairs of homologous points alternatel) 
{e.g., the lines BC-^ and B^C) lies upon the straight line u 

119. The results just obtained maj be arringed in the following 
double theorem so as to show their relation to eich other 

The two points ab^ and a/, in The two straight hnes Ab^ and 

which any two pairs a, a^ and b, by AyB which jo n any t«o pa ri of 

of homologous rays in projective homologoua points Al A, and 

sheaves 5 and Si intersect alter B B, of projective ranges u and 

nately, lie in a straight line with «i -ilternatelj intersect upon the 

the point Sj, in which the ra>3 stra ^ht 1 ne u which jo ns those 

corresponding to the common ra\ points of the ranges torresponding 

SSj intersect. to the intersection po nt of u and «, 

120. You will immediately recognize in these theorems those 
already stated concerning the quadrangle in the ctirve and in the 
sheaf of the second order from the following remarks : 

In the curve of the second order, In the sheaf of rays of the second 
which is generated by the sheaves order, which is generated by the 
S and -S'l, the points S, aa„ S\, and ranges of points u and %, the rays 
bby determine an inscribed quad- ii, AA^, u,, and BB, form a quad- 
rangle in which a and i„ also ii rangle in which A and B^, also Ai 
and b, are opposite sides, while the and B, ate opposite vertices, while 
two tangents which touch the curve the two points of contact in the op- 
in the opposite vertices 5 and S\ positc sides it and zi, lie upon u^. 



It is apparent that the theorems of the last Article afford a very 
convenient method of determining that element in one of two pro- 
jective primitive forms of one dimension which corresponds to any 
given element of the other. For example, if in two projective 
ranges of points u and m, (Fig. 39) three pairs of corresponding 
points are given, the straight line U2 '^ obtained immediately from 
these, and this in turn very simply determines the point of w, 
corresponding to any given point of u. 

121. The theorems upon the quadrangle in the curve and in the 
sheaf of rays of the second order, proved here for a second time, 
may be stated in the following general form : 

///ffur points K, L, M, N, 0/ a If four rays k, I, m, n, of a sheaj 

curue of Ike second order determine of the second order determine a 
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a compute guadrajsgU and their 
tangents k, 1, m, n, a complete quad- 
rilateral, tke three pairs of opposite 
■vertices of the quadrilateral lie 
upon the straight lines joining tke 
points X, Y, Z, in which pairs of 
opposite sides of the 
intersect {Fig. 37). 



complete guadrilateral and their 
points of contact a complete quad- 
rangle, the three pairs of opposite 
sides of the quadrangle pass through 
the intersection points X, Y, Z^ of 
the straight lines (diagonals) join- 
ing pairs of opposite vertices of the 
quadrilateral (Fig. 37). 



For, the theorems as previously stated are true for each of the 
three simple quadrangles comprised within the complete quadrangle 
KLMN on the left, and for each of the three simple quadrilaterals 
comprised within the complete quadrilateral klmn on the right. 




But in this form the theorem on the left states exactly the 
same thing as that on the right ; for both state that the triangle 
whose sides join the pairs of opposite vertices of the quadrilateral 
is identical with the triangle XYZ, in whose vertices the pairs of 
opposite sides of the quadrangle intersect. 

And conversely, if a quadrangle KLMN\\3m^ such position relative 
to a quadrilateral klmn circumscribing it, then a curve of the second 
order can be constructed which touches the straight lines k. I. m. v, 
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in the points K L M Y or a shcal of rijs of the second o dcr 
■can be constructed which has the points A Z 1/ V as points of 
■contact 111 the rajs ^ I m n For in consequence of our theorem 
a cur\e of the second order which passes through the po nts 
K L M N and touches the stra:t;ht hnc * in A has Iso the 
■straight hnes I m n ■m, tangents and the sheaf oi the second order 
which contains the ra\s k I m n and has A as pcmt ot contact 
m k has also L M N \h points of contact Thertforc four 
tangents of a cur\e of the second order ind their four points of 
contact nny always be looked upon as four rajs of a she^f of the 
second order and their four points of contact 

A curve of the second order which passes through three points 
■of contact K L 1/ of a sheaf of rajs )f the second order and 
m two of these po 1 ts A and L has as tangents the ra>s k and / 
respectnely to which these po nts of c 01 tact belong passes con 
sequentlj through e^erj fourth point of contact ^^V" and has the ra) 
of the sheaf « to which this point oi contact belongs as tangent 
1 1 this po nt Con\ ersel> a sheaf of raj s of the secc nd order contains 
■every tangent of a curve of the second order if only it contains three 
of these tangents, the points of contact in two of them being points 
of the curve. 

We thus have the following beautiful relation between the curve 
and the sheaf of rays of the second order 1 

The tangents of a curve of the The points of contact nf a sheaf 

second order form a sheaf of rays of rays of the second order form 
of the second order. a curve of the second order. 

122. On account of their importance we shall prove these relations 
again, and by a method in which a new and interesting property 
of the curve of the second order is brought to light. 

Of the four vertices K, L, M, JV (Fig. 37), of a quadrangle 
inscribed in a curve of the second order, let any one of them, 
JiT for example, move upon the curve, while the remaining three 
and their tangents do not alter their positions. Then the tangent k 
■of the point X glides along the curve, and its points of intersection, 
£ and A, with the tangents n and /, move along these tangents. 
It is easy to see that by this motion E and A describe two projective 
ranges of points upon n and /, respectively, and hence that the tangent 
A describes a sheaf of rays of the second order. For the two 
diagonals £B and AD of the quadrilateral i, I, m, n, intersect always 
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in a poi it Y ot the fixed straight hne L \ and describe in con 
sequence about the fixed vertices B and D two perspective sheaves 
of rajs the f'tnges of points « and / dccribed by the points- 
E and 4 are sections of these and are therefore projective 
Hence the moving tangent generates a sheaf of ra^s of the second 
order That the points ot contact in a sheaf ot ravs ot the second 
order form t curve of the second order maj be proved m i similar 



The straight hne MK always passes through the po nt J and 
by the motion of the po nt A descnbes a heaf of rajs about 
the fixed point 1/ wh ch is perspective to the shc-if B descr bed 
bj BE and hence is projective to the range of points n described 
by E From this it follows as K traverses the ivhole curve 

Of a curze of the Second order if there it gizen anj fixed point M 
and am fixed imgent n and ue correlate to each ray through M 
projetttng a piint Is. of the cune that point of n through which 
passes the tat gent at the point K then the sheaf of rays M ts pro 
jecttvely related to tie range of points n 

This theorem which Chaslcs places -it the beginning of his 
treatise on conic sections is in the phne self reciprocal since as 
was just now shown or as follows d rectl> fron the theorem itself 
the tangents to a curve of the sec nd order form \ sheaf of raj 
of the second order 

I shall only add that — 

The tangents at four harmonic points of a curve of the second 
order are harmonic tangents. 

That is to say, they are cut by any fifth tangent in four harmonic 
points, since their four points of contact are projected from any 
fifth point of the curve by four harmonic rays. 

The fact that a sheaf of the second order is cut by any two of 
its rays in projective ranges of points may now be stated thus ; 

"The sheaf of rays formed by the tangents to a curve of the 
"second order is cut by any two of these tangents in projective 
"ranges of points." 

123. The reciprocal relation existing between the Brianchon 
theorem and the Pascal theorem may be seen directly when the 
former is stated as follows : 

"The three principal diagonals of any hexagon circumscribed 
"to a curve of the second order (i.e. whose sides are tangent to 
" the curve) intersect in one point." 
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So also the theorems upon the pentagon, the quandrangle, and 
the triangle in a sheaf of rays of the second order may be con- 
veniently stated as referring to figures circumscribing a curve 
of the second order. 

124. I shall not do more at this point than to reproduce in 
this new form a single one of the previously proved theorems relating 
to forms of the second order lying in a bundle of rays, and its 
reciprocal. It has already been shown {Art. 100) that any curve 
or any sheaf of rays of the second order is projected from a point 
not lying in the same plane by a cone or by a sheaf of planes of 
the second order. Every tangent to the curve is projected by a 
plane which has but one ray in common with the cone, and is there- 
fore called a ' tangent plane.' Similarly every point of contact of 
the sheaf of rays of the second order is projected by a so-called ' con- 
tact ray ' of the sheaf of planes, through which passes only one plane 
of the sheaf. Since, then, every cone and every sheaf of planes of 
the second order is cut by a plane not containing its centre, in a 
curve or in a sheaf of rays of the second order, it follows that— 



The tangent planes of a cone of 
the second order form a sheaf of 
planes of the second order. 

The rays of a cone of the 
second order are projected from 
any two of them by projective 
sheaves of planes (comp. Art. 109), 



The contact rays of a sheaf of 
planes of the second order form a 
cone of the second order. 

The tangent planes of a cone 
of the second order arc cut by any 
two of them in projective sheaves 



25. As in Article r 10 we may now set up the following defii 
of the second 



order ire called harmonic rays if 
thej are projected from an^ and 
hence from eici\ fifth r-i\ of the 
cone bj hirmonic plmes e 

The Pascal and Bnanchon thee 
the cone ol the second order 

In any hexagonal pyiamid m- In any hc.\agonal pyramid cir- 

scnbed in a cone of the setond cumscribed to a cone of the second 

order, the three pairs of opposite order, the three principal diagonal 

faces intersect m straight lines planes intersect in one straight 

which he n one plane line. 



Four tangent planes of a cone 
of the second order are called 
'harmonic tangent planes' if they 
are cut by any, and hence by 
every, plane tangent to the cone 
in four harmonic rays. 

may be stated thus for 
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It would be a useful e\ercise to t ansftr for joirselves the 
remiinint, theorems whiuh we have proved for [ hnc figures to the 
corre'ipondint, forms in the bundle 

126 KX. this point I -jhall return to the cur\e of the second 
order to driw some nferences concerning the form'; which it takes 
in the plane from the fact that it has not more than two pon Is 
in common with an} stn^il^t ^'"^ I" consequence of this property 
such a curve has in common with the mfinitelj distant line of its 
plane either no point or one point at which the line is tangent to 
the curve or finally, two pomts in which it is intersected by this 

In the hrst case all points of the curve are in the finite region 
of the plane and all tangents are actual ra>s of the plane such 
a curve i-, called an ellipse {st-t. Fiffs 33 to ^9) 

In the secoid case the curve extends indefinitely with two 
braiches tow-irds the po nt m which it 3 toiched by the inhiitely 
distant straight lini. This form 1 called 1 { iriboli (see 
Fig 3 ) 

In the thu'd case the curve con sf. of two curved lines ciih 
of whch extends wnth two branches to infinitely distant pomts it 
which the two curved hnes are coinected in this case the cune 
IS called an hjperboh (Fig 31) 

Since the infinitely distant straight line ol the plane cuts the 
hyperbola all taigent to this curve m particular those at the 
two infinitely d stant points ire actual rajs of the plane The 
tangents which touch the hyperbola m infu tel) di tant points 
are called the as^m^tote of the curve 

7 Th d d r 
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in their infinitely distant points. Tlie planes which are tangent 
to the cone along p and q are cut by o-^ in the asymptotes to the 
hyperbola ; the hyperbola consists of two curved lines, since both 
nappes of the cone are cut by o-j We may consider a hvperboli 
hke iny other variety tf the cune of the second order to be a 
contnuous closed cur\e since anj cone by which such a cur\e is 
projected is a continuous closed surface 

128 Two projective sheaves ot ra>s which he in 1 plaic ind 
ure not perspective generate m ellipse a parabda or a hjperbola 
according as thej h-i\e 10 pair one pair or two pairs of corre 
sponding r^jb parillel If now one of these sheaves be given a 
translation in the plane so that it becomes concentric with the 
other w thout changing the direction of its rajs these concentric 
sheaves w 11 have in the first case no self corresponding rays in 
the second case one and n the third case two su<h ra>s The 
third case always happens it the two sheaves are oppositely pro 
jectivc Thus we ma) know immediate!) in many mstances whether 
the curve determined b) 1 sutficient number of gi\en conditions 
for example by five of its points is an ellipse a parabola, or a 
hyperb la 

Investigations similar to those -^t the preteding paragraph become 
mere difficult if the cur\f- s dett mined b\ it f\ gents or b\ tw y 




projective ranges of points which generate the enveloping sheaf of 
rays. However, we know immediately that two projective ranges 
of points generate the system of tangents to a parabola only when 
their infinitely distant points correspond to each other, for it is 
only under these conditions that the infinitely distant line of the 
plane becomes a tangent to the curve. We call two projective 
ranges of points whose infinitely distant points correspond to each 
other, ' similarly ' projective. If two such ranges were brought into 
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perspective position by causing any two actual points which cor- 
respond to coincide, they would appear as sections of a sheaf of 
parallel rays, since their centre of projection must lie upon the 
infinitely distant line, and therefore be infinitely distant. 

Incidentally we have this metric relation for the tangents of 
a parabola ; 

" 4ny two tangents u ind u-^ of a parabola are cut proportionally 
by the renaming tangents i Ij BB^ DD^ etc (Fig 32) It 
IS fron this property morcOTer that we deriie the e\pression 
' similarlj projective 

129 It this point the following theorem'; ma} be introduced 

If the \ertces of a triangle so move upon three straight lines 
gnen in a plane that two aides of the triangle do mt alter their 
direct ons the thi d side c ther does not alter ts direction or else 
it describes a sheal of rajs of the second order which envelops 



For two of the nni,es of points determined upon the three 
given lines b> the sheaves of par\llel rays described bj the first 
two sides of the tnangle are similarly projective to the third range 
and henct sim larlj proiecme to each ether The third side of 
the tnanjjle joins corresponding points of these two ranges 

If a range of points ;( ai d a sheaf ot r'ljs S which 1 e in the 
same plane are related projectivelj to each other and throuj,h each 
point of u be drawn a strw^jht lint parallel to the corresponding 
ray of .S these wil! c ther intersect in one point or will envelop 
a pirabola 

That is f wc cut the sheaf of ra)s S with the infinitely distant 
hne cf the plaie we obtain an infinitelj d stant r^np,e ot points 
which IS projective to u If this is not perspective to u it will 
generate w th 11 a. sheaf of ra)& of the second order which con 
tains the infinitely distant stra ^ht line and consequently envelops 
a paraboU 

130 If we project a curve ot the seeond order from an infin 
itely distant point which does not he in its plane we obtain a 
cone with an nfinitel> distant vertex whose ra>s theretore are 
parallel Ihis is cillcd \ e>hnder of the second order Two 
project vc sheaves of planes with parallel axes ^ener^tc therefore 
either a sheaf of parallel rays 01 a cyl nder of the second order 
We distinguish the c^hnder as elliptic parabol c or hyperbol r 
according as it is tut bv i phne not passing through its infinite!) 
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distant vertex in an ellipse, parabola, or hyperbola, or what is the 
same thing, according as it contains none, one, or two infinitely 
■distant rays. 

EXAMPLES. 

1 Of 1 cune of the second ordei there are given four points and 
the tangent at one of them or thiee points and the tangents, at two 
■of them through one of the given points -i stiiight line is diawn at 
random with the aid of Pascals theorem determine its scrond point 
of intersection with the curve 

2 Of a sheaf of rajs, of the second oidcr there are gi\en four ia\b 
and the point of contact m one of them or thiee rajs and the points 
of contact in two of them i point vi chosen at random in one of the 
given rays , with the aid of Bnanchons theorem determine the second 
ray of the sheaf passing through this point 

3 Construct a hyperbola of whitli there iil J,ivcn the i--\mpt3tcb 
and one point or one tangent 

4. Construct a par<ibol<i of nhich there are gnen eithei four tangents 
or three tangents and the point of contact in one of them or two tan 
gents and their points of rontact 

5 Construct a hj^erbola, haiing gnen three points ind the directions 
of the asymptotes 

6 Guen a lange of points u and a bheif of lijs of the fiist oidcr S 
lying in the same plane and projecnely relited the >;tiaght hnes 
drann from the points o! u perpendicuUr to the coire-iponding ia\s of 
S eithei enielop a parabola to which u is tanj,ent or pass through 

7 If an angle of gi\en magnitude so moies in its plane that its 
vertex describes a straight hne u while one side continuallj passes 
through a fixed point S, its other side will cniclop a paiabola to whuh 
u IS tangent 

8 The base AA^ of a variable tiiangle AP 4.^ is of hved length and 
slides along a fixed straight line u while the other two sides AP and 

IJ' pass through fived points S and S, lespectnelj The \eite\ P 
describes a hyperbola which pa';ses through S j.nd Sj and has u toi 
an asymptote 

9 Show that a parabola cannot ha\e two pirtUel tangent'^ aside 
fiom the infinitely distant line which is parallel to cien tangent 

10 if the vertices of a simple hexagon AC^B4.^LB^ he alternately 
upon two straight hnes u and «[, s.ay 4 B, C, upon u and A^, B„ C, 
upon Kj, then the points of intersection 4^ B, C of the three pairs 
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of opposite sides lie upon a third straight line u^ (Art. 119). This 
theorem may be found in Pappus, Math. Coll. VII. The diagram illus- 
trating the theorem, like that mentioned in Art. 7 {Fig. 3), is worthy 
of notice on account of its regularity. It consists of nine points which 
lie by threes upon nine straight lines, and these nine lines pass by 
threes through the nine points. The diagram also illustrates the re- 
ciprocal theorem. State this. 

11. \i ABCD be any complete quadrangle whose six sides AB, AC, 
AD, BC, BD, CD, are cut by an arbitrary straight line a in the points 
F, Q, R, S, T, V, respectively, and i{£, F, H, K, L, M, are the harmonic 
conjugates of these points with respect to the pairs of vertices of the 
quadrangle, so that AEBF, AFCQ, etc., are harmonic ranges, then a 
curve of the second order may be passed through the six points E, I', H, 
K, Li M, on which will also lie the three points of intersection X, Y, Z, of 
the pairs of opposite sides of the quadrangle [Annals of Mathematics, 
VII., p. 73]. 

As in Example 9, p. 5 1, E, F, S ; E, H, T, and all similarly situated 
sets of points are coUinear. Hence in the hexagon EFHMLK, the pairs 
of opposite sides £■/■ and J/Z intersect in 5, iTff and i.S: in F, A^/and 
KE in Q ; the points 5, V, Q, are eollinear and therefore by Pascal's 
theorem the hexagon is inscriptible in a curve of the second order. 

If X is the point of intersectiori of the opposite sides AB and CD, then 
in the hexagon EHFKMX the pairs of opposite sides EH and KM, 
HF and MX, FK and XE, intersect in the coUinear points T, V, F, 
respectively. Hence X, and similarly the other two diagonal points, lies 
on the conic determined by the remaining five vertices of the hexagon, 
i.e. on the conic through the six harmonic conjugate points mentioned in 
the theorem. 

State and prove the reciprocal theorem. 

12, If a plane a cut the six edges of a tetrahedron ABCD in the points 
P, g, R, S, T, V, respectively, and the harmonic conjugates of these 
points, F, F, H, K, L, M, with respect to the two vertices on the same 
edge, be found, then from any point O of the plane a these six points are 
projected by a cone of the second order upon which will also lie the three 
rays that can be drawn from to meet a pair of opposite edges of the 
tetrahedron. 

The proof of this theorem is analogous to that of the preceding one, 
and is given in the article quoted above. Special cases of both theorems 
are also mentioned thei e. 
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131. The theorems upon quadrangles inscribed or circumscribed 
to a curve of the second order introduce us to a series of very 
important properties of this curve, to one of which 1 have already 
referred in the Introduction. We derive these from the following 
considerations ; 

If in the plane of a curve of the second order there is given 
a point U (Figs. 41 and 42) which does not lie upon the curve, 
and through this point are drawn two straight lines AC and BD 
cutting the curve, these may be considered the diagonals of a 
simple quadrangle ABCD inscribed in the curve. The two pairs 
of opposite siloes A^, CD and BC, AD of this quadrangle inter- 
sect in points J^ and y, the tangents a and c at two opposite vertices 
A and C intersect in a third point R, which three points F, Q, 
and J? lie in one straight line u. Upon this line also lies the 
point of intersection of the tangents i and if, which may be con- 
structed at the vertices B and D (compare the theorem upon the 
inscribed quadrangle. Arts. 116 and 121), 

If now we denote the points of intersection of u with AC and 
BD, respectively, by V and W, we know immediately that F is 

• The polar theory of conic sections is usually ascribed erroneously to De la 
Hire. It is in reality due to Desargues, whose development of the theory was 
given in his BrouHlan projet dune atteinte ,.,, in 1639 (compare Desargues 
(Entires, rentes par Poudra, Paris, 1864, T. I.). ApoUonius had previously 
shown {Comcorum, Lib. III., prop, xxxvii.) that the point of intersection 
of two tangents to a conic is harmonically separated from the points of the 
chord of contact by the curve. 
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harmonically separated from (7 by the Ipoirtts A 
i XbId inl 



i A and C. For, a 
pair of opposite sides of the quadrangle )^B^D intersect in A and 
in C, while the diagonal BD passes through U and the diagonal 
FQ through V. Similarly U and W are harmonically separated 
by B and D. 



-^?"!^~ 




The straight line u therefore might be found by passing through 
fonly one secant AC and determining upon it the point V which 




is harmonically separated from U by the, points A and C of the 
curve, then joining F with R, the point of intersection of the 
tangents at A and C. In whatever position the second secant 
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BD may be drawn through U, the following points must always 
He upon the straight line u which has aheady been determined 
by the points ^ and R, viz.: 

(1) The points of intersection P and Q of the pairs of opposite 
sides of the quadrangle ABCD; 

(z) The point of intersection S of the tangents at B and D ; 

(3) The point W which is harmonically separated from U by 
£ and Z>. 

We shall call U the poie of the line u determined as above, 
and conversely, the straight line u the polar of the point U. The 
polar of a given point with respect to a curve of the second 
order can thus be found in different ways and by linear con- 
structions. 

132. On the other hand, the pole t' of a given straight line can 
be constructed by drawing from any two points Ji and S of 
the line, the two pairs of tangents a, c and l>, d to the curve 
{Figs. 41 and 42). Through the pole U there pass — 

(i) The diagonals of the simple quadrilateral abed; 

(2) The straight lines AC and BD joining the points of contact 
of these pairs of tangents ; 

(3) Two rays harmonically separated from u, the one by a and 
(, the other by b and d. 

For U the point of intersection oi AC and BD is tlie pole of ;(, 
since its polar by definition, that is, the line determined by the 
points of intersection of tangents at A and C and at B and D, 
coincides with u. Moreover, the straight lines RU and u aru 
harmonically separated by the tangents a and c, since the points 
U and V are harmonically separated by the points of contact of 
these two tangents; and similarly, SU is harmonically separated 
from K by the tangents b and d, so that the statement (3) above 
is true. The correctness of statement (i) follows immediately from 
the theorem upon the circumscribed quadrilateral already proved 
(Art ,16). 

133. If the polar M of a point 17 (Fig. 42) cuts the curve of 
the second order, the straight lines which join the point U with 
the two intersections are tangent to the curve at these points. 
For, if either of these lines had a second point in common with 
the curve, these two points would be harmonically separated by U 
and li, and Che first could then not lie upon u. The straight line u 
is therefore the chord, of contact for Che point U, that is, the chord 
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which joins the points of contact of the two tangents 
drawn from U. 

134. All these results may be summarized as follow 



If through a point U which lies 
in the plane of a curve of the 
second Older, but not upon the 
curve, any number of secants of 
the curve be drawn and we deter- 



(i) The points of Intersection of 
the pairs of opposite sides of any 
simple quadrangle inscribed in the 
curve which has two of these se- 
cants as diagonals ; 

(2) The point upon any secant 
which is harmonically separated 
firom Uhy the points of i) 
with the curve ; 



(3) The 

two tangents at the 
with the curve of any 



point of the 
of these 



If from each one of any number 
of points of a straight line u which 
lies in the plane of a curve of the 
second order, but which does not 
touch the curve, two tangents he 
drawn to Ihe curve and we deter- 

(i) The diagonals of any simple 
circumscribing quadrilateral whose 
opposite sides form a pair of these 
tangents drawn from the same 

{2) For any point of «, the 
straight line which is harmonically 
separated from u by the two tan- 
gents to the curve drawn from this 

(3) The straight line which joins 
the points of contact of any one of 
these pairs of tangents ; 



(4) The points of contact of the 
tangents which can be drawn to 
the curve from U ; 

Then all these points lie upon a 
straight line u which is called the 
polar of the point U with respect 
to the curve of the second order. 



(4) If K cuts the curve, the t»o 
tangents at the points of inter- 
section ; 

Then all these straight lines pass 
through a point U which is called 
the pole of the straight line u with 
respect to the curve of the second 

135. If a point A lies upon a curve of the second order, and a 
is the tangent at this point, then a shall be called the polar of A, 
and A the pole of a. This case may be considered a limiting case 
of the preceding. Thus to every point in the plane of a curve of 
the second order there is correlated one polar with respect to the 
curve, and conversely, to every straight line, a pole. 

136, If a point is given in the plane of a curve of the second 
order it is said to lie 'outside' or 'inside' the curve according 
as two tangents or no tangents* can be drawn from it to the curve. 



■* Only real tangents and teal points of in 



e considered in these early 
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All the \ uints of a tangent thus lie ' outside ' the curve the point 
of contact alone heing upon the curve Everj straght line which 
lies in the pUne of the cune contains infinitely many point? nhich 
he outside the cune since it has one po nt in common with each 
tangent these points evidently form a continuous, scries sinci, the 
tangents form a continuous beneb All the points of a straight line 
which lie ins di- the curve likewise form a continuous series If 
then the straight line joining two points which lie outb de the 
curve cuts the curve these two points arc not separated bj the 
points of intersection with the curve but we can move -ilon^ that 
■segment of the line whch lies outside the curve from any point 
J to an} other point B throuf,h the infinitely d stant p)int if 
necessary without passing over i point of the curve Likewise two 
points Iving inside the curve are not separated hy the curve but 
lie upon a segment of their jo ning line enclosed within the curve 
On the other hand of two points which are separated from each 
other b\ the curve the one lies iiside and the other outside the 
curve for from the preceding proof thej both can lie neither 
inside nor outside the curve Hence 

* \ plane IS divided bj a curve oi the secoid crder Ijiig in it 

into two parts 1 rom an> po nt of one part we can pass to any 

other point ot that part but to no point of the other part without 

crossmg the curve Ihe pointa of one part he outside the curve 

and from any one ol these two tangents can be drawn to the 

curve the pomts of the other part he inside the curve and no 

tangents to the cune pass throuf,h them 

\ccordin[,ly a point hmj, inside the curve is harmon callj stpdr 

ated from rtf/i point of its polar by the curve and ezer\ straight 

line passing through it cuts the cune m two points while its polar is 

not intersected by the curve On the other hand a point R 1> ng 

outside the rune is not separated from all points of its polar by 

the curve but if we draw trom R the two tangents to the cune 

these 1 mit upon the polar the segment whose ponts ire harmon 

all) separated from R The cune and ill of t e closed pj ts 

are contained in one or other of the tw complete a iglcs which 

aie termed by any two tangents 

137 We shall make frequent use hereafter ot these facts which 
perhaps have appeared to you to be self-evident but which from mj 
point of view needed demonstration. At the outset I shall prove 
with their help the following fundamental theorems in the polar theory. 
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The poUs of all the straight lines 
through a point IT lie upon the 
polar u of this point. 

(2) If a ray of U cuts the curve 
of the second order we determine 
its pole by constructing the tangents 
at the points of intersection of the 
line and curve and finding their 
common point. But as we have 
previously shown (Art. 134)1 this 
point lies upon u, the polar of U. 

(4) If any hne through U does 
not cut the curve, its pole lies within 
the cui-ve and is harmonically 
separated from every point of this 
line, in particular from U, by the 
curve, and hence lies upon «. 

(6) Finally, if a line through U 
touches the curve, the point of 
contact lies upon ;(, and is at tbe 
1 p t le tie loleof th' Ine 



Thi polars of all the points of a 
straight line u pass through the 
pie U of this line. 

(i) If a point P oi u lies inside 
the curve of the second order it is 
harmonically separated from U by 
the curve, and its polar p must 
therefore pass through U, since 
it contains all points which are 
harmonically separated from P by 
the curve. 

(3) From a point R oi u which 
lies outside the curve we can draw 
two tangents to the curve ; the 
straight line which joins the point 
of contact of one of these tangents 
with U is the polar of R, since its 
pole must lie both upon ;/ and upon 
this tangent. 

(5) Finally, if a point of u lies 
upon the curve the tangent at th" 
po nt s Its polar h t th >; a so 
pas es through I 

Hence / ta points of the plane either each or neither lia upon 
the polar of the fher and of zny two straight lines of the pi me 
either eich or neither passes through thi. pole of the othr 

138 This and preceding theorems establish the principle of 
reciprocitj (to which I shall return later) at least for the plane or 
in generil for primitive forms ol two dimensions For to any phne 
figure ^e can construct by the aid ot a curve of the second 
order a reciprocal plane fit^ure b} determining for evcrj point of 
the first Its polar and for every straight line its pole For this 
reason it will be sufficient herealter if of two reaprocal theorem-j 
upon plane figures I demon tratc onh one 

139 It was bj mi-dns of the pohr theory that Brianchon 
deduced his theoren from that of Pasca Of each side of x 
hexagon inscribed in a curve of the second ordtr he deternned 
the pole by constructing the tangents at the verti es and fi d n,, 
their nlersection (Fig 43) The vert cea aid sides of the circun 
scribed hc\ago correspond reapectvel) to the sides and vertices 
of the inscr bed he\agon \nd the po nt of itersection of any t v o 
s des of the latter has for polar the straight line join g thi. r 
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responding vertices of the former. Since, now, the three points in 
which the three pairs of opposite sides of the inscribed hexagon 
intersect, lie in a straight line u, the three straight lines which join 
the three pairs of opposite vertices of the circumscribed hexagon 
must pass through one point U, the pole of the line u. 




From this one application you will see what use can be made 
of the polar theory. With the help of a curve of the second order, 
for example, d sheaf of rays can be found which is reciprocal to 
■\n> plane tune, each point of the curve having a ray of the sheaf 
as polar To the distinctive properties of the curve there will be 
corresponding properties of the sheaf of rays. Later we shall have 
to investigate genera! relations of this kind. 

140 If P and Q are any two points of a straight line u, their 
polars p and </ pass through U the pole of u. Let us now choose 
F anywhere upon the line u, but Q at the intersection of u and /; 
then F, Q, and U arc the vertices of a triangle of which p, q, 
and u are the opposite sides. Such a triangle is called a ' self- 
polar triangle ' with respect to the curve of the second order ; 
each vertex is the pole of the opposite side. 

The following double theorem is true, as is evident without 
further explanation (Fig. 37) : 

The three pairs of opposite sides The three pairs of opposite ver- 

of any complete quadrangle ■which ticss of any complete quadrilateral 
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is iftseribed in a curve of the tuhick is circumscribed to a cume 
second order intersect in tke ver- of the second order lie upon the 
lices of a triangle wMch is self- sides of a triangle -which is self- 
polar 'with respect to the curve. polar -with respect to the airve. 

141. For any self-polar triangle PQU an infinite number of in- 
scribed quadrangles can be constructed whose three pairs of opposite 
sides intersect in P, Q, and U. If through P we pass a secant BC 
to the curve (Figs. 41 and 42) and join the two curve points 
B and C to the point V, while BU and CU cut the curve a 
second time in Z> and A, respectively, then ABCD is one of 
this infinite number of inscribed quadrangles, as you will easily be 
able to -show. 

If now we let the vertices A and C and the point U of this 
inscribed quadrangle remain fixed while the point P moves along 
u the polar of U and the vertex B moves along the curve, then 
the straight lines PB and QB describe about the centres C and 
A, respectively, two projective sheaves of rays, and the points P 
and Q describe two projective ranges of points which are sections 
of these sheaves of rays. From this we observe that the sheaf 
of rays described about U by the polar of P, while P traverses the 
range of points u, is protectively related to this range of points, 
that is, 

" If a point P traverses a range of points u, its polar p with 
" respect to a curve of the second order describes at the same time 
" a sheaf of rays U which is projectively related to this range of 
" points." 

This theorem shows more completely the connection between 
any figure and its polar figure. From it we derive, for example, 
the following : 

" If in a plane there are given two curves of the second order 
" ^^ and l\ and we determine for each point of the one k'^ its 
" polar with respect to the other P, all these polars envelop a third 
"curve of the second order." 

For if we imagine k^ to be generated by two projective sheaves 
of rays U and V, to these will correspond two ranges of points 
projective to them and consequently to each other. These ranges 
of points generate the sheaf of rays of the second order which 
envelops this third curve. 

142. In the theory of curves of the second order frequent use 
will be made of the following terminology : 
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f h 1 d T t ■ ht r f th pi I 



/ 



One vertex, therefore, of any self-polar triangle lies inside the 
curve of the second order and the other two lie outside; the 
curve intersects two sides of the polar triangle but not the third. 

From the definition of conjugate points and straight lines it 
follows further that — 



If ti^o ponts 4 lid i. lie coi 


If t« stra ^ht Imc, > and b art 


jugite to the same third po it C 


Lon Qt,ate to the same th rd 1 ns 


the straght Ine Ah s tlip polar 


the point of intersect on of i ant 


of C For tie poHr cf C mist 


d IS the pole of c For th ■; pol« 


piss thrcugh both 4 and B 


mu t he upon both i ind /• 



144 If u and I are two non conjugate str light Ines ol the phne 
then w^ know thiC for ever> point F ai u there is a point /\ of 
t conjugate to it the rinses of points u ind are b\ th s means 
correlated to each other proiectivelj For 7 11 simplj a section 
of the sheif of riji L \ihich coisisti of the polars >i all the 
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points of u and is projective to the range of points u (Art. 141). 
The straight lines joining pairs of conjugate points F and P-^ of 
the straight hnes u and v form then a sheaf of the first or second 
order, according as the point of intersection of u and v is or is 
not self-conjugate, i.e. according as this point does or does not Xmi 
upon the curve. Since P is conjugate to both P^ and U, P^ U 
is the polar of P, and PP^ is conjugate to the straight line P^ U. 
We therefore obtain this same sheaf of the first or second ordm- 
if through each point /", of v wc draw that ray which is conju- 
gate to the straight line P^U. 

If, on the other hand, U and V are two non-conjugate points 
of the plane, for every ray p oi U there is a ray p^ of V conju- 
gate to it, and by correlating these the sheaves of rays U and V 
are projectively related to each other. For, U is then the pro- 
jector of the range of points v formed of the poles of all the rays 
through V, and is projective to the sheaf V. The sheaves U and V 
therefore generate a range of points of the first or second order 
according as the common ray UV is or is not self-conjugate, />, 
according as this ray does or does not touch the given curve- 
Since /j is conjugate to both the rays p and v, the point of inter- 
section of p and V is the pole of p^ and the point p-^p is conju- 
gate to pv. This same range of points, whether of the first or the 
second order, is obtained if in each ray /of ?7 we determine 
that point which is conjugate to the intersection of p and v. 
Hence the theorems 

If there be given m the phne of 1 curve oi the aeco id rdti 
a straight hne z and a pomt L not l>m^ upon t ail 



we determine m eaLh ray of L 
th-it po nt fthich is conjugate to 
the intersection of this ray mth 
all such conjugate points he upon 
a curve of the second order thih 
curve pTises thiough the pole V of 
the straight line 7 through I and 
through the points of contict of the 
two t-uigents if anj v.h ch can be 
drawn from U to the given curve 
of the second order. It is only 
when V passes through one of 
these points of contact, i.e. when 
UV is tangent to the given cur^e, 



»e draw through each point of 
that raj \ hich is conjugite to the 
line joining this po nt with l thei 
these rajs envelop a curve of the 
second order this curve touches 
the poHr u of the point L the 
given line and the tangents ^t 
the tv\o points m vihicl the given 
turve IS cut bj s if at all It 
only when f^lies upon one of these 
two tangents, t.e. when u and v 
intersect in a point of the given 
curve, that we obtain a sheaf of 
rays of the first order instead of 
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that we obtain a range of points the system of tangents to a curve 
of the first order instead of a curve of the second order, 
of the second order.* 

145. Suppose now, in the theorem of the left-hand column of 
the last Article, that the given curve of the second order and the 
point U remain fixed, then to every point of the plane there will 
correspond one conjugate point which lies in a straight line with 
it through U; to every straight line of the plane there will corre- 
spond in general a cur\-e of the second order. Similarly, if in the 
theorem on the r^ht, the given curve and the straight line v remain 
fixed, to every ray of the plane there will correspond one conjugate 
ray, intersecting it in a point oi v; to every sheaf of rays of the 
first order there will correspond in general a sheaf of rays of 
the second order. We obtain in this way two particular cases of 
the so-called 'geometric transformation of the second order.' 

146. From the demonstratioas in Arts. 143 and 144 we may 
derive the following theorems : 

1/ a triangle AMB, {Fig. 44) is If a triangle UVW [Fig. 45) is 

inscribed in a cun^e of Ike second ctrcutnscribed to a curve of the 

order^ any straight line ivhich is secojid order, any point -which is 

conjugate to one side AB, cuts the conjugate to one vertex W is pro- 

oiher-Pwo sides in conjugate points ; jecied front the other two vertices 

and conversely, if a straight line by conjugate raysj and conversely, 

is cut by two sides of ike triangle if a point is projected froni two 

in conjugate points it passes through vertices of the triangle by conjugate 

the pole of the third side. rays it lies upon the polar of the 
third vertex. 

The ranges of points .^ J/" or ;<^ and B.^M ox v(^'\%. 44) are perspect- 
ively related to each other if to every point in a is correlated its 
conjugate point in v, since the common point M of u and v is self- 
conjugate. The centre S of the sheaf of rays generated by u and v 
must lie upon the tangent constructed at A, since the intersection j4j 

• As a special case of the theorem on the left, the following may be meii- 

" The middle points of those chords of a curve of the second order which 
converge toward any given actual point of the plane He upon another curve 
of the second order." 

The straight line o in this case lies infinitely tlislant, and each bisection point 
is harmonically separated by the curve from an infinitely distant point, and 
hence is its conjugate. 
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of this tangent with v is conjugate to the point A. Similarly S lies 
upon the tangent at the point By. Consequently S is the pole of 
the side ABy, and every straight line passing through .S cuts u and 
V in conjugate points. The theorem on the right can be proved in 
an analogous manner ; its correctness, however, follows from the 
principle of reciprocity. 




147. I shall close this series of theorems with a proof of the 
following one, which also admits a reciprocal : 




If a curve of the second order is cut by tmo conjugate rays AC 
and BD (Fig. 46), the points of intersection A, R, C, D, are four 
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harmonic points, and the tangents a, b, c, d, at these points are four 
harmonic tangents. 

The pole Q of AC, in which the tangents a and c intersect, 
must lie ijpon the straight line BD, since this is, by supposition, 
conjugate to AC; similarly, the point of intersection M oi & and d 
lies upon AC. If P be the point of intersection of AC and BD, 
then are F, B, Q, D, four harmonic points, and RQ, b, RP, d, four 
harmonic rays. Thus, also, CA, CB, c, CD, are four harmonic 
rays, and the points ca, cb, C, cd, four harmonic points ; that is, 
the points A, B, C, D, are projected from C, and consequent!)' 
from any other point of the curve, by four harmonic rays, and the 
tangents a, b, c, d, are cut by c, and consequently by any other 
tangent, in four harmonic points. 

148. All these theorems which have been enunciated for the 
curve of the second order may he transferred immediately to the 
cone of the second order, since this is cut by any plane not 
passing through its vertex in a curve of the second order. I shall 
here state only the following theorem ; 

" If there he given in a bundle of rays a cone of the second 
"order and a ray j not lying upon this cone, and through j are 
"passed any number of planes cutting the cone, and there are then 
" determined — 

" I. In each plane the ray which is harmonically separated from 
"j by the cone; 

"2. The common ray of the two planes which touch the cone 
"along the lines of intersection of any plane; 

" 3. The lines of intersection of the pairs of opposite faces of 
" a four-edge inscribed in the cone, whose diagonal planes are two 
" of the planes passed through s ; 

"4. The rays of contact of the two planes, if any, which can 
"be drawn through s tangent to the cone; 

" All these rays lie in one plane <r, which is called the polar 
"plane of the ray s with respect to the cone." 

Simply adding that s is called the ' pole-ray ' of the plane <r 
with respect to the cone of the second order, I shall leave you 
to transcribe for yourselves the remaining theorems of the polar 
theory so as to be applicable to the cone. 
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p h d p h 

h p p h p h 

zFmgp mhg t\ 
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h h p h g 

P h p 

3 g d d h h 

h d nta d h 

p n f d d 

4Bea mhpar p 

h p h p h 

d h gi h d fi 

fig h h u] d 

5 P h d 

p -J p h p h d 

A A A A b h 

Th p 4 \ A A\, 

p p 4 and ^ b p 

m g h po p n m ng h 

p be m h Ii P h 

g h h h 

Th p Th agh h g 

p !>d g, p rr p d 

p h d g ir\ h d 

dAh hhdA] h 

p d h g d 

hph mm hgpia 

d h p dm 



qdrgh p pp d hqdg 

h p Th h p d h 

gh h d a mm p g 

h g 

[If the t«o given curves mtersect in four (real) points, or in no (leal) 
points, then, on the one hand, the curves of the second order which 



Hosted by 



Google 



EXAMPLES. Ill 

rr p d gh 1 h 1 ( n p d 

th th h d th h h p d p h 

g pd yhgh pth h(l)fe 

mm h If J t gl mm h g 

un b fc b th f th h 1!> e. 1 If h h g 

n t t t d Ij t ( 1) p t th f th mm 

If J g t tn gl 1> d d 1 -H ] 

6 If b dl f J f th i d A d J 

beh t pi bblhdb 

d fhbdl hi jgt th pttA 

d 1 pi h It d be pi a, II g t 

fth dd hhp thrh dth hth 

pljfhp! dhhh \ K >ra 

mm t A 1 1 A 1 1 p 1 pi f 'it th 

P 1 
[K k Th g 11 

p rt *1 d tra f 

g m f Uj th d 1 f tl 1 t Th 

b Id f-ng plfm m mpl d 

A fe, th t f m t th Iv h P pi f 

RplRdmn Jllpl d t d th 

Appe dix 1 1 m It f g t mp t 1 

Synth Cm bl t tgt fMhml 

PhjMCs and m the rheor> of Funaions,] 



Hosted by 



Google 



LECTURE IX. 

DIAMETERS AND AXES OF CURVES OF THE SECOND ORDER. 
THE ALGEBR.\IC EQUATIONS OF THESE CURVES. 

149. From the general theory of the pole and polar we derive 
the following : 

" The middle points of parallel chords of a curve of the second 
"order lie upon a straight line" {see Fig. 47). 




For, all these middle points are harmonically separated by the 
curve from the infinitely distant point of intersection of the parallel 
chords, and consequently lie upon the polar of that point. 

Such a line is called a diameter of the curve. 

The polar of any infinitely distant point of the plane with respect 
to a curve of the second order is a diameter of the curve, 

A diameter bisects all chords conjugate to it. 
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The points ot contact also of the two tangents conjugate X.y 
any diameter {if such there are) he upon this diameter The 
tangents/which meet the cur^y at the extremities of any chord 
conjugate to a diameter intersect in a point )f the diimetcr 
(Art 134) 

150 ^\e ha\e already found (Art 137) that the polars of the 
points of a straifjht hne intersect in the pole of that hne For the 
diameters of a curve of the second order this statement becomes — 

1 he diameters of i curve of the second order intersect in one 
"point, namely m the pole of the mhnitely distant hne 

If the curve is a pataboH the mhnitely distant line is tangent 
to it and ts point of contact is its pole (4rt 135) hence 

lied ameters of a parabola are parallel and pass through its 
" nhnitelj distant point 

If on the other hand the curie is an ellipse or hyperbola, the 
pole of the infin telj d slant hi e is a finite fK nt This is known 
as the e tn of the curve and pos es^^es the liUowinj, property 

E\er\ chord of ^ curve of the second order which passes 
"through the centre is bisected m that point 

For the centre is harmon call) separated from the mfinitely 
distant point of the chord by the two points which the chord has 
in common with the curve 

151 The parabola has 1 o actual entre as is seen from the 
followin;, theorem 

If two chords of a curve of the second order bisect each other 
" their point of mtersection is the pole of the nfinitely d slant 
"straight hne and the chords themselves are diameters of the 

Ihe correctness of this theorem follows from the fact that th s 
point of ntcrsection is harmonically separated bj the urve from 
the infinitely distait po nt of each chord Smce now the pole of 
the infinitely distant line with respect to a pi abola is the infiniteh 
distant point of the parabola there can be no two chords of a 
paribola wh ch b sect each ether 

152 The asymptotes of a hjperbola intersect at the centre 
For the tangents at the points common to a straight line and 

a curve of the second order always pass through the j ole ot the 

The centre of a hyperbola hes outside the curve ; that of an 
ellipse, inside the curve (Art. 136). 
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153 To each diameter of an ellipse or hyperboh there is \ 
conjugate diameter of two (,otijugate diameters eatli passes 
through the infinitelj distant pole of the other 

"Anj two conjugate diameters of an ellipse or hjpcibola iorm 
"with the mfinitel} distant line a self polar tnangle with respect to 
"the cune 

Eiery chord of the t,ur\e which is parallel to one of two 
conjugate diameters is bisected b> the other s nee it pabses 
through the pole of the latter 

If one of two conjugate diineters cuts the curve,* the tangents 
at its points of intersection with the cunc ^re paiallel to the other 
diimeter Thus the tonjugate to any diameter cin casil) be 
conbtructed 

154 Tht diagonals of any paraklogram ctrcufnscribed to 1 cune 
if the second aider are conjugate diameters of the cune 

The sides of any parallelogram msirtied in a cune of th<. secon f 
4>rder are parallel to a pair of conjugate dianuter 



Fig. 48. 

The diagonals of both the inscribed and circumscribed parallelo- 
grams (Fig. 48) are diameters of the curve, since their point of 
intersection in either case has the infinitely distant line for polar 
(Art. 134). 

If we draw through this point of intersection two straight lines 
p and 1} parallel to the sides of the inscribed parallelogram, each 

' Note chat of two conjugate lines at least one must cut the curve in teal 
points. — H. 
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of these bisects the sides parallel to the other ; thus p and <j are 
conjugate diameters. 

Upon/ and g he also the poles of the four sides of the inscribed 
parallelogram ; or / and q are the diagonals of that circumscribed 
quadrangle whose sides touch the curve at the vertices of the 
inscribed quadrangle. But this circumscribed quadrangle is a 
parallelogram, since the tangents at the extremities of a diameter 
are parallel, and it is evident that this circumscribed parallelogram 
may be considered perfectly general. 

155. Thesecond theorem ofthe preceding article may be stated thus: 
Tke two chords which join any point of an ellipse or hyperbola 

to the extremities of a diameter are parallel to a pair of conjugate 
jliamelers. 

Hence, if there be given two pairs of conjugate diameters and 
one point of a curve of the second order, five other points of the 
curve can easily be found. Draw the diameter which passes through 
the given point /" and determine its second intersection Q with 
the curve, from the fact that PQ is bisected at the centre. With 
PQ as diagonal construct two fiarallelograms, the sides of each 
parallel to one of the given pairs of conjugate diameters ; the two 
new pairs of vertices of the parallelograms so determined lie upon 
the curve. In a similar way six tangents to a curve of the second 
order can easily be obtained if one 
tangent and two pairs of conjugate 
diameters are known. 

156. Jf all pairs of conjugate dia- 
meters of a curve of the second order are 
at right angles the curve is a circle. 

For under these circumstances the 
adjacent sides of any inscribed parallel- 
ogram are at right angles ; the parallel- 
ogram is thus a rectangle, and its 
diagonals are equal. That is, any two 
■diameters of the curve, and hence all 
diameters, are of equal lengths. 

That the circle is a curve of the F;g. 43. 

second order follows from the fact 

that angles at the circumference subtended by the same arc (as 
lASB and lAS^B, Fig. 49) are equal. By virtue of this pro- 
perty the circle may be generated by two sheaves of rays S and S■^, 
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which arc equal and hence projectne In a similar nay it mi) 
be shLi\n dircctlj that the twgent to a urcle form a sheat of 
rajs ot the second order The come section of ancient times 
namel> tht curve m whith a cone having a circular base is cut 
by 1 plane is therefore a curve of the second order for a circular 
cone IS projected trjm an> two of its ra\a b> proiectivc sheaves 
of planes We shall show later that not onlj is ever> conic section 
a curve of the second order but also that ever) curve of the second 
order lb -1 conic section or that through anj curve of the second 
order cones maj be passed which have arcular sections 

157 Since the projective properties of circles are easily obtained 
most authors who like btcmer and Chasles have based the modern 
geomclr} upon metr c relations have chosen the circle is starhng 
poll t for the studj of curves of the second order B) choos n{, 
this course however t becomes necessary to sho« that no other 
curves of the second order than the conic sections cm be generated 
by projective one dimensional primitive forms For f others 
should CMst, all theorems enunciated for the circle would need 
to be mvestigited lor them independentl) For example the 
theorem that 1 curve of the second order is projected from in) 
two of its points b) projective sheaves of rajs and that it 
system of tangents s cut by an> two tangents in projective ranges 
of pouts would need to be proved sepaT^tely lor curves of the 
second order other than the conic sections That is to av 
theoicms which have 1 een proved for the arclc can be dircctlv 
extended only to sections of a circukr cone 

158 If a cur-e of the ae nd irder has more than ne pw of 
conju ate diameters at right angies it must be a trcle 

For if we draw fiom the extremities 4 and b of anj diamtte 
straight lines pirallcl to two normal conjugate dameter we obtan 
a rectangle which is inscribed m the curve of the second order 
and is also inscriptible in a circle of which iB is a diameter 
\nj second pair ol normal conjugate diameters would give nse to 
a second such rectangle upon the same diagonal AB Thus the 
circle would hive at least four points besides A and B in common 
with the curve of the second order and would thereiore wholl) 
coinade with it (Art 112) 

159 I*^ '"" conjugate diameters are at nght -ingles to each other 
they are cilled axei and their points of intersechon with the curve 
are known as the tM ts of the turze 
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The circle alone has more than one pair of axes ; for it, ai 
pair of conjugate diameters being axes. 

In order to construct the axes of an ellipse or hyperbola \ 
proceed as follOH'S : 

Construct a circle having any diameter AB of the givi 



{Fig. 50) as its diameter. This 
hence also the curve, at the 
extremities of this diameter. 
Each of the two semicircles 
into which the circle is divided 
hy this diameter lies partly 
within and partly without the 
given curve, and therefore has 
a second intersection with it. 
The four points of intersection 
of the circle with the curve 
.are the vertices of an inscribed 
rectangle whose sides are 
parallel to the required axes. 
It follows from this construc- 
tion that there always exists 
one pair of axes for an ellips 



1 general cuts the tangents, and 




L hyperbola. 



160. An axis may also be defined as a diameter of the curve 
which stands at right angles to the chords which are conjugate 
to it, and are bisected by it. The parabola has only one axis ; 
this contains the middle points of all chords perpendicular to the 
common direction of the diameters. 

A curve of the second order is divided into two equal symmetrical 
parts by each of its axes. 

161. Two conjugate straight lines are harmonically separated by 
the tangents to the curve, which can be drawn from their point 
of intersection (Art. 143). Hence, 

"Any two conjugate diameters of a hyperbola are harmonically 
■"separated by the asymptotes. One of these diameters, therefore, 
" cuts the curve, the other does not The axes of a hyperbola bisect 
"the angles between the asymptotes" (Art. 68). 

i6a. Upon any straight line which is parallel to one of two 
conjugate diameters of a hyperbola, a segment is included between 
the asymptotes whose middle point lies upon the other diameter 
(Art. 68). If the straight line intersects the curve, or is tangent 
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to the curve, the middle point of the chord, or, in the latter case, 
the point of contact of the Hne, coincides with the middle point 
of this segment. Hence, 

" The two segments of any secant of a hyperbola which lie 
"between the curve and its asymptotes are equal." 

" That segment of a tangent to a hyperbola which lies between 
"the asymptotes is bisected at the point of contact," 

The first of these theorems furnishes a very simple construction 
for a hyperbola of which the asymptotes and one finite point are 
given. By it the second point of the hyperbola which lies upon 
any secant through the given point can be found immediately. 

163. The hyperbola is intersected by but one of its axes, 
consequently it has two vertices; the ellipse has four vertices 
since it is intersected by both of its axes ; the parabola has only 
one actual vertex, being cut by its axis a second time in the infinitely 
distant point. 

164. A hyperbola is said to be equilateral if its asymptotes are 
at right angles to each other; the angles between any two conjugate 
diameters of an equilateral hyperbola are consequently bisected 
(Art. 68) by the asymptotes. Accordingly, if a diameter of this 
curve rotates about the centre, its conjugate diameter will rotate 
about the same point in the opposite sense, the two sheaves described 
by the diameters thus being equal. 

The sheaves of rays by which an equilateral hyperbola is projected 
from the extremities of any diameter are also equal to each other ; 
for any two corresponding rays are parallel to two conjugate 
diameters (Art.- 155), since they intersect in a point of the 
hyperbola, 

165. The straight line joining the middle point Z* of a chord 
AB of a parabola (Fig. 51) to the point of intersection C of the 
tangents constructed at A and B '\h a. diameter of the parabola, 
since it is the polar of the infinitely distant point of AB (Art. 134J. 
But C and D are harmonically separated by the two points of inter- 
section of CD with the parabola, and one of these intersections 
is infinitely distant ; the other, therefore, bisects the segment CD, or, 

" The straight line, which joins the pole of any chord of a 
"parabola with the middle point of the chord, is bisected by the 
" parabola " 

It may be shown, m a similar manner, that each of the two 
straight hnes which can be drawn from any point of the plane to 
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its polar, parallel to the asymptotes of a hyperbola, is bisected by 
the hyperbola. 

166, These are some of the most important of the metricf relations 
which are derived from the polar theory of curves of the second 




order. But from the theorems upon inscribed and circumscribed 
quadrangles and triangles there may be deduced other relations not 
wholly unimportant — in particular from the theorem of Art. 116, 
which may be stated as follows : 

"The two diagonals of a quadrangle BBjDjD circumscribed 
"to a curve of the second order intersect in a point S, which lies in 
" a straight line with the points of contact of either pair of opposite 
"sides." 

If the curve is a hyperbola, and the two pairs of opposite sides 
of the quadrangle are formed by the asymptotes and any other 
two tangents (as in Fig. 52), then S lies upon the infinitely distant 
straight line, and the two diagonals BZ>^ and £^Z) are parallel. 
The triangles D-^DS and D^B^B, which have the same base D-^B, 
are consequently equal in area, as are also the triangles D-^AD 
and B-^AB, which differ from these only by the triangle D-^AB. 
Therefore, 

The triangles which are formed by the asymptotes of a hyperbola 
and a variable tangent are all if the samf area. 
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The parallel diagonals BD^, S-^D, and the centre A determine 
proportional parts upon the segments ; that is, 

AB : AD^ = AD : AB^ or AB . AB^ = AD . AD^. 
In other words, the product of the segments which a tangent BB-^ 
{oi DDi) makes upon the two asymptotes is constant. 

Now draw through F, the point of contact of the tangent, a 
straight line PQ parallel to the other asymptote and meeting it 
in a 



FlG. 52. 

Since^/" bisects the segment BB^ of the tangent (Art. 162), 

QB or ji^^AB,, and AQ 01 x^^^AB. 

Since now AB . AB^ is constant for all positions of the tangent 

BB.^, the product xy is constant wherever the point F may be 

chosen upon the hyperbola. Hence — 

If we choose the asymptotes of a hyperbola for axes of a system 
of coordinates, the equation of that curve is 

xy = a. constant. 
By this means the synthetic theory of the hyperbola is brought 
into touch with the analytical theory. 

167. In the elements of analytical geometry we are accustomed 
to refer the ellipse and hyperbola to two conjugate diameters as 
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axes of coordinates, and treating our. curves of the second order 
in tlie same way, we are able without difficulty to prove t.heir 
identity with the analytical curves of the second order represented 
by equations. 

Of the conjugate diameters OX and OY (Fig. 53) at least one, 
OX say, cuts the curve (Art. 161), and the tangents u and u^ at 
the points of intersection A and Cj are parallel to the other 
■diameter O V. We shall first prove the following theorem : 

"The product of the segments AB and Cj^, which any tangent 
" BB-^ of the curve of the second order determines upon two parallel 
■"tangents u and «j, is constant." 




The three tangents a, Mj, and BB-^ form with any fourth tangent 
DD^ a quadrangle circumscribing the curve, whose diagonals 5^, 
and B^D intersect in a point S of the diameter ACy, and from 
the proportion 

AB : C^D^ = AD : C^^i, 
which is readily obtained, it follows that 

AB . C^B^ = AD. C^D„ 
and hence is constant. 

This constant product is positive (equal to + ^^, say) if the 
■curve is an ellipse ; and in this case d is the semidiameter of the 
■ellipse lying upon C J^ as we readily find by drawing DJ?^ parallel 
to OX. 

In the case of the hyperbola AB . C\B^ is negative (equal 
to — i^, say) since the segments AB and C^Bj have opposite 
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senses ; here b is the absolute value of the length of the segment 
which each of the two asymptotes determines upon the parallel 
tangents u and u-^. 

The three tangents u, u^, and BB■^, the latter of which touches 
the curve in the point P, form a circumscribed triangle, of which 
B, B-y and the infinitely distant point of the diameter O V are the 
vertices; consequently, the three straight lines which join the 
vertices with the points of contact of the opposite sides intersect 
in one point (Art. 117). 

That is, the point of intersection Ji of the straight lines ^C, 
and B,A lies upon the ordinate y or BQ of the point B. But since 

QJ^QC^^BBi^BB 
AB~ AC-^~ BB~ AB' 

then must QR=IiP=\QB=y. 

We obtain the equation of the curve of the second order 
immediately if we multiply together corresponding sides of the 
equations 

AB~ AC\ C^B^ ACl 

and then make QR=\y, AB.C^B^=±d\ AC\ = 2.A0=2a and 
OQ'-x, hence QC, = a-x and AQ = a + x. 
This gives us 

±^^ = ^-—^ or ^±72 = 1' 
4i' 4a^ a' b'- 

m which the upper sign is to be used for the ellipse and the 
lower si^n fur the hyperbola. This equation is satisfied by the 
coordinates x, y, of mv point B of the curve of the second order 
when it IS referred to two conjugate diameters as axes. 

168 If the cun-e is a parabola it is customary to choose as 
axis of ordmates an arbitrary tangent OY (Fig. 54), and as axis 
of absci'isae the diimeter OX which passes through (9, the point 
of contact o{ OY, Any other two tangents AP and AB-^ which 
intersect OY m B and B.^, respectively, form two opposite sides 
of a circumscribed quadrangle of which O Y and the infinitelj' 
distant line of the plane are the other two sides j consequently, 
the point of intersection S of the two diagonals of this quadrangle 
lies upon the two straight lines PP^ and OX which join the 
points of contact of the two pairs of opposite sides. 



Hosted by 



Google 



ALGEBRAIC EQUATIONS. 123 

Since, therefore, the quadrangle ABSB-^ is a parallelogram and 
the triangles BFS and B^^SP.^ are similar, and, moreover, the 
ordinates PQ and Q^P^, or y and jj of the points P and P^, 
respectively, are parallel, we have 

y^PS ^BP^^BP 
>; SP.^ B^S AB' 
and likew* 




If now J A' is drawn parallel to OX, meeting OF ii 
AK_AB^_y OQ^BP^y^ 

OQ^ B^P^ y^ AK AB j-, ' 

combine these by multiplication, and 



that is, the abscissae x and x^ of two points P and P-y of a 
parabola bear the same ratio to each other as do tho squares of 



the ordinates. For convenience we writi 
parabola in the form y^ = 2px, where 2p = 



this equation of the 
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Incidentally it appears that 

and from this follows the theorem already proved, namely, that 
any two tangents AF and AP^ of a parabola are cut proportion- 
ally by the remaining tangents (Art, 128). 

EXAMPLES. 

1. Suppose a cui-\e of the second order is given by five conditions, 
e.g. four points and the tangent at one of them or three points and 
the tangents at two of them, draw any required number of diameters of 
the eur\'e and find its centre. 

2. Draw the chord of a given curve of the second order which is 
bisected at a given point. 

3. Prove that the chords of a given curve of the second ordei- which 
are bisected by any given chord envelop a pai~abola. 

4. Of an ellipse or hyperbola there are given two pairs of conjugate 
diameters and either one point or one tangent; construct any required 
number of points or tangents. 

5. Of a curve of the second order there are given (1) two points or two 
tangents and one pair of conjugate diameters, or (2) three points or 
three tangents and the centre ; construct the curve. 

6. Construct a parabola, having given three points or three tangents 
and the direction of its diameters, or two points or tangents and the axis. 

7. Given four tangents of a parat>ola ; construct its axis, 

8. Construct a curve of the second order, having given three points 
or tangents and one axis, 

9. Construct a hyperbola, having given its asymptotes and one point 
or one tangent, 

10. In determining a curve of the second order for how many con- 
ditions (points or tangents) does each of the following parts count : (i) 
the centre ; (2) an axis ; (3) a pair of conjugate diameters ; (4) a self- 
poiar triangle ; (5) a point and its polar ; (6) a pair of conjugate points 
or lines ; (7) a diameter? 

11. If perpendiculars be let fall from a point P upon the planes of a 
sheaf a, the points in which the perpendiculars meet the planes all lie 
upon a circle which has the perpendicular from /■ to <i as diameter, and 
whose plane is normal to a. Hence — 

12. If we pass through the sides a and a, of an oblique angle all 
possible pairs of normal planes, these intersect in the rays of a cone 
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of the second order of which a and a.^ are rays. Any plane normal 
to <i or «! intersects this cone in a circle, and any plane normal to the 
plane irir, intersects it in a curve of the second order of which an axis 
lies in any 

13. We also obtain the cone mentioned in the last example with the 
help of a plane a. which is normal to «j at the point ««,. Thus, if we 
let a right angle whose vertex is aa^ so move that its plane constantly 
passes through the line a, while one side describes the plane u, then 
the other side must describe the required cone. 

14. If perpendiculars are dropped from any point -S' upon the 
diameters of a curve of the second order k\ these meet the conjugate 
diameters in the points of an equilateral hyperbola, which passes through 
Ji' and through the centre of k^, and whose asymptotes are parallel 
to the axes of Ifi. The extremities of the normals to k^ which pass 
through S lie upon this hyperbola (ApoUonius). From no point of 
its plane, therefore, can more than four normals be drawn to a curve 
of the second order. 

15 Suppose S and '• arc two points of a curve of the second order 
Ijmg upon the sime diameter, and that u and u^ are two stnight 
lines of tht plane parallel to a pair of conjugate diameters if no«, 
the cur.e is projected from ? and i| upon u and «i, respectnel>, we 
obtain two similar projectile ranges of points n and Uy which are theie- 
fore proportional A well known simple construction for in ellipse or 
hyperbola is based upon this thcoiem 

16 If ne project a parabola from one of its pomts upon in) dumeter 
u, and also fiom its mhniteh distant pomt upon inj othei -itr light hnc 
Ki, WE obtain in ;/ and u^ two similar projective ranges of points from 
this there follows a i,er\ simple construction for % piiabola. 

17 In the plane of a curve of the second order k^ a one to one corre- 
spondence may be established among lines which are perpendicular to 
each other and conjugate with respect to the given curve. To the rays 
passing through an actual point S, which does not lie upon an axis of 
ifr^, would thus be correlated the tangents to a parabola which is touched 
by the polar of S and by the axes of k^ (Example 6, p. 95). The tangents 
which are common to the parabola and k^ touch the latter at the ex- 

:s of the perpendiculars drawn from S to ^ (comp. Example il). 
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LECTURE X. 
THE REGULUS AND RULED SURFACE OF THE SECOND ORDER. 
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points not lying in one plane, they generate a system of straight 
lines V, each line of which joins two homologous points of the 
ranges. No two straight lines of this 'regulus'* lie in one plane; 




for, otherwise, two points of u and their corresponding points in 
«j, and consequently u and «i themselves, would lie in one plane 
contrary to supposition. All the rays of this regulus lie upon a 
curved surface, called a 'ruled surface,' which is marked by the 
following characteristics, namely : 

The surface is covered by a second system of straight lines V, 
each line of the one system being intersected by every line of 
the other system, while no two straight lines of the same system 
intersect each other. 

Every point which lies upon a Every plane which passes 

ray of one system lies also upon through a ray of one system 
a ray of the other. contains also a ray of the other. 

For instance, suppose that o, u„ v^, are any three rays of the 
system V, so that each of these rays joins two corresponding points 
of « and Uy, and let u^ be a straight line which also cuts these 
three rays p, fj, v«. If, then, we project the ranges of points « 
and «j from the axis u^ we obtain two projective sheaves of planes 
which have the three planes u^, "^^v "a^ai '^^ consequently 
all their planes self-corresponding (compare Art. 84). Thus every 

' The term ' regulus ' is used by Salmon to denote a single infinity of stiaight 
lines forming a regular system — GcD/a. of Threi Dimenmns, 4th ed., p. 417. — H« 
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pair of homolt^ous points of u and u^ he n a plane ivith «„ and 
therefore (/„ is intersected bj everj raj of the rej,ulus V The same 
holds true of an} other straight hne u^ which cuts the three riis 
t, I, t„ Hence— 

"The regulus U consists of all straight lines which cut an\ three 

raj^ V, Vy, Wj, of the system V Similarlj the ref,ulus, ( consist 

of all straight lines which intersect three rays u u^ «>, of the 

system U 

bince anj straight line which cuts m re than t to rays of eithc 
regulus must cut eier% laj of that ref,ulus each is called a regulus 
of thi. second order \ny ra) of one regulus is a director of 
the other Also either s\stein ot rays may be tailed the director 
sjstem, (f thi, other 

171 The ruled surface Lan thus be traversed in either of tno najs 
b\ a straight line sliding alon^ three t,i^en fi^ed straight lines no tno 
of which he m the same plane The three fixed lines are diiectors 
ot the legulus which is described bj the moving line The mo^mi, 
line passes over each point of a dnector once and lies once in eat.h 
plane which can be passed through a director (compare Art 39) 

172 Two projective sheaves of planes u and «, whose a\es do not 
lie in the same plane likewise generate a regulus I of the second 
order This might be obtained from those projective ranges of 
points u and a„ the first of which is a section of the sheaf 7/^ by 
the a\is u and the second a section of the sheaf u b) the axis «, 
for each straight line in which two corresponding plants of the 
sheaves intersect joins two corresponding points ot the ranges 

173- A regulus of the second A rcjjUlus of the seoond oidei 

order is cut by any two of its is projected from any two of its 

directors in projective ranges of directors by projective sheaves of 

points. planes. 

Let w, w^, and w^ be three directors of the regulus so that 
every ray of the latter is intersected by these three rays. We then 
obtain any desired number of rays of the regulus either by passing 
planes through w^ and joining the two points in which each plane 
is cut by 7f and w„ or by choosing points in tv^ and finding 
the line of intersection of the planes which each point deter- 
mines with w and w^. The regulus is thus cut by the two 
directors zc and w^ in two ranges of points which are perspective 
to the sheaf of planes W2 ; at the same time it is projected from 
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w and w'l by two sheaves of planes which are perspective to the 
range of points v ind consequent!) are projective to each other 

174 Four rajs of a regulus of the second order ire called 
harmonic ra)s if they arc cut by anj ind hence by ever), 
director of the svstem in four harmonic points or are projected 
from inj director b> four hirm nic planes 

That IS to say if dt ind Wj are two d rectors of this regulus 
the ranges of points a and w^ ire related projectively to eich 
other b) the r(,gulus and if any four ra>s of the regulus are 
mteraected bj i in four harmonic points their interseLtions with 
Wj are also hirmomc pomts But at the same time the four rajs^ 
are projected from il bj harmo i c planes s nee these planes pass 
throu£,ti four harmonic points l)ing m w 

17^ lo three arbitrary r'\)s i b e m space ot \hich no t^o- 
he in the same plane a fourth raj / maj be determined which 
is harmonically sep-irated from one of the three by the other two 
If upon any straight Ime which intersects the three given rays 
we find the fourth harmonic print to the three points of inter- 
section this point lies upon the required rij d In general d is 
a fourth ray of the regulus of the second order to which the rajs 
a b belong and considered as such is harmonically separated 
from b h-j a and 

176 If a straight line has mrre thin two points in cimmjn 
with the ruled surt-ice here considered it lies wholly upon the 
surficc for in that case it cuts more thin two njs if one M the 
reguji l}ing upon the surface is therefore a director of that rt.gu!us 
and consequent!} belongs to the other rcf,ulus On iccount of this 
propertj the surface is called a ruled surface f the second order 

A plane which cuts the ruled surface along a ray u of one 
regulus lying upon it and consequent!) (^rt 170) contains a ra) 

of the other regulus has no point in common with the surface 
outside the straight lines v and v Otherwise every straight line 
of the plane pissing throu|,h such a point would intersect u and i m 
points of the surface and the whole plane would thus he upon the- 
surface wh ch is impossible Since now a third line ot the plane 
which passes throuj,h the intersection of u and o has nl) th s 
point m in common w th the surface it is tangent to the surface 
at this point and we shall sa) that the surface is touched b> 
the plane of 11 and ? in the point ui or the plane is tange it 
to the suifa e at this point 



Hosted by 



Google 



130 GEOMETRY OF POSITION. 

177 The number of phnes tangent to -1 ruled surface of the 
second order which can be passed through a given straight line 

' 1-, equal to the number of points which the straight hni- has in 
common with the suffice The surface is this of the secnnl 
class 

For s ncc in oerj such tai^tnt phne thLrt, is contained a ri\ 
of one regulus hing upon tht, surlace (and also a n> ot the 
other) the given straight line has a point cf intersection w^th this 
raj and no two such points ot intersection with rays of the same 
rei^ulus can come dc since no two rajs of the same regulus he n 
one plane Hci ce there cannot be more tinfjCnt planes passed 
through the line than the number of ts intersections with the 
surface At ever) interscctioi with the surface the given line 
meets a ra) of each regulus The plane of the given line and 
either of these ra)s is tan^c^it to the surface at some point along 
the ra\ it thus contains also a ray of the other regulus and 
these sec nd ra\s in the two planes must intersert in a point of 
the given line Hence the number of tangent planes through an> 
line IS just qual to the number of intersect ons of the surlice and 
hne From this it follows that it through a straight line there can 
be passed more than two planes tangent to the surface the line 
lies whollj on the surface 

178 If we consider a regulus of the second order to be ^ener 
ated b> two projective sheaves of planes and these to be rut by 
an arbitrary plaie u there appear in this plane two project ve 
sheaves of rajs such that every point of intersection of ho nolo 
gous ra\s of the sheaves lies upon a ra> of the regulus 

If on the other hand we consider the regulus to be generated 
by two projective ranges of points and these to be projected from 
an arbitrary po it S there will anse two concentric and projective 
sheaves of rays such that every plane containing a pair of homo 
logous rajs of these sheaves contains also a r\y of the regulus 
From th s follows the first part of each of the following theorems 

A regulus of the second order s A regulus of the second order is 

intersected b> anj plane tr which projected from iny po nt 6 *hich 
eontains one of ts rays a curve lies upon no one of its rajs bj a 
of the second order The pknes sheaf of planes of the second order 
which are tingent to the ruled sur The po nts m wh ch the surface is 
fare in the points of such a curve touched hy the plai es of such a 
orm a sheaf of the second order sheaf le pon a curve of the 
econd order 
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In order to prove the second half of the theorem on the right, 
we pass a plane through three of the points of contact. This 
cuts the sheaf of planes in a sheaf of rays of the second order, 
of which the three chosen points are points of contact and which 
envelops a curve of the second order. But this curve is identical 
with that in which the plane cuts the regulus, since these two 
curves have the three points of contact and the tangents at these 
points in common. The theorem on the left is proved in an 
analogous way by constructing a sheaf of planes tangent to the 
surface, whose centre is the point of intersection of any three 
planes which touch the surface at points of the given curve. 

179. A ruled surface of the second order is called 'a simple 
hjperboliid' or 'i h^perboloid f one sheet' (Fi^ 55) if it ontiiis 
I o mfinitel} d sta it hne but is inteisected hy the infinitdy distant 
plane m a cur\c of the second order On the other hind it s 
called a hyperbohu paraboloid {Fit, 56) f one and conse 
quentlj (Art 170) each regulus Ijmg uprn it contains an infi itelj 
distant ray Each of the two rcguli of a h}perboIic parabol id is 
rut by an) two of its directors in sim lar projective rani,es of 
points tt m ranges whose infinitely distant elements correspoid 
to each other Thus a h\perbolic piraboloid is described by a 
straifjht line whicl si des along two fixed straight hues / and / 
gauche to each other (( t non intersecting) and re uams parallel 
to a fixed plant, not parallel to either u or «j For tht. moving 
line intersects not onh a aid iiy but also the infiniteH distant line 
of the given plane it describes therefore a ruled surface upon 
which lies one and consequentlj a second infinitely distant raj 

The hjpcibol c paraboloid is cut by an arbitrarj plane which 
contains none of its rajs in a hj'perbola, but when the plane is 
parillel to a jjarticular straight hne the settion is a parabola 
\nj cur\t of section passes through the two points m which the 
infinitely distant rays of the surface are cut by the plane of 
section and these points coincide onl) in case the plane contains 
the common po nt of the nfinitely distant rajs 

180 The hyperboloid ^f one sheet is not, like the hyperbohc 
paraboloid touched bj the infinitely distant plane but as we said, 
IS cut bj It in a cune of the second order The tangent plines 
It the infinitely distant points of the hjperboloid are thcit-fore 
actual plaies which (\Tt 178) inter ect n one point S and form 
a sheaf of the second order The cone of the seccnd order 
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enveloped bj this sheaf converges toward the hyperboloid along 
Its inlimtel) distant curve and is called its is^mptotic cone 
An ■arbitrary phnt which contains no ra> of a hyperboloid of one 
sheet cuts the surface in i hyperbola piribola or an ellip'ie 
accordin;, -is it has in common with the infinitely distant curve 
of the burfat.e two ne r lo pouts or what s the ame thint, 
according is it is parallel to tw or to only onu ir to no ri\s 
of the asymptotic cone 

i8i I shall add only the fjlbmng theiren nhich lyer'. 
direi-tl) from what has already been said 

If straight 1 nes be drawn through any ^iven pjint parallel to 
the rays of a regulus of the setond order these all lie in one 
asymptote plaic or upon a tone of the second oidcr atcordinj, 
as the tegulus lies upon a hypcrb 1 c paraboloid oi a hyperboloid 
of one sheet 

182 A hypetLolit. parabolr d is called equilateral f the rajs 
of its two reguli are parallel respeLtnelj to two planes it r i,ht 
angles Each ref,ulus of on e"juilateral paraboloid contains one 
ray which is perpendicular to a direetin^ plaie and heire to each 
ray of the other regulus 
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6. If planes are passed through any chosen point normal to the rays 
of a regulus of the second order, these form a sheaf of the first or the 
second order according as the regulus belongs to a hyperbolic para- 
boloid or to a hyperboloid of one sheet. 

7. The planes which pass through a fixed point and intersect a given 
hyperboloid of one sheet in parabolas envelop a cone of the second 
order, each ray of which is parallel to a ray of the asymptotic cone of 
the hyperboloid. 

8. Construct a ruled surface of the second order of which there are 
given two rays a and b not lying in the same plane, and either three 
points outside a and b or three tangent planes not passing through 

9. What is the locus of a point which is harmonically separated from 
a given point ,4 by a ruled surface of the second order ? What sort 

1 has this locus with a plane passing through A ? 
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PROJECTIVE RELATIONS OF ELEMENTARY EORMS. 

183 As has been shown fi\e forms ol the second order nan be 
generated by proje<.tivc one dimensional pnmitive forms nameh 
the curve or range of pomts of the seLond order tht sheaf of 
ra)s and the sheaf of planes of the sCLond order the cone of the 
second order ind the regulus of the second oider It will be 
convenieit for us with \ on Stiudt to group thesp fi^e forms of 
the seLond rrder and the three onc-dimensional priiniti\e forms 
under the eommon i ame elementar) forms Among the element 
irj forms then there at trto whieh consist of pouts namelj 
the ranges of points of the first and the second orders next t«o 
which consist of planes the sheaves of planes of the hrst and the 
second orders and finally four which (insist of rays namelv 
the sheaves of rays of the first and the second orders the cone 
of the second order and the regulus of the second order 

In the pitsent lecture I shall undertake to show >ou that these 
elementary forms can be correlated to each other two and two 
m 0. manner analogous to that eniplo}ed inth the one dimensional 
primitive forms Ej so doin^ the realm of our investigations is 
considerably enlarged for instance vou will observe immediate!) 
that we can obtiin a lar^^e number of new forms consisting ot 
points rajs and planes which possess just as noteworthj propti 
ties as do those hitherto considered At the same time we are 
made aware of othei important theorems concerning the forn s of 
the second order which by this means m»> be obtained verj easil) 
but otherwise with considerable difficult) 

184 Let me remind you, at the outset, of the following theorems 
which have been pre\iousl\ enunciated and which maj be fixed 
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ujKin as the definitions of harmonic quadruples in forms of the 
second order: 

Four harmonic points of a curve Four harmonic planes of a sheaf 

of the second order are projected of the second order are intersected 

from any fifth point of the curve by any fifth plane of the sheaf in 

by four harmonic rays (Art. 1 10). four harmonic rays (Art. 125). 

Four harmonic rays of a cone of Four harmonic rays of a sheaf 

the second order are projected of the second order are cut bj' 

from any fifth ray of the cone by any fifth ray of the sheaf in four 

four harmonic planes (Art. 125). harmonic points (Art. no). 

Four harmonic rays of a regulus of the second order are cut 
by any director of the regulus in four harmonic points, and are 
projected from any director by four harmonic planes (Art. 

■74). 

185. We may now extend the definition of the projective relation 
for primitive forms (given in Art. 79) so as to apply to elementary 
forms in general, thus — 

Two elementary forms are said to be projectively related to each 
other if they are so correlated that any four harmonic elements of the 
one form correspond to four harmonic elements of the other. 

It follows from this definition that two elementary forms are 
projective to each other as soon as they are projective to one and 
the same third form. 

Moreover, we may extend the idea of the perspective relation 
between two one-dimensional primitive forms so as to apply to 
elementary forms in general. Thus, 

Two unlike projective elementary forms are said to be in perspective 
position if each element of the one form lies in the corresponding element 
of the other. 

A range of points of the second order, for example, is perspective 
to a cone passing through it if each ray of the latter is correlated 
to the point of the former which lies upon it. A range of points 
of the second order is projected from any one of its points by a 
sheaf of rays perspective to it; a sheaf of rays of the second 
order is cut by any one of its elements in a range of points per- 
spective to it ; a regulus of the second order is intersected by 
each of its directors in a range of points perspective to the 
regulus, etc. Two elementary forms, the one of which is derived 
from the other by projection or section, are obviously projectively 
related, since four harmonic elements of the one correspond 
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always to four harmonic elements of the other, and when corre- 
sponding elements are superposed the forms are perspective to 
«ach other. 

If to each point of a curve of the second order is correlated 
the tangent at this point, then is the curve related perspectively 
to the sheaf of rays enveloping it ; for, the curve is touched in 
any four harmonic poipts by four harmonic rays of the sheaf 
(Art, i2z). Two curves of the second order are therefore related 
projectively to each other if the two sheaves of rays enveloping 
them are projective to each other. 

186. Two forms of the second order may be conveniently corre- 
lated projectively by establishing a projective relation between 
two one-dimensional primitive forms perspective to them. Two 
projective elementary forms may consequently (as in Art. 92) 
always be considered as the first and last of a series of elementary 
forms of which each is perspective to the one following. 

Moreover, two elementary forms can be so correlated to each 
other, that three given elements of the one correspond respec- 
tively to three given elements of the other, in only one way ; this 
has already been proved (Art. 90) for one-dimensional primitive 
forms, and the proof holds equally well for elementary forms in 
general. 

For example, if it is required to correlate projectively to each 
other the two ranges of points of the second order, k'^ and k'-^ 
(Fig. 57), which lie in one plane, so that to the points A, B, C, 
of k^ correspond the points A^, B^, C,, of k^i, we may denote 
by S and TJ, respectively, the points of k^ and i% which are 
projected from A and -4j by the ray AAj, and then project the 
given ranges of points from the centres S and T, by two sheaves 
of rays S(ABC...) and T^{A^B^C^,..). These are projective 
to the given ranges of points and consequently to each other. 
They are, moreover, perspective since they have the ray AA^ self- 
corresponding. Any two homologous points D and -D, of the 
two ranges of points are therefore projected from .S" and 7], 
respectively, by two rays which intersect upon a fixed straight 
line a. 

187. If two projedive elementary forms of the same kind, e.g., 
two ranges of points of the second order, are superposed, then all their 
elements are self-corresponding, or else at most two. Elementary 
forms which are identical are, at the same time, projective. 
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Two cun'es of the second order 
which he in the same plane and 
have one point S in common are 
correlated projectively to each 
other if those points of the curves 
are made to correspond, which lie 
in a straight line with 5. For both 
curves are then perspective to the 
sheaf of rays S. Every common 
point of the cur\es different from S 
is self-corresponding ; the point S 
is likewise self-corresponding if the 
curves have a common tangent in 
this point, i.e. if they touch each 



Two curves of the second order 
which lie in- the same plane and 
have a common tangent s are 
correlated projectively to each 
other if those tangents of the two 
ciu-vcs are made to correspond, 
which intersect in a point of s. 
For the sheaves of the second order 
which envelop the curves are then 
perspective to the range of points J, 
Every common tangent of the 
curves different from j is self- 
corresponding ; but j' itself is self- 
corresponding only if the curves 
point of contact in .(. 




Two different curves of the second order which are correlated 
in the manner indicated on the !eft have at most three self- 
corresponding points. , For, if they have beside S four common 
points, or three common points and a common tangent in S, then 
are they identical {Art. 112). Similarly, the two curves on the 
right have at most three self-corresponding tangents. 

188. We are thus brought to the following reciprocal theorems : 



If two projectively related curves 
of the second order have four self- 



If two projectively related curves 
of the second order have four self- 
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corresponding points, then all their corresponding tangents, then all 
points are self- corresponding and their tangents are self-correspond- 
the curves are consequently iden- ing and the curves are consequently 
tical, identical. 

The theorem on the left may be proved as follows : The two 
curves can be correlated to each other in only one way so that 
the three points A, B, C, of the one correspond to the same three 
points A, B, C, of the other. But this happens if we relate the 
two curves perspectively to the sheaf of rays S. Suppose now 
that the curves have the point S also self-corresponding, then 
they must have a common tangent at this point and are conse- 
quently identical (Art. 112). The theorem on the right may be 
derived from that on the left by the application of the principle 
of reciprocity which we have demonstrated for the plane (Art. 138) ; 
however, I recommend to you as useful practice an attempt at a 
direct proof. 

If the curves are projected from an arbitrary centre by two 
protectively related cones, we obtain for these wholly analogous 
theorems. 

189. If a curve of the second order is projectively related to 
a regulus or to a cone of the second order, and more than three 
points of the curve lie upon the rays corresponding to them, then 
the curve is perspective to the regulus or cone; for, it is identical 
with the section of the regulus or cone which lies in its plane, 
since it is projective to this section and has with it more than 
three self-corresponding points. 

Similarly, a sheaf of planes of the second order is perspective 
to a regulus or to a sheaf of rays of the second order, which is 
projectively related to it, if more than three of its planes pass 
through the rays corresponding to them. If we project, for in- 
stance, either of the latter forms from the centre of the sheaf 
of planes we obtain a second sheaf of planes which is identical 
with the first; for it is projectively related to the first sheaf and 
has with it more than three self-corresponding elements. 

190. At this point the following theorems may be introduced ; 
Two cones of the second order Two curves of the second order 

which have different vertices and which lie in different planes and 

which are touched by the same which are tangent to the line of 

plane along the line s joining their intersection s of their planes at 

vertices, intersect in a curve of the the same point, lie upon a cone 

second order. of the second order. 
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If each of the cones 's correlated 
perepectii ely to the she if of planes 
whose axis is s the> will hue the 
ray j self corresponding 
other pail of homologous rays of 

lie in one plane pass ng through 
J-. The plane determined bj -ii 
three po nls of mtcisection 
homologous rijs intei sects t' 
cones in t«o projecti\ely related 
curves of the second order Hhich 
are identical since thc> haie sell 
corresponding not only these thie 
intersection points but also a point 



If the sheaves of riys of the 
;e ond order «hich en elcp tic 
:ur\cs be corrclited per-.peLti\el 
to the nnge of points j the raj 

Kill be a self correspondin„ ra\ 
[compare Art 187) eier> othe 
of homologous ra\s of the 
sheaves determine a plane s nee 
the rajs intersect m a point of t 
Fiom the po nt of ntersection of 
in; three uf these planes the two 
sheaves of rajs ma> be projected 
bj two projectnelj related sheaves 
of planes of the second order which 

e identical, since they have self- 

rresponding these three planes 
and also a plane passing through s. 

The proof of these theorems may however be made much 
simpler. In the theorem on the left, if a plane be passed 
through any three points common to the two cones, the two 
curves of section lying in it have these three points in common 
and also the point of intersection with s ; since both curves are 
tangent at the latter point to the straight line in which the 
common tangent plane of the cones is intersected, these curves 
of section must coincide {Art. 112). The theorem on the right 
may be proved in a similar way. 

191. It follows incidentally that any curve of the second order 
may be considered as a section of a circular cone. For a circle 
and a given curve of the second order can be brought in an 
unlimited number of ways into such position that they touch each 
other and lie in different planes, and hence lie upon one and 
the same cone. Curves of the second order are thus identical with 
the ^ conic sections' of ancient times, and may hereafter be desig- 
nated by that name. 



192. If a sheaf of rays of the first 
order S lies in the plane of a conic 
section k^ which is profecti-vely re- 
lated to it, but }Wt in perspective 
position, then at most three rays 
of the sheaf pass through the points 
of the curve corresponding to them, 
and at least one. 



If a range of points of the first 
order lies in the plane of a sheaf 
of rays of the second order which 
is profecti-vely related to it, but not 
in perspective position, then at 
most three points of the range lie 
upon the rays of the sheaf corre- 
sponding to them, and at least one. 
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For every sheaf of rays 6'; perspective to the curve ^ is pro- 
jective to the sheaf S, and with it generates, in general, another 
curve of the second order, which must have in common with the 
first curve every point which lies upon the ray of 6' corresponding 
to it. If more than three rays of ,5 should pass through the 
points of k^ corresponding to them, the two curves would have 
beside S-^ at least four common points, hence would be identical, 
and 5 would be perspective to k^. Since every curve of the 
second order divides its plane into two parts, these two curves, 
in case they do not coincide, must either touch each other in the 
point .9, or must intersect in 5, and at least one other point P, 
so that each curve lies partly within and partly without the other. 
In the latter case the rays SP and S-iP correspond to each other, 
and consequently SP passes through the point P of the curve l^ 
corresponding to it ; in the former case, to the ray SS-^ of S, there 
corresponds the common tangent in 6', and hence also the point 
^i of the curve k^. Thus at least one point of the curve lies 
tipon the ray of the sheaf corresponding to it. 

Wholly analogous theorems are true for the forms of the firKt 
and second orders, in the bundle of rays. 

193. We conclude that — 

If a one-dimensional primitive form and an elementary form of 
the second order are related projectlveiy to each other, and more than 
three elements of the one form pass through or lie upon the elements 
of the other which correspond to them, then the two forms are in 
perspective position, that is, each element of /he one form passes 
through or lies -upon the element of the other corresponding to it. 

If the form of the second order is a reguius and the other 
either a range of points or a sheaf of planes of the first order, it 
can be seen immediately that these are perspective to each other 
if three rays of the reguius pass through the three corresponding 
points of the range or lie in the three corresponding planes of 
the sheaf. For the base of the range of points or axis of the 
sheaf of planes i'. then a directing ray of the reguius (Art. 170) 
since it mteraects three rays of the latter. 

194 The importance ot these theorems may be judged from 
the following 

A bheaf of plines of the first A range of points of the first 

ordci and 1 reguius or a cone of order and a reguius or a sheaf of 
the second ordtr pioiectneK re rays of the second order projec- 
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lated to it generate, in general, a lively related to it generate, in 
'gauche curve of the third order.' general, a 'sheaf of planes of the 
This has at least one and at most third order.' At least one and at 
three points in common with any most three planes of this sheaf 
plane. pass through any point. 

For, a plane cuts the regulus or the cone in a range of points 
of the second order perspective to it, of which in general and at 
most three points lie upon the corresponding planes of the sheaf. 

If a range of points u of the If a sheaf of rays of the first 

first order and a range k^ of the order and one of the second order 

second order projectively related projectively related to it lie in one 

to it lie in one plane, the straight plane, the points of intersection of 

lines joining homologous points homologous rays form a 'line or 

form a 'sheaf of rays of the third curve of the third order' ; this 

order'; at least one and at most curve is intersected by any straight 

threeraysof this sheaf pass through line of its plane in at least one 

any point of its plane. and at most three points. 

For if S is any sheaf of rays of the first order perspective to u, 
and consequently projective to k''-, at most three rays of .S' pass 
through the corresponding points of ^, and at least one ray. 

195. If the ranges of points u and ^^ of the first and second 
orders, respectively, have a self- corresponding point P, then every 
ray passing through P must be considered as a line joining two 
(coincident) homologous points, and the sheaf of rays of the third 
order includes the sheaf P of the first order as a ptart of it. The 
following theorems are therefore not to be considered exceptions 
to, but as particular cases of, the theorems just now proved. 

If a range of points u of the If a sheaf of rays of the first 

first order and a range 1^ of the order and a sheaf of rays of the 

second order, projectively related, second order, projectively related, 

have two self-corresponding points have two self-corresponding rays, 

A and B, they generate a sheaf of they generate a range of points 

rays of the first order. of the first order. 

Suppose that to the point C of « the point C, of k^ corresponds, 
and let -5 be that point of 1^ which is projected from Cj by the 
ray C-JJ. If now we relate « and k^ perspectively to sheaves of 
rays S, these will be so related projectively to each other that to 
the three points A, B, C, of u will correspond the three points 
A, B, Cj, respectively, of M^. But since (Art. 186) the projective 
relation of u and It'- is determined uniquely by the three pairs 
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> pointK, the lines joining pairs of homologous points 
sheaf of rays 5 of the first order whose centre lies 



of homologoi 
clearly form 
upon the curve k^. 

196. A curve of the second order 
and two straight lines a and b each 
having one point in common with 
the curve, but which neither lie in 
a plane with the curve nor with 
each other, determine a regulus of 
the second order perspective to the 
curve and of which the two straight 
lines are directors. 

The two sheaves of planes a and 
!/ perspective to the curve generate 
the regulus. 



A sheaf of planes of the second 
order and two straight lines a and 
d each lying in a plane of the sheaf, 
but which neither intersect nor pass 
through the centre of the sheaf, 
determine a regulus of the second 
order perspective to the sheaf and 
of which the two straight lines are 
directors. 

The two ranges of points a and 6 
perspective to the sheaf of planes 
generate the regulus. 



The director system of this regulus contains the rays a and d, 
and is likewise perspective to the curve or to the sheaf of planes, 
as the case may be. 



If T range of po' its of the first 
ordei ind a Lurie of the second 
order not lymg m the san e plane 
are proiecti\el> related and ha e a 
point A self correspond ng thej 
generate a regulus of the second 
order perspectn e to both 



if two '!he^ves of pknes of the 
first and second orders respectuclj 
not belong ng to the same bu idle 
die project lelv related and ha e 
one self correspond g plane thej 
j^enerate a regulus of the secand 
orde perspect \ e to both 



In the theorem on the left suppose that to the pomts i B C 
of the range of pomts correspond the points A B^ C cf the 
cur\e then the regulus determined by the curve ind the t^o 
straight lines BB^ CC^ is perspect \e not only t5 the cur\e hut 
also to the gnen nnge of points since the three po nts 4 ii C 
of the ktter he in those rijs of the regulus which correspond to 
them The proof ot the theorem on the n^ht is wholly aialogous 

197 From an a b triry point not in thp phne of the curve the 
conic of the last article is proiected b) a cone ot the second ordtr 
and the regulus by a sheif of planes of the second order This 
sheaf of phnes is cut by an arbitrary plane in a sheaf of rays ot the 
second order and the rcgulu'i in a range ol points of the second 
order Hence it follows 

If 1 range of pomts of the fir t II a shelf of pHncs tt the h t 

order and % cone of the second older a 1 a heaf ot ra\ of the 
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order are projectively related, and second order are projectively re- 
one point of the former lies upon lated, and one plane of the former 
the corresponding ray of the latter, contains thecorrespondingrayofthe 
the two forms generate a sheaf of latter, these two sheaves generate a 
planes of the second order per- range of points of the second order 
spective to both. perspective to both. 

This theorem brings us immediately to the following if we 
remember that any curve of the second order may be looked upon 
as a section of a cone of the second order : 

If a range of points of the first If two sheaves of rays of the 

order and a curve of the second first and second orders, respectively, 
orderlyinginthesameplanearepro- lying in the same plane are pro- 
jectively related and have one self- jectively related and have one self- 
corresponding point, they generate corresponding ray, they generate a 
a sheaf of rays of the second order curve of the second order per- 
perspective to both. spective to both. 

Two projective reguli of the second order abc and a^i^c^, of 
which each is the director system of the other, generate a curve 
of the second order and a sheaf of planes of the second order, 
both of which are perspective to the reguli. 

The two reguli can be related projectively to each other in only 
one way so that to the rays a, b, c, of the one system correspond 
a-y, by, Cy, respectively, of the other system. But this happens if those 
two rays are correlated to each other which intersect the plane 
determined by the points aa,, bby, ccy, in one and the same point, 
or. which are projected from the point determined by the planes 
aa,, bb-^, cc~^, by one and the same plane. 

198. Of two projective regu/i or cones of the second order, at most 
four pairs of homologous rays intersect unless all such pairs of rays 
intersect. 

If any two homologous rays in two projective reguli of the hccond 
order He in a plane t, the two systems may be projected from their 
directors lying in e by two sheaves of planes. In case the two 
directors do not coincide, these sheaves of planes generate a sheaf 
of rays .S of the first order, since they have e as a self-corresponding 
plane. Each ray of S intersects two homologous rays of the 
reguli, and the reguli themselves are intersected by the plane of S 
in two projective curves of the second order, which have at most 
three self-corresponding points unless all their points are self- 
corresponding ; but these self-corresponding points are points of 
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intersection of homologous rays of the reguli, and conversely. In 
case the two directors coincide, they cut the reguli in two projective 
ranges of points which have either at most two, or else all, of their 
points self-corresponding. At the same time the reguli are pro- 
jected from these two coincident rays by two projective sheaves of 
planes which have either at most two, or else all, of their planes 
self-corresponding. In each of these planes, as well as in each 
of the self-corresponding points, two homologous rays of the reguli 
intersect The theorem may be proved in an analogous way if 
for either or both of the reguli a cone of the second order be 
substituted. 

199. From this it is clear that — 

There are in general and at Of four projective ranges of 

most four points through which points situated arbitrarily in space,, 

pass four homologous planes in there are in general and at most 

four projectively related sheaves of four sets of four homologous points 

planes of the first order which are which lie In one plane, 
situated arbiti-arily in space. 

The sheaves of planes taken in pairs generate projectively related 
reguli or cones of the second order to which the preceding theorem 
is applicable. Every set of four homologous planes has a common 
point as soon as there exist five or more such sets. 

200. Two projective curves of Two projective sheaves of rays 
the second order which are super- of the second order which are 
posed either generate a sheaf of superposed either generate a curve 
rays of the second order perspective of the second order perspective to 
to both curves, or else there exists both sheaves, or else there exists a 
a point which lies in a straight straight line upon which every pair 
line with every pair of homologous of homologous rays of the sheaves 
points of the curves. intersect. 

Every regulus perspective to the one curve generates with its 
director system, which may be related perspectively to the other 
curve, a sheaf of planes of the second order perspective to all four 
forms ; and according as the centre of this sheaf lies without or 
within the plane of the curves does the first or the second of the 
two cases mentioned in the theorem occur. If, then, of the straight 
lines joining pairs of homologous points of the curves any three 
pass through one and the same point U, all such lines intersect 
in that point (Figs. 60 and 61, p. 150). 
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201. Two projective curves of the Two projectively related sheaves 

second order A BCD and ABCJ)^ of planes of the second order which 

which have two self-corresponding have two self-corresponding planes, 

points A and S, but which do not but which are not concentric, 

he ill the same plane, generate a generate a form of the second 

form of the second order perspective order perspective to both, namely, 

to both, namely, either a regulus or either a regulus or a sheaf of rays 

a cone of the second order. of the second order. 

For, the regulus or cone perspective to the curve ABCD and 
containing the rays CCj and DD^ \% perspective also to the curve 
ABC^D^ {Art. 189) The curves generate a cone if their tangents 
at C and Cj intersect the straight hne AB in one and the same 
point. Otherwise thc\ would generate a regulus, and the plane of 
these tangents would also contain, besides the ray CC-y, a director 
of the regulus, (Art 170), and thctefore would ha\i. common with 
one or both of the curves a point different from either C or C, 
lying upon this director, which is impossible 

From this it follows that— 

Two conies which lie in different Two cones of the second order 

planes, and intercept the same having different vertices, and lying 

segment AB upon the line of in one and the same dihedral angle, 

intersection of these planes, can be intersect in one or other of two 

made to lie upon either of two conies, 
cones of the second order. 

For the comes can be correlated projectively in a twofold manner 
so that they have the extremities of their common chord is self- 
corresponding points, while the tangents it two other homologous 
points intersect the line AB in one point 

202 We are now prepared to pro\c the lollowmg theorem upon 
the perspective position of eltmentary foims of the second order; 

If a curte and a sfuaf of rays of the seond order, or a cone and 
a sheaf of planes of the second order, or, tn fact, any tu-o of these 
four forms, are projectively related, and five elements of the one form 
he tn the corresponding elements of the other, then the tna forms are 
tn perspective pontton 

We shall choose, as the first form, a curie of the second order u"^, 
and for the other a sheaf of planes of the second order S^, so situated 
that five points A, B, C, D, E, of the former lie in the corresponding 
planes a, yS, 7, S, e, of the latter ; all other cases can be reduced to 
this one. It need only he shown, then, that a rectilinear form 
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can be constructed which is perspective both to the curve and to 
the sheaf of planes ; for with this it will be proved that each point 
of the curve lies in the plane of the sheaf corresponding to it. 

If the plane <r of the curve is an element of the sheaf 5^, then we 
obtain in it (as section of S'^') a sheaf of rays of the first order 
(T{abcde) perspective to S^, which is also perspective to the curve 
•r{ABCDE\ since more than three of its rays pass through the 
points of the curve corresponding to them (Art. 193); the point 
S therefore lies upon the given curve. 

And conversely, if .S lies upon the curve, from this point the 
curve is projected by a sheaf of rays of the first order S{ABCDE) 
which is perspective to a sheaf of planes 5(a/3ySe), since more than 
three of its rays lie in the corresponding planes of S^ ; the plane u 
therefore is an element of the sheaf S"^. 

But if the centre S does not lie upon the curve, and consequently 
the plane of the curve is not an element of the sheaf, let A^ be that 
point of the curve which is projected from A by the plane a, that 
is, A-y is the second point of intersection of a with the curve and 
will coincide with A only if a. is tangent to the curve. Through 
A-y draw, in the plane «, a straight line g different from AA^, and 
with this as axis project the given curve by a sheaf of planes of 
the first order giABCDE'). This is projectively related to the 
given sheaf of planes ^^ and generates with it a regulus perspective 
to both sheaves (Art. 196), since n is a self-corresponding plane 
in the two sheaves ; this regulus is also perspective to the given 
curve, since four of its rays pass through the corresponding points 
of the curve (Art 189). The curve u^ and the sheaf of planes S^ 
thus being both perspective to the regulus are perspective to each 
other. 

203. If a curve of ihe second If a sheaf of planes of the second 

order ABCDE and a regulus of order and a regulus of the second 

the second order abcde are pro- order are projectively related to 

jectively related to each other, but each other, but are not in per- 

are not in perspective position, and spective position, and two planes 

two points A and -S of the curve of the sheaf pass through the corre- 

tie upon the corresponding rays a, b, sponding rays of the regulus, these 

of the regulus, these two forms two forms generate a range of 

generate a sheaf of planes of the points of the second order per- 

second order perspective to both. spective to both. 

The three planes, Cc, Dd, Ee, which are determined by the points 
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C, D, E, of the curve and their corresponding rays c, d, e, of the regulus, 
intersect in one point ; the sheaf of planes which projects the regulus 
abcde from this point is perspective also to the curve ABCDE. 
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EXAMPLES. 
I. To three given elements of any one of the elementary forms of the 
second order construct the fourth harmonic element. 



. Let 5 be the vertex of an angle of given magnitude which lies upon a 
ve of the second order and AB the chord of the curve subtended by 



Hosted by 



Google 



J48 GEOMETRY OF POSITION. 

the angle. If the angle be rotated about S the chord AB will generate a 
sheaf of rays of the second order. In case the given angle is a right 
angle the sheaf of rays generated by AB is of the first order, 

3. A triangle ABP is circumscribed to a curve of the second order 
so that its base AB lies in a given tangent to the curve and is of given 
length ; show that the locus of the point P is another curve of the second 

4. If two tangents to a parabola make a constant angle with each 
other, show that the locus of their intersection is a hyperbola, and that 
their chord of contact generates a sheaf of rays of the second order. 
An exception is made in case the angle between the tangents is a right 
angle. 

5. Suppose there are given a cone of the second order and two non- 
intersecting straight lines a and b which are either parallel to two rays 
or perpendicular to two tangent planes of the cone. If a third straight 
line moves so as always to intersect a and b and remain parallel to some 
fixed ray of the cone, or, in the second case, remain perpendicular to 
some fixed tangent plane of the cone, it will generate a hyperboloid of 
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LECTURE XII. 

THE THEORY OF INVOLUTION. 

206. If two elementary fonns of the same kind u and //,, for 
example, two ranges of points, are projectively related and lie 
upon the same base, any element P of their common base may 
be considered as belonginj; either to the one form u or to the 
other u^, and there correspond to it consequently two other 
elements, one in a, and the other in u. In general, these two 
elements corresponding to P are different from each other, as in 



Fig. 58, where to the points F, Q, i?, of 1/ correspond F^, Q^, F^, 
respectively, of u^ ; however, it is possible for them to coincide (as 
in Fig. 59), so that to the element F another element /"j corre- 
sponds doubly ; that is, to P considered as an eletnent of the first 
form u there corresponds the element P^ of the second form Wj, 
and to P considered as an element of the second form «j there 
corresponds P-^ of the first u. 

207. If the elements of two projective forms u and w, which 
are superposed are not all self-corresponding, but to each element 
another corresponds doubly, then we say that the forms have 'in- 
volutory position,' Or that they are 'in involution.' Two projective 
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forms of different kinds -jre said to be in involution if one of 
them IS m involution with a section or a projector of the other 

Two projectively related ranges of points of the second order 
which he upon th<_ same conic ire in involution (Figs bo and 6i) 
if three and consequent!} (Art 200) -ill straight hnes joininj, pi rs 
of homologous points intersect in one point on the other hand 
the) are not m involution if the) generate a sheaf of rtys of Iht 
second order perspective to bsth of them If to each point of 1 
straight line which lies in the pkne of a curve ot the second ordti 
but which doei not touch it, we correlate its polar with respect t( 
the curve, we obtain ■\. sheaf of ra)s which is not only projectiveh 
related to the range of points but is in involution with t 
(Arts 137 and 141) 

208 \\e can now prove the following theorem 

Tuo ranges ij points of the second order ihih iu upm the 
same conic ire in iniolutton tf to an\ on point \ f th ni? 
anotJier point \j tofiesponds doulh 




Let B ind i>, (Fit, 00 and Ui) br in) tv\ i homologous points 
of the ranges, so that to the points 4 4^ B oi the one range 
there are correhtcd the points A■^ A A, of the other let ^7be the 
point of intersection of iA^ ind hB^ and let u be its polar with 
respect to the conic The two sheaves ot ra^s B^(A d^B) and 
B{A-,4Bj) which project tht two ranges of points 4Aj^B ind 
A^AB^ from B^ ind B respective!} are perspective to the raunC 
of points « For thc> ire projectiv- *-■ •■^•^ "■ 



to the ranj,e of points 
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of the second order and consequently to each other, and since 
they have a self-corresponding ray SB^ they project one and the 
same range of points of the first order ; but this must He upon u 
since (Art, 134) the point of intersection of the homologous rays 
B^A and SA^y, and likewise that of B^A^ and BA, lies upon 
this line. Any other pair of points of the conic, as C and C^, 
which lie in a straight line with U are, in the same manner, 
projected from B and B^ by either of two pairs of homologous 
rays of the sheaves perspective to u, and are therefore doubly 
corresponding points of the given ranges of the second order. 
From this and from theorems previously stated (Art. 134) it 
follows that— 

If two projectivefy related curves of the second order are in 
involution, all. straight lines joining pairs of homologous points 
intersect in one and the same point U, anji all points of intersection 
of pairs of homologous tangents lie upon the polar u of this point. 
2%e straight line u is called the 'axis of the involution,' and the 
point U the 'centre of the involution' 

2og. The two sheaves of rays of the second order by which 
two conies in involution are enveloped are themselves in involu- 
tion, for the tangents at any two corresponding points also 
correspond to each other doubly. These sheaves are therefore 
cut by any one of their rays in two ranges of points of the first 
order in involution. 

Likewise two conies in involution are projected from any one 
of their points by two sheaves of rays of the first order which are 
in involution, and from any point outside their plane by two 
cones in involution. A regulus of the second order which is 
perspective to the one curve is in involution with the other, and 
so on. 

With this we tnay extend the preceding theorem to all element- 
ary forms, thus: 

l}wo elementary foT-ms of the same kind, which are projectivefy 
related and are superposed, are in involution if any two of their 
elements correspond doubly. 

If the two superposed elementary forms consist of rays, we 
may construct two coincident ranges of points of the second order 
perspective to them, and since these latter are in involution, two 
of their points corresponding doubly, the two given forms must 
themselves be in involution. But if the elementary forms are two 
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sheaves of planes or ranges of points, we ma> construct two super 
posed rectilinear forms perspective to them, and since these latter 
are in involution, as wis juat no« shovin, so aKo ire thu former 

210 Two lorms of thi, same kind in involution are verj 
frequently spoken of as a 'Single 'involution' form, or a so ciUed 
' involution ' the elements of this involution are said to be 
*coordinati.d' to one -mother two and two, or 'conjugate two 
and two, or 'paired in involution Thus, for example, the points 
of a straight line it which is chosen arbitrarily in the plane of a 
curve of the second order 'ire paired in involution if everj two of 
its points which ire conjugate with respect to the curve are issoci 
ated with each other (Art 207) bimilarl), the pairs of conjugate 
diameters of a conic form an involution sheaf And further 

In an involution curve of the In an involution cone of the 

second ordci (Fig^ Do and 61) second order anj t«o conjugate 

any two conjugate iiomts lie m a laja lie in a plane with a fixed 

stiaight line with a fived point line not Ijing upon the cone md 

not lying on the curve and anj any two conjugate tangent planes 

two conjugate tangents mteisect intersect upon the pohi pUne of 

upon the pokr of this point with thi', hied hne with respect to the 

respect to the given cui^ve cone 

The theorem on the left is only a repetition of that proved in 
Art 208 and the theorem on the right is derived from it by 
projection That is to say, it two elementar) forms ire in per 
spective position and the elements of the one are paired in 
involution, so also are the elements of the other 

211 III order to establish an tnvolvhon among tJu. elements of any 
elementary form, two pairs of (onjugate elements A, A-y, and B, B-^, may 
be chosen at random ; but this being done the involution is determined, 
and to every element of the form one and only one other is correlated. 

The involution consists, aamely, of two superposed forms related 
projectively to each other in such a way that to the three elements 
A, A-i, B, of the one correspond the elements A^, A, Bj, respectively 
of the other. But this relation is possible in only one way. 

If the involution considered is among the elements of a range 
of points of the second order, the point Cj conjugate to any fifth 
point C can easily be found with the help of the centre of involution 
CI (Figs. 60 and 61), in which AA^, BBj, and CC^ intersect, or 
with the help of the axis of involution. An analogous statement 
is true for the cone of the second order. 
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153 




If it is required to establish an involution among the rays of a 
regulus of the second order we may intersect the regains in a 
conic and then need only to establish an involution among the 
points of the conic. 

The rays of a sheaf of the first order S (Fig. 62) are paired in 
involution by constructing a curve of the second order perspective 
to the sheaf, for example, a circle 
passing through the centre S, and 
then coordinating the points of this 
curve to one another two and two. 
We can proceed in a similar way 
with any other elementary form. 
An involution may, however, he 
established among the elements of 
a one-dimensional primitive form 
without the aid of a form of the 
second order. 

312. Two elementary forms of 
the same kind in involution, for 
■example, two ranges of points of 
the second order {Figs. 60 and 61), 
are directly or oppositely projective 

elements A and ^j are or are not separated by two other conjugate 
■elements B and 5j. In the first case (Fig. 61) two homologous 
elements, of which the one describes the range AA-y£ while the 
other describes the range A^AB-^, move along the base in the same 
sense, and can never coincide ; in the latter case (Fig. 60) they 
move in opposite senses and must coincide twice. We shall call 
each self-corresponding element which occurs in two forms in 
involution a 'double element' or a 'focal element' of the involution. 

Hence the theorem : 

An involution has either two double elements or none, and is in 
consequence called hyperbolic or elliptic, according as two conjugate 
elements in it are not or are separated by two other conjugate elements. 
In each double element of the involution two conjugate elements coincide. 

If the centre of involution f of an involution curve of the second 
order lies outside the curve (Fig. 60) the involution has two double 
points M and N, namely, the points of contact of the two tangents 
which can be drawn from U to the curve. The axis of involution 
u cuts the curve in these points since u is the polar of U (Art. 134). 



as two conjugate 
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213. Thi double dm nls M a 1/ N f an involution are karmmi 
ally separaUd by e-cry tiler pnr 7f anjugatt •^lenunh A Aj 

It will be suffiaent f this theorem is pro\ed for an nvolutioi 
curve ot the second ordc s nee e\c y other case cin tc redut d 
to this one 

Let B B he an\ other pair of con)u^ate points (Ji^ 60) the 1 
the pairs of opposite sides of the simple quidraigle -IB 4^Bj 
intersect in two points conjugite with respect to the cur\e(4rt 142) 
which are harmonically separited by 1/ and V Thus the rays 
BA, BM B 4j BIS/ arc harmonic since they project four harmoniL 
points, and consequently the singular points 1/and TV are harmon c 
ally separated h\ the ponts 4 and 4 The "iamc thing follows 
directly trom the theDrem of ^rt 14" since l/\ and A 4-y arc 
conjugate ra\s 

214. In estabhshin^ an \r\\ lution amont, the elemci t of am 
elementary form we mij,hl choose at pleasure tht tw double 
elements M and N or one double elen ent 1/ and a pair of con 
jugate elements 4 and 4 but b) so doing the conjugate of everj 
element would be fully determined For m the hrst case anj 
two elements of the form ^vould be conjugate which are harmonicallj 
separated I > 1/ and iV" in the second case the other double 
element \ could be immediatel} determ ned since it is harmonicaOy 
separated from \f b> i and 4 and this case would thus be 
reduced to the j reced i g 

215. The theorems upon forms in iniolutioi which have thus 
far been gnen are of such importance and will find such frequent 
application that it seems desirable to demonstrate some of them 
again and in 1 more elementarv manner espjecullj as new and 
useful theorems arise from the process To th s end we shall set 
put with the following definition {\it g-*) 

"Two forms ABCDE ...ssiA A^B-^C^D^E^...,v\aKAi are com- 
" posed of sets of elements in two elementary forms u and «„ shall 
" be called projective if the forms u and «j can be correlated by 
"projection in such a way that to the elements A, B, C,D,E... of 
"a correspond A^, B-^, C^, D^, ^^ ... respectively of u^." 

We shall make use of the sign ~K to denote projectivity. For 
example, if « and «j are two ranges of points of the first order 
which lie in the same plane, hut not upon the same straight line, 
then ABCDE... A A^B^C^D^E, ... 

only if the straight hnes AA^, BB^, CCj, DD^, EE-^ ... pass through 
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one and the same point or are tangent to a conic, to which u and 
«j are also tangent.* 

A set of four elements ABCD in definite order, chosen arbitrarily 
from an elementary form (a ^ throw'), is projective to every permutation 
of these elements in which o'le pair and also the other pair are inter- 




That is, 

ABCD1\ BADC A CDAB A DCBA. 
Suppose, for example, ABCD is a 'throw' upon a ; 
all other cases being reducible 
to this one, and let it be re- 
quired to show that 

ABCD~KCDAB. 
Project ABCD from an arbi- 
trary point S (Fig. 63) upon a 
straight line passing through A, 
denoting the projection by 

AEFC. 
Let T be the intersection of CF and DE. 
Then, 

ABCD is the projection of AEFG from the centre S, 
AEFG „ „ CTFS „ „ Z>, 

CTFS „ „ CDAB „ „ E. 

Hence, ABCD ~h AEFG 7\ CTFS 7\ CDAB, 

and consequently, ABCD 7\ CDAB 

The other relations may be proved in a similar way. Wfe infer 
from this that 

"UabcdT.ABCD then also abcdl\BADCl\CDAB'KDCBA:'\ 

• The relation ABCD'~[\ A^ByCiD^ also signifies, as has already been shown 

(Alt. 97), thai among the s^ments of the straight line » and ti^ there exists 

. ... . AB CB AyB-y CyBy 

the following proportion ; .^ : — = -^ : ^^^. 

+ With the help of this important theorem the following among other remark- 
able relations may be proved : 

The six vertices of any two self- The si.'s sides of any two self-polar 

polar triangles of a. conic i'' lie upon a triangles of a conic touch a second 

second conic, to which an infinite conic, to which an infinite number of 

number of self-polar triangles of the self-polar triangles of the first can be 

first can be inscribed. circumscribed. 

For suppose ABC and DEF to be the two self.polar triangles, no three 
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2i6. The theorem of Art. 209, already proved in a different 
manner, viz., "two superposed elementary forms which are pro- 
"jectively related are in involution if any two elements A and A^ 
" correspond doubly," results direcdy from the relation proved in the 
last article. For, if to any element £ of the one form the element 
B^ of the other corresponds, so that to the elements A, A^, B, of 
the former correspond the elements ^,, A, B^, respectively of the 
latter, it follows, since 

AAjSB^ A" A^AB^£ 
by virtue of permutation, that to the element B^ of the first form 
the element £ of the second corresponds, or that any two elements 
B and B^^ correspond to each other doubly. 

A consequence which might have been stated earlier is this : 

" A range of points of the first order a and a sheaf of rays S 
"projective to it are in involution if the centre of the sheaf lies 
" outside u, and, of two points /* and /\ of the range, each lies upon 
"that ray of the sheaf which corresponds to the other." 

For the section of the sheaf of rays made by the straight line 
» is projective to the range of points upon a and is in involution 
with it, since the points B and /", correspond to each other 
doubly. In a similar way we determine when a sheaf of planes 
is in involution with a range of points or with a sheaf of rays. 

217. ThS' fact that any two conjugate elements A, A„ of an 
involution are harm'onically separated by the double elements M 
and JV, if such appear, may also be proved in an elementary way. 
Let the involution MNAA^ consist of two superposed projective 
ranges of points of the first order. Then to the points M, A, N, A^, 
of the one range correspond the points Jlf^ A^, N, A, of the other, 

of whose six vertices lie in one straight line. Then ihe sheaves of rays 
A{BCEF) and D(C3FE) are projectively related (Art. 144), since lo the 
four rays AB, AC, AS, AF, of the first sheaf, the rays DC, DB, DF, DE, 
of the second are conjuga,te with respect to the conic i^. But from the 
relation A{BCEF)-f^ D[CBEE) it follows that A{BCEF)-/\ D{BCFE) and 
therefore the sIk points A, B, C, T>, B, F, lie upon a curve of the second 
order as the theorem on the left asserts. If now T/ and E' are two points of 
this curve which are. conjugate with lespecl to the first-named COnic )?, and 
consequently vertices of a self-polaj: triangle D'E'F', the third vertex F' lies also 
upon the conic through A, B, C, D, E, F; for the conic passing through A, B, C, 
n, E\ F', has five points in common with that through A, B, C, D, E, F, and 
hence coincides with it. 

The theorem on the right is proved in a similar way. 
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since the double points J/ and iVare self- corresponding, and A and 
A-^ correspond doubly. That is, 

MANA^ ~K MA^NA. 

If now we project MANA^ from an arbitrary point S (Fig. 64) 
upon a straight line passing through M, and denote the projec- 
tion by MRKT, then this 
is projectively related to 
MANA-^, and consequently 
to MA^NA. 

But these projective forms 
have the point M self-corre- 
sponding and consequently are 
in perspective position, that is, 
the straight lines RA.^, KN, 
TA, intersect in one and the 
same point Q. By this means 
we obtain a quadrangle QRST of which two pairs of opposite 
sides intersect in A and A-^, while the diagonals pass through M 
and N respectively ; thus the points MANA-^ are clearly harmonic 
points. 

21S. A group of three pairs of elements AA.^ , BB-^ . CC^ of an 
involution is sometimes called an involution in the original and 
strict sense of the word. These six elements are not inde- 
pendent, since in an involution the conjugate to any elemerit is 
determined as soon as two pairs of conjugate elements are given, 
and since any two forms which are composed of elements chosen 
from these six symmetrically, as, for instance, AA^^BC and 
A^^AB^C^, or AB^C^C and A^BCC-^ are projectively related. 

Conversely, it follows from the relation AA^BC A A^AB^C^ 
that the three pairs of elements A, A^ ; B, B^ ;- C, C, form an 
involution AA^.BBj.CC^; for, in the projective forms AA^BC 
and A-^ABiC„ the elements A and A^ correspond doubly, and 
consequently the elements B, £^, and C, Cj, must correspond 
doubly. 

A double element M or jV can take the place of a pair of 
elements in the involution ; thus, for example, M. AA^ . BB-^ is 
an involution if MAA.^B~h MA^^AB.^. Similarly, M . N . AA-^ is 
an involution if MANA^ is projective to MA^NA, the four ele- 
ments thus forming a harmonic quadruple. 
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219. We C 

The three pairs of opposite sides 
of a complete quadrangle QRST 
(Fig. 65) are cut by any straight 
line which Ues in the plane of the 
quadrangle and passes through 
none of its vertices, in three pairs 
of points in involution. 



prove the following theorems : 

The three pairs of opposite ver- 
tices of a complete quadrilateral 
are projected from any point which 
lies in the plane of the quadri- 
lateral but upon none of its sides, 
by three pairs of rays in invo- 




FiG. 65. 

Let u (Fig. 65) cut the sides HT a.nd SQ, ^'T' and Q£, QT 
and as, in the points A and A^, B and B^, C and Cj, respect- 
ively, and let O be the point of intersection of QS and RT. 
Then ATOR is a projection both of ACA^B^ from the centre 
Q and of ABA^C^ from the centre S, and therefore, 

ACA^B-^ 7\ ATOR "A ABA, C^, 
Moreover, by interchanging A with A-^ and B with Cj we obtain 
(Art. 215) ABA^C^J: A-yC-^AB, 

Therefore ACA^B^ "A A^C-^AB, 

and hence AA-, . BBy . CC-, is an involution. 

For, if two ranges of points lying in u are so related projectively 
that to the points A, C, A^, of the first correspond A-,, Cy, A, 
respectively, of the second, the two forms are in involution since 
A and A-^ correspond doubly ; B and B-^ are conjugate elements of 
Ihe involution on account of the relation ACAyB.^~i\ A-^C^AB. 
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If, now, of a range of points u in involution, two pairs of points 
A, A-^, and B, B^, are given and it is required to find the point Cj 
conjugate to any fifth point C, we can proceed without making 
use of the form of the second order in the following manner. 
Construct a cotnplete quadrangle of which two opposite sides pass 
through A and A^^ respectively, two others through B and B-^ 
respectively, and a fifth side through C; then the sixth side will 
intersect the given line in the required point Q. 

Two quadrangles QRST and Ci-^i-^i ^1 constructed as above 
have essentially different positions with respect to the involution 
AA^ . BB^ . CC^ if the sides passing through A, B, C, in the one 
quadrangle intersect in a point T, while in the other they form 
a triangle Q^R^^S{^ their sixth side in both cases pas SHig^ through 
C^ (F^. 65). If the two quadrangles lie in different planes their 
eight vertices form two tetrahedra QRST.^ and Q-^R^S^T which 
are both inscribed and circumscribed to each other. If the one 
tetrahedron is given the other can be easily constructed in an 
infinite number of ways. 

If two points M and N of the straight line u are har- 
monically separated by A and A^^, and also by B and 5j, that 
is, by two pairs of opposite sides of the quadrangle QRST, then 
are they also harmonically separated by C and C^, that is, by the 
third pair of opposite sides of the quadrangle. For, in this case, 
M and iVare the double points of the involution AA-^ . BB^ . CC-^. 




11Q. " If a curve of the second order is circumscribed about 
' a simple quadrangle QRST (Fig. 66) the three pairs of points 
'in which any straight line u passing through no vertex of the 
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"quadrangle is cut by the curve and by the two pairs of opposite 
"sides of tiie quadrangle form an involution " (Desargues' theorem). 

Suppose the chosen line u is cut by the sides TQ, QR, 
RS, and ST in the points A, B, A^, B^, respectively, and by the 
curve in the points P and P.^. Then the two sheaves of rays 
by which the points P, R, T*;, T, of the curve are projected from 
Q and S are projectively related, and consequently the ranges 
PBPjA and PA^P^B, in which these sheaves are cut by the straight 
line u are also projectively related. Since now PA^P^B^ "A P^B^PA^ 
(Art. 215) it follows that 

PBP^A 1\ PjB,PA^ 
I.e. PP^ . AAj . BB, is an involution. 

A wholly analogous theorem holds for the curve of the second 
order which is inscribed in a simple quadrilateral. 

221. Since an involution in a one-dimensional form is com- 
pletely determined by two pairs of elements A, A^, and B, B-^, 
we have the following theorems ; 

The curves of the second order The pairs of tangents tc the 

circumscnbed about any fixed curves of the second older n 

quadrangle are intersected b\ a scribed m any fiied quadriliten 

straight liie « which lies m the «h ch piSS throui,h one point S 

plane of the quadrangle but which l>ini, m the plane of the quadii 

passes througl none of its, \ert ces lateral but upon no one of h 

in point pairs of an involution s des form an m\olut on she^f 

The btraght line s touched by The double n\s of thib niol toi 

(wo of these curie in the double touch two of the comes n S 
po ntb if the n olut on 

There ire either tw i or no curies jf the second order Hhi<h 



to the quadnn^le inscribed to a quadrilateral and at 
and at the same time are touched the same time pass thrtugh the 
b> the given straight line gnen point 

accordii^ as these double elements do or do not appeir 

Thus the problem to construct the comes which piss throuKh 
four gi^en points and touch a giien hne or which touch four 
fjiven lines and pass thTouf,h a gi-ien point, is reduced to findiUL. 
the double elements of an in\olution Wc shall be concerned w th 
this problem of the second order in a subsequent lecture 
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EXAMPLES. 

If, in the left hand theorem above, the straight line u lies in( 
distant, this particular case presents itself: 

"Through four actual points of a plane there can be ] 
"either two or no p-iribolas " 
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An equilateral hyperbola can alwajs be circumscribed to an\ q id 
rangle this passes thiough the oithotcntrea of the four tiiint.les 
formed by ihe ^ertice'i uf the quadiangle 

II The Sides of any triangle form with the nfinitelj distant line of 
the plane a complete quadnlateral whose three pa rs of opposite ver 
tices ate pi iierted fiom the orthocentre of the tnaiigle b\ thiee pairs 
of ravs at right angles 

iz rhe t«o tangents to a parabola which cm be draii fiom the 
orthocentre of a mtumsLiibed tr an^le mteisect dt right angles Con 
sequently the orth)centrea of all tranglts circum'icribed to a paiabola 
he upjn a fixed straight hne (Ev "■ ) In particulir the orthotenties 
of the four tr anjjles formed b> the s des of any complete q adr literal 
lie upon one stra ght line 

13 If a rectangle 4.BCD is circumsciibed to an ellipse 01 i h\per 
bola, the tangents which can be drawn fiom an\ point s of the circle 
through the vertices A B L D intersect at right angles tjr the two 
pairs of opposite lertices of the rectangle are projected from S bj two 
pairs of normal rajs Hence ue conclude that the vertices of all 
right angles whose s des are tangent to an ellipse or hyperboli le 
upon a cirtlc This might be looked upon as a pec al rise >f the 
follow in^ 

14 Any two tingcnts to 1 coniL An\ t\io po nts f 1 on c scrt on 
sect on A which pass thiouj,htBo k"^ which he pon two conjugate 
conjugate pomts of a giien imolu rajs of a given involution sheaf S 
tioo range u intersect in geneial are in general upon the same raj of 
upon another hted conic a sheaf of the second order* 

An exception arises if the curve k" is touched by the straight line u 
(Ex i) In general the conic can be circumscribed by a quadnlateral 
lied of which two opposite vertices v and bii coincide with two con 
jugate points P and P^ of the nvolution u If now two tangents to k'' 
which pass through two othei conjugite points Q and ^1, of u inter 
sect m a point S then these tangents 6Q and SQ^ together with the 
rays SP and b/", and with that third pair of rays b) which two 
opposite vertices A and R^ of the quadrilateral different from P and 
/", are projected from S form an involution (Art 'o) and conse 
quently iR and 'lAj pass through two conjugate points of the 
involution u If then we correlate the sheaves R and ^1 to each 
othei projectively so that homologous lays pdss through conjugal" 
points of u they will geneiate a curve of the second order which is 
the locus of the point s 

* Thi sheaf of the •Jtond order degenerates iito t«( leaves of the fits! 
■order in case the ctmc is t^uchel by two cunjugale tjys of the involution 1 
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The theorem on the left might be stated; "The pairs of tangents 
to a curve of the second order which are harmonically separated by 
two given points intersect in general upon another curve of the second 
order." Thus expressed it becomes a special case of the following, 
the proof of which is left to the student : 
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LECTURE XIII. 



222. Let J, A^ ; 

of points of a rang 



5, ; C, Cj (Figs. 67 and 68), be three pairs, 
involution, so that (Art. 219) among others. 




we have the relation AA^BC^ A A^AB^C ; then, for the segments^ 

*The more important focal properties of conic sections, aside from those re- 
lating to the directrices and the fundamental properties which we use as the 
definition of foci, were known 10 ApoUonius. (Compare Conicorum, Liber Ii:., 
Prop. 45, et ieguilur. ) 
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which the six points determine upon the Une we have tlie following 
proportion, 



Instead of this v 



for A-^A= - AA-^ ; A^C= - CA-,, etc., since two such segments are 
of equal length, but are taken in opposite senses. If all denomina- 
tors and the common factor AA, are removed, we have the equation 
AB^.BC^.CA^^AC-y.BA^.CB^ (i) 

This relation is found incidentally in the Collections of Fappus, 
Liber vii.. Prop. 130. 

The relation AA.^BC^7\ AjAB,C does not lose its validity if 
two conjugate points are interchanged. The same thing is true 
therefore in equation (i). 

By interchanging C and Cj, for example, we obtain the equation 

AB,.BC.C-,A-^ = AC.BA^.C^B,, (la) 

and by making different interchanges other similarly constructed 
equations would result from (i). Wholly analogous equations may 
be expressed for the sines of the angles which six elements of an 
involution sheaf of rays of the first order form with one another. 

223. Equations (r) and (re) assume a much simpler form if one 
of the six points (for example, Cj) becomes infinitely distant Its 
conjugate point C in this case becomes coincident with the so-called 
centre of the involution, that is, with that point O which is co- 
ordinated to the infinitely distant point. 

At the E 




approach indefinitely near to the value unity, since AC, and C,B, 
increase indefinitely, while AB and AjB, are finite segments. 
Equations (1) and (m) thus take the form 

AB, . OA, = BA, . OB, 
and AB,.BO =A0. BA, 
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l66 GEOMETRY OF POSITION. 

respectively. Dividing the first of these by the second we obtain 

BO AO ' 

or OA.OA^ = OB.OB^ {3) 

That is, " The product of the two segments determined by the 
" centre and any two conjugate points of an involution range of the 
"first order is constant." 

If the range has two double points M and N (F^, 68), in each 
of which two conjugate points coincide, it follows from {2} that 

OA.0A^=OMi=Om (3) 

The centre O thus bisects the segment MN between the double 
points. At the same time this equation expresses the fact (Art. 72) 
that M and N are harmonically separated by A and A^, as we 
already know. 

According as the product OA . OA-^ is positive (equal to a square 
OM'^) or negative, do the double points appear or not. In the 
former case A and A■^^ lie upon the same side of the centre O, in 
the latter upon opposite sides. This same conclusion is reached 
in a previous theorem (Art. 212). 

224. If a circle be described upon each segment AA-^, BB^, CC^, 
etc., which is determined by a pair of conjugate points of an in- 
volution, as diameter, and the radius of any one of these circles, 
say that upon AA-,, be denoted by r, while d denotes the distance 
of its centre from O, then (Figs. 67 and 68) 
OA =OK~AK =d-r 
and (9^1 = OK-\-KA-^ = d-^ r ; 

consequently, 

OA . OA^ = {d~ r)(d+ r} = d-^ - r"-. 
If the involution has double points M, N (Fig. 68), that is, is 
hyperbolic, then O lies outside the circles and d^ - r^ is equal to 
the square on the tangent t, which can be drawn from to the 
circle ; for t and r are the sides of a right-angled triangle, of which 
d is the hypotenuse. 

The length of this tangent is, from equation (3), the same for 
all circles constructed upon the segments, and is equal, to half 
the length of the segment MN between the double points of the 
involution. 
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If, then, a circle is described upon J/iV with centre 0, it cuts 
all circles described upon AA-^, BB^, CC^, etc., at right angles. 

It may be shown, moreover, that the latter circles are cut ortho- 
gonally by every circle passing through M and N. 

When the involution is elliptic, i.e. has no (real) double points 
(Fig. 67), its centre O lies within the circle described upon AA-^, 
and d^-r^ is negative. 

If now through O, at right angles to AA^, a chord PQ of this 
circle be drawn, either half of it, OP or OQ, forms one side of a 
right-angled triangle of which d is the other side and r the 
hypotenuse, so that d^+OF^=r\ or d^-r^ = - 0P^= - 0(^. 
But from equation (2) of the last article the expression d^ - r^ is 
constant, hence the length of this half chord remains the same 
for all circles constructed upon the segments AA^, BB-y, CC^, etc., 
and consequently, these circles all pass through the two points P 
and Q. The angles APA,, BBB^, CPC„ etc., are therefore right 
angles, and we obtain the theorem : 

// an involution range of Ike first order has no double points, 
in any plane containing the range there are two points P and Q, from 
which it may be projected by a sheaf of rays in involution, such that 
any two conjugate rays of the sheaf are at right angles to each other. 

That the circles described upon AA-^, BB^, CC^, etc., all pass 
through the points of intersection of any two of them may also be 
concluded from the following statement : 

" An involution in a sheaf of rays is rectangular if any two of its 
"rays a and I' are at right angles to their conjugates o^ and by" 

The correctness of this assertion follows from the fact that the 
rays of a sheaf S can be paired in involution in only one way so 
that its rays a and <ij as well as /' and l\ are conjugates. But 
this happens if to each ray is coordinated the ray at right angles to it. 

225, At this point we may insert the following theorem: 

If a right-angled triangle inscribed in a curve of the second order 
be permitted to vary in any manner so that its vertex remains fixed, 
its hypotenuse will constantly pass through a fixed point. 

The points of the curve are paired in involution by the rays of 
the rectangular involudon sheaf S^ (comp. Art. zio). 

32G. If in the plane of a curve of the second order k-, a sheaf 
of rays of the first order U whose centre does not lie upon the 
curve is given, the rays of 1/ are paired in involution if all pairs 
of rays conjugate with respect to li^ are correlated to each other 
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,68 GEOMETRY OF POSITION. 

(Art. 207}- If the involution thus constituted is reetangular its 
centre has a particular significance for this curve, and is called a 
focus of the curve. 

We may then state the following definition ■ 

4 focus of a curve of the second order is such a point of th. plane 
that any two fays through tt ULkich are conjugate itith resput to 
the curve an at ri^ht tin^/t^ 

227 A focus cannot he outside the curve for then the solution 
whose centre it is would have two double lajs namely thi two 
tangents to the curve which pass through iL 

Eiery focus J^ lies upon an axis ot the cunt, in other words the 
diameter passing through F k an axis since it is perpendicular to 
its con|uga£e chord passing through F 

The straight hnc joining two foci ^ and /■[ is an axis ot the 
curve, since it is conjugate to the two perpendiculars which can 
be erected to it in F and J^ its pole thus be ng the infinitely 
distant point of intersection of these perpendiculars (Art 160) 

228 Tht tentre of a cirelc is a focus Two raja which are 
conjugate nith respect to a circle intersect at nght angles onl) if 
one or both are diameters whenee it is easily seen that a cirele 
his no tocus except the centre Ihe circle, conscquentlj, will 
be excluded from the following investigation. 




Fig. 69. 

229. To any straight line p lying in the plane of a curve of the 
second order there is a conjugate normal straight line p^ (Fig. 69), 
namely, the perpendicular which can be let fall upon it, from its pole. 

Let now a be an axis of a given conic and let it be cut obliquely 



Hosted by 



Google 



METRIC PROPERTIES OF INVOLUTIONS. 169 

ty p and p-^ in ihe points P and /*, respectively Then eich ray 
of the sh(.if F standi at n^ht angles to its con] igate ra) of the sheil 
/■j For the sheaves P and P-^ ire projeutivel) related if to each 
raj of the one sheaf the conjugate raj of the other is correlated 
^Art 144) hut since if A denote the infinitelj distant pole of 
the axis i the three rajs a PA p oi P ntersi.i.t thi, r conjugate 
rays P-^4 a p^ of P^ %t right angles the bhea-ves P and P^ 
generate a circle upon PP-^ as diameter and hence any two 
conjugate rays of these sheaves are at n„ht angles t( ea(.h 
other Frcm th s there res ilts the first hilt of the follow n^ 
theorem 

Correspordtrg to any point P tn an axts a f a cm ot f the st oni 
tjrder there is a point 'P-^ suck that conjugate rays through F and Pj, 
respectively, tnteisect at right angles. If all such pairs of points 
art coordinated they form an involution on the axis a.* 

The second half of the theorem arises from the following con- 
■siderations : 

The two sheaves of parallel rays of which the one has the direction 
of the ray p and the other that of the my p^ are related projectively 
to each other (Art, 144) by correlating to each ray of the one sheaf 
the ray of the other conjugate to it. The straight line a is cut by 
these sheaves in two projective ranges of points, but these are in 
involution since any two of its points as P and P^ correspond to 
each other doubly.t 

If this involution a has two double points, each of these is a focus 
of the curve ; | if a has no double points, then each of the two points 
from which a is projected by a rectangular involution sheaf (Art. 2 24) 
is a focus of the curve ; for, every pair of conjugate rays through 
such points intersect at right angles. 

In the latter case the foci lie in the axis of the conic different 
from a and form the double elements of an involution lying upon 

*That there can be but one such involution established upon the axis a follows 
from the fact that any rayj* has but one conjugate normal^]. — H. 

t Any ray through P is conjugate to its normal through Py. The ray through P 
having the direction at f is conjugate therefore to the ray through /\ having the 
direction of/i, and also the ray through P having the direction oi p^ is conjugate 
to the ray through /", having the direction of p. The points Pand F^ therefore 
correspond doubly in the projective ranges of points which form sections of the 
parallel sheaves of rays. — H. 

JThe involution cannot have more than two double points, hence there cannot 
be more than two foci upon one axis. — H. 
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this second axis, which may be constructed in the same way a& 
was the first. 

230. No curve of the second order has more than two foci ; 
for any straight line joining two foci is an axis of the curve (Art. 227), 
hence all foci must lie upon one axis or upon the other, and it wa& 
shown in the last article that not more than two foci can lie upon 
one axis. That a conic in general has two foci is clear from the 
fact that if the involution considered in Article 229 has no real 
double points, then two points exist on the other axis answering 
the conditions for foci (Art. 234). 

That axis a of an ellipse or hyperbola upon whRh the two 
foci of the cur\e he is called the principal or niaj r i\is tbf 
other the Lonjugitc i"r minor axis 

231 If about 2 tight angled frtangl whose hypotenuse hes in tit 
minor a\ts of a curie of the second ordtr and ithose other 'nies are 
polar conjugates d)tth respect to the cune a ar le be citcumscnbi^d it 
intersects the major axu in the foci f the cune 

This theorem follows immediately from the preceding art ole 

232 The hvperboh is mtersectcd bj its principal axis for upon 
that a\is bj which it is not cut the foci Lould not he ^>incc the> 
he within the curve I he fou of an ellipse or a hjperbola are 
equally distant from the <entre of the curve (Art "-j) for m 
the imoluton ( whose double points the foci are the centre 
IS conj igate to the infiniteh d stant ] oint since the minor a\is 
lb conjugate to all striight lines normal to it In general, the 
foci are harmonicallj separated h) iny two conjugate lines which 
are at nght ingles to ea h other 

If the curve of the second order is a parabola and 1 its ix 
the two projective sheaics of parallel ra)s of which we ha\e 
already spoken hiie the infinitely distant straight line as a self 
corresponding raj s nee t is self conjugate bein|, tangent to the 
parabola. In the involution a therefore one double point coincides 
with the infinitely distant po nt which accord nglj is looked upon 
as a focus (ideal) of the parabola The parabcli has therefore 
only one actual focus which as second double pont of the involu 
tion a bisects the segment between any tuo coordimted points 
P and /"i 

233 Suppose now J^ and 1"^ are the tno foci of a cune of the 
second order ot which in the case of the parabola the oie lies 
infinitel) distant in the direction of the parallel diameters Ai v 
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two conjugate lines SP and SP-^ which are perpendicular to each 
other (Fig. 69) are harmonically separated by the points F and F-^, 
and hence by the lines 5/^ and SF^ ; tliey therefore bisect the angles 
between SF and SFj (Art. 68). If S is a point of the curve one 
of the straight lines SF, SP^, touches the curve; if S hes out- 
side the curve, then SP and SPj bisect also the angles between 
the two tangents which can be drawn from S to the curve, since 
these likewise are harmonically separated by SP and SP^ (Art. 143). 
Thus we obtain the theorems : 

Any tangent to a curve of the second order forms equal angles 
with the tu,o straight lines which join its point of contact to the foci 
of the curve. If tivo conies, therefore, have the same foci (are confocal) 
the two tangents at a real point common to both conies intersect at 
right angles. 

If the point of intersection of two tangents to a conic be joined to 
its foci, the one line forms with one tangent the same angle as the 
other line forms with the other tangent. 

234. The polar / of a focus F of a curve of the second order 
is called a ' directrix ' of the curve. There are two directrices for 




the ellipse and the hyperbola, and one actual directrix for 
parabola. For the latter this theorem holds true: 

Two tangents to a parabola PA and PB are perpendicular 
each other if their point of intersection P is on the directrix. 
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In this case, namely, the polar of P passes through the focus F 
{Fig. 70) and contains the points of contact A and B of the two 
tangents, and each of these tangents forms the same angle with 
AB as with an arbitrary diameter. Consequently, in the triangle 
APB the sum of the angles A and B equals the sum of the angles 
which PA and PB make with the diameter PC passing through 
P, i.e. equal to the angle P; and since the angles A, B, and P 
together make up two right angles, then must /■ be a right angle. 

235. Other properties of the focus of a curve of the second order 
worthy of note arise from its definition, in accordance with which 
any two conjugate rays through a focus intersect at right angles, 
among them the theorem ; 

" The segment of a tangent which lies between its point of contact 
" and a directrix is subtended at the corresponding focus by a right 
"angle." 

That is to say, the straight lines bounding this angle are conjugate 
rays through the focus F, since the point in which the tangent is 
cut by the directrix / has the straight line joining F to the point 
of contact as its polar. 

236. I^t TA and TB be any two tangents to a curve of the 
second order (Fig. 71), so that AB is the polar of the point T; 
then the point of intersection P of AB and the directrix / is the 
pole of the straight line TF, and PF is at right angles to TF since 
these two lines are conjugate. At the same time FA and PB are 
harmonically separated by FT and FP, since A and B are 
harmonically separated by P and FT. Consequently the supple- 
mentary angles formed by FA and FB are bisected by FT and 
FP (Art. 68) ; or, 

"If a focus of a curve of the second order be joined to the points 
"of contact of two tangents to the curve, and to their point of 
" intersection, this latter line makes equal angles with the two former." 

If through A and B (Fig. 71) straight lines be drawn parallel to 
FT which cut the directrix / in the points A-^ and B-^ respectively, 
then A-^ and B-y are harmonically separated by P and FT. The 
angles between FA-^ and FB^, therefore, are also bisected by FT 
and FP, From this it follows that the triangles A^AF and B^BF 
are mutually equiangular and hence similar, so that 

FA-.AA^'^FB-.BB,. 

The segments AA■^ and BB-^ form equal angles with the directrix 
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/ and are therefore proportional to the perpendiculars which can 
be let fall from A and B upon f. 

Hence, also, FA:AA^ = FB:BB.r 

Since A and B are two points of the curve chosen at random, 
we have the theorem : 

The distances of an arbitrary point of a curve of the seco?id order 
from a focus and from the corresponding directrix have a constant 
ratio to each other (Pappus). 




In the parabola the value of this ratio is unity, i.e., the two 
distances are equal; for the vertex is just as far distant from the 
focus as from the directrix, since it is harmonically separated by 
them from the infinitely distant point of the parabola. By making 
use of the vertex it is easily shown that this ratio is less than unity 
in the ellipse and greater than unity in the hyperbola; and since 
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a curve of the second order is divided into two symmetrical parts 
by either of its axes, the ratio has the same value for the one 
focus and its directrix as for the other. If then r and r^ are 
the distances of any point of the curve A from the two foci 
F and F^ (Figs. 72 and 73), d and dy its distances from the two 
corresponding directrices f and ^, then 

• =^ = constant, 
d d, 

wherever the point A may lie. 



/■ 




■ '' > , 


fJc' 


X 


/ r 


J 




f. 






Also the quantity 



d±d. 



equals this same constant r 



But i 



the ellipse d-vd^, and in the hyperbola d-dy, is constant, namely, 
it is the distance between the two directrices. Therefore the sum 
r-Vr-^ must be constant in the ellipse and the difference r-r^ 
constant in the hyperbola, that is to say : 

The sum of the distances of any point of an ellipse from the foci is 
constant. 

The difference of the distances of any point of an hyperbola from 
the foci is constant. 

It may be found without difficulty that this constant sum or 
difference is equal to the segment za between the extremities of 
the major axis, and that the ellipse encloses a greater segment 
of its major axis than of its minor axis. 

237, If two points are symmetrically situated with respect to a 
straight line, l.e, if the straight line joining them is at right angles 
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to the given line and is bisected by it, then either of these is 
called the ' inverse ' of the other with respect to the straight line. 
The following theorem, then, is true for the ellipse and the 
hyperbola : 

" The points inverse to a focus F-^ with respect to the several 
*' tangents to an ellipse or hyperbola lie upon a circle of radius 2rt 
■" whose centre is the other focus F." 




If namel) G is the nM.rst (.f .f, w th respe t to in arbitrary 
tangent «hose point of contact is 4. (Fij, 74) then !■ 4 and G 
. lie in one straight line since AF^ and ronsequcntl> 1K0 4G forms 
■ with the tangent the same ingle as does AF {Art 233) And 
moreover smce the points F^ and G are equallj distant from A, 
then IS F(j equal to the sum (or difference) oi J" 4 and !• 4 le. 
equal to the constant ■> j as was shown above 

If N be the foot of the perpendicular let fill from F-^ upon 
the tangent it is the middle point of F-fi and the Lcntre AI of 
the curve bisects the segment F-^F consequently, MN is parallel 
to FG and equals ^FG or a that is to saj 

The points of inter section of all tangents to an ellipse or 

hyperbola w th the perpendiculars let fall upon them from a focus, 

lie upon a circle which has the major i\is as diameter 

238 If the parabola is reg-irded as the limitint; case of an 

■ellipse or hyperboh for e\ample as an ellipse one of «hose foci 

lies infinitely distant, wc obtain the following theorem 

The points of intersection Df all tangents to i parabih with 
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"the perpendiculars let fall upon them from the focus F lie upon 
"the tangent at the vertex of the parabola." 

In order to prove this draw through N, the point of intersection 
of an arbitrary tangent with the tangent at the vertex (Fig. 75), 
a line NF-^^ parallel to the axis, and draw the straight line NFtiy 
the focus; then the angles FJVA and SNFy are equal (Art, 233), 
since iVFj passes through the second (infinitely distant) focus ; 
and since SNFy is a right angle, FNA must be also. 




This theorem gives us a very simple means of constructing the 
focus of a parabola. A simple construction for the foci of an 
ellipse or hyperbola is the following: 

Draw the tangents at the extremities of the major asis; these 
intersect any third tangent in two points F and Q, which are 
projected from any point of the. major axis by two conjugate 
rays (Art. 146). In order, then, to obtain the foci, at either of 
which these two conjugate rays are perpendicular to each other, 
we describe a circle upon FQ as diameter ; the points of inter- 
section of this circle with the major axis are the required foci 
(Apollonius). 



239. If two tangents 



TA and TIS of a curve of the second 



order are cut by a third tangent in the points A^ and j9„ respect- 
ively, A, B, and C being the three points of contact, and F an 
actual focus of the curve (Fig. 76), then for the angles subtended 
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at F by segments of the tangents the following equations i 

^B^FC= L^FB^ = \-BFC, 

lCFA^ = ^^FA = l^CFA ; 
consequently, i-BJ^C^ lCFA-^ = \{lBFC-\- lCFA\ 

or LByFA-^ = LBFT =^TFA. 
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become infinitely distant, in which case,- the straight Hnes FA^ 
and FB-^ form the same angle with each other as do the fixed 
tangents TA and TB. The quadrangle B^TA^F may therefore 
be inscribed in a circle, and hence, 

"The circle which is circumscribed to any tangent triangle of a 
"parabola passes through the focus." 

If, then, we circumscribe circles about the four triangles which 
are formed of the sides of a quadrilateral, these have one point 
in common, namely, the focus of the parabola inscribed to the- 
quadrilateral. 

If the curve of the second order is a hyperbola and the two 
fixed tangents TA and TB are its asymptotes, then A and B arc 
infinitely distant points, hence TB and FB are parallel and the 
angle B^FA^ {= BFT) is equal to one of the two angles which 
the asymptote TB makes with the major axis FT; the other is 
equal to the angle A-^F-^B-^ which A^B^ subtends at the second 
focus Fy Consequently, B^FA-y and A^F-^B^ are supplementary 
angles and B^FA^F^ may be inscribed in a circle. Hence : 

" The two foci of a hyperbola lie upon a circle with the points 
" in which an arbitrary tangent is cut by the two asymptotes. The 
"centre of this circle and the centre of the hyperbola lie upon a 
" second circle with these same two intersections." 



EXAMPLES. 
. To construct the focus of a parabola ; 

ia) The focus lies upon that perpendicular to any tangent which 

can be drawn from its point of intersection with the tangent 

at the vertex (Art. 238). 
{b) The focus bisects that segment of the axis which lies be- 
tween any two conjugate lines at right angles to each other 

(Art. 233). 
(t) Any tangent to a parabola forms the same angle willi a 

diameter as with the line joining its point of contact to the 

focus (Art. 233), 
(1^) Any circle which is circumscribed about a triangle whose 

sides are tangent to a parabola passes through the focus 

(Art. 239). 
;. To construct the directrix of a parabola : 
(a) The directrix is the polar of the focus. 
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(p) Pairs of tangents at right angles to each other intersect on 

the directrix (Art. 234). 
{c) The orthocentres of all circumscribed triangles lie upon the 

dii-ectrix (Example 12, p, 162). 

3. The directrices of all parabolas which can be inscribed in a triangle 
pass through the orthocentre of that triangle, and their foci lie upon 
the circumscribed circle. If perpendiculars be dropped from any point 
of this circle to the sides of the triangle, their points of intersection with 
the sides lie in a straight line, viz. the tangent at the vertex of one 
of the inscribed parabolas. 

4. To construct the two foci of an ellipse or hyperbola : 

{a) As double points of an involution lying upon the major axis 
(Art. 229), 

{&) By means of the tangents at the extremities of the major 
a;;is. These determine upon any third tangent a segment 
which subtends a right angle at either focus (Art. 238). 

(c) By means of the circle which touches the curve at the ex- 
tremities of the major axis. If perpendiculars be drawn to 
any tangent at the points in which it intersects this circle, 
they will pass through the two foci (Art. 237). 

{d) By constructing a right-angled triangle whose hypotenuse 
lies in the minor axis and whose sides are conjugate. The 
circle circumscribing such a triangle intersects the major 
axis in the two foci (Art 231) 

{e) With the aid of the theorem that the sum (or diffeiencel of 
the focal distances of a point of the cun,e is emstint 
(Art. 236) 

5. Construct a cune of the scLond oidei hiimi, ^uen one fo us, 
the corresponding directrix and one point or one I indent 

6. Construct a curve of the second order having given one focus 
and (i) three tangents or (2) t«o tangents ind the point of contact n 
one of them (Art zig In either case the second focus cin be 
immediately determined 

7. If in a plane the foci of any cune of the second oider ins ribed 
to the triangle ALC are conelated to each other an involution of the 
second order is estibhshed among the points of the pUne of which 
A, B, and C are the three singular points , that is, if the one focus 
describes a straight line u the other will de'icnbe a conic passing through 
A, B, and C, and proiective to 1/ (\it 23^1 The sti tight hues 
bisecting the angles of the triingle are coordimttd to themselves 
Every straight line 3( the plane is in a\is of one of the insi,ribed 
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8, Construct a curve of the second order having given the two foci 
9 T 



B 
second order, the otiiei foms i^i hes upon one of the two comes passing 
through r, of \Uiich A and j5 are the foLi For, since AF± BF\'i s^vtxt, 
AF^ ± BF^ must be of tonstant magnitude 

The diiectrix coiresponding to t intersect<i the straight hne AB in 
one or other of the two poinfi through which pas»i the lines bisecting 
the angles formed b\ FA and FB 

13. The product of the distances uf a focus from two parallel tan- 
gents to in ellpse or Upcrbola is constant {Kn '37) so ilso is 
the product cf the d stances of the two foci Irom one tangent 

14. Construct an ellipse with a\es of giien length {a) ifter the 
method p opobcd n E\ 15 p 125 {*) b> making use of the tangents 
at the four vert ces (t) with the aid of the foe which rai\ be deter 
mined when the lengths of the i\es are „iven 

15. Construct \ parabola haimg given the focus and the duectiix 
or the focus the axis and one point or one tangent 

16 The centres of all c rcles which touch two given ciicles 1 e upm 
two confjcal ci ves of the econd ordei ('compare Art '*j6 Iht 
centre'5 tf tie tno ^ ven c rcles are the foci of these two curves 

17 All point= of a plane which have equal distances from a straight 
line and 1 c rcle lie upon either one or the othet of two parabola 
(compare 1.x 16) 

18 If one side of in angle of gnen magnitude constantly touches a 
cune of the second order while the othei rotates about one of ts foci 
the vertex of the angle describes a circle which touches tie cune it 
two pomts fArt •>y}) if however the given curve is a parab la the 
vertex describes a straight line tangent to the curve. 
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PROBLEMS OF THE SECOND ORDER. IMAGINARY ELEMENTS. 

240. Our investigations have often brought us to problems which 
admit in general of two solutions, and which cannot be solved by 
the exclusive application of linear constructions, but require the 
use of a form of the second order. To this class belong among 
others the problems " to determine the self-corresponding points 
in two projective ranges which are superposed," and " to determine 
the double elements of a form in involution." 

All such problems may be reduced to the following : 

Two ranges of points 1^ and ^^ of the second order lie upon 
the same curve and are projectively related ; it is required to 
determine their self corresponding 
points. 

Let A, £, C (Fig. 77), be any 
three points of k^, and A^, B-^, 6\, 
the corresponding points of k'^y. 
If we project the range /^-^ from 
A and the range k^ from A^ 
we obtain two projective sheaves 
A{A^B^Cj) and Ay(ABC) which 
have the ray AA-^ self-correspond- 
ing. The points of intersection of 
pairs of homologous rays of these 
sheaves lie consequently upon a pjg. 77. 

straight line u, namely, upon that 

line which joins the intersection of AB-^ and A^B with the inter- 
section of AC-^ and A-^C. The points which u has in common 
with the curve of the second order are the required points, for in the 
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ranges ]^ and *\ these points are self-corresponding. According, 
then, as u cuts, touches, or does not meet the curve do we obtain 
two, one, or no such self-corresponding points. 

In accordance with Pascal's theorem the intersection of the 
straight lines BC^ and ^jC also lies upon the straight line «; 
for upon this line the three pairs of opposite sides of the 
hexagon AB^CA^BC^, which is inscribed in the conic, intersect. 
We obtain this same straight line, then, by projecting the ranges 
k^^ and k^ from the points B and B^, or from C and Cj, respectively. 

If in general F and Q are any two points of k^ and P^ and Q-y 
the corresponding points of k^-^, then the points of intersection 
of PQi and F^^Q lie upon the straight line «. If then three points 
of -5^ together with the corresponding points of k^^ are given, the 
straight line u can be constructed without difficulty. 

241. If the ranges k^ and k^^ are in involution, u is the axis of 
involution, and the curve is cut by u in the two double points, 
if such there are. In this case we need to know only two pairs 
of coordinated points A, A-,, and B, B„ in order to construct u ; 
for, to the points A, B, Aj, of k^ correspond the points A,^, By, A, 
respectively, of k'^^, and « passes through the two points in which 
the straight hnes AB^ and AB are cut by the straight lines A^ff 
and A-^By, respectively (Figs. 60 and 6r). 

The pole of u, in which AA-^^ and BB-^ intersect, is the centre 
of involution, and if from this point two tangents can be drawn 
to the curve, these touch the curve in the double points of the 
involution. 

242. The different cases of the following general problem may 
easily be reduced to the preceding : 

" To determine the self-corresponding elements of two projective 
"elementary forms which are superposed." 

If, for example, the elementary forms are two cones or two 
reguli of the second order, they may be cut by an arbitrary 
plane in two projective ranges of points which He upon the same 
curve of the second order; if they are two sheaves of rays of the 
second order, then the curves of the second order which are 
enveloped by them are also superposed and are projective, so 
that we need only determine the points which the curves have 
self-corresponding in order to obtain immediately the two self- 
corresponding rays, the tangents at these points. 

If two projective sheaves of rays of the first order are concentric 
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and lie in one plane, and are intersected by a curve of the second 
order passing through their common centre, in two projective 
ranges of points ^ and l?^, the two rays which are self-corresponding 
in the sheaves pass through the two points which A* and ^^i have 
self-corresponding. 

If the two elementary forms to be considered are ranges of 
points v and v-^ (F'g- 78) which lie upon the same straight Hne, 
the case can be reduced to the preceding one by projecting the 
ranges from any point S. Pass, then, through S a conic (for 
example, a circle), in the plane Sv, and project any three points 




A, B, C, of V and their corresponding points A^, B-^, Cj, of Vj 
from the point S upon this curve. By this means we obtain the 
curve points A', B\ C, and A\, B\, C y, and can determine 
immediately the straight line u upon which the points of inter- 
section of Aff^ and A^S, of ^C, and ByC, and of CA\ and 
C\A' lie. If, then, the conic is cut by u in ttt-o points M' and N', 
and we project these from the point S upon the straight line v, 
we obtain the two points M and N ai v which coincide with their 
corresponding points M-^ and TVj of v-^. 

If the conic has only one point or no point common with u, 
there is only one or no self-corresponding point of the range* 
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For the sheaf and the cone of the second order the general 
problem might be solved directly, without the use of the curve of the 
second order; the general problem stated above can therefore be 
solved for the case of any of the one-dimensional primitive forms 
with the help of any one of the elementary forms of the second 
order. The most convenient solution, however, is the one just 
given, since curves of the second order (circles in particular) may 
easily be constructed. 

243. As is well known, many of the advances in mathematics 
are intimately connected with the effort to remove exceptional 
cases from general theorems and principles, and with the attempt 
to reconcile different theorems to the same point of view, by 
immediate extension or by the introduction of new concepts. 

Thus arithmetic was essentially enriched by the introduction 
of negative, of irrational, and, finally, of imaginary numbers ; 
without the latter the important theorem, "an equation of the «th 
order has n roots," with its numerous applications (for example, 
in analytical geometry) would be wholly false. In the same way 
the introduction of infinitely distant elements into modern geometry 
has proved fruitful in the highest degree. 

Problems of the second order have given the first occasion for 
the introduction into synthetic geometry of ' imaginary ' points, 
lines, and planes; and, to have founded the purely geometric theory 
of imaginary elements and to have brought it to a high degree of 
completeness is undoubtedly one of the greatest services which 
Von Staudt has rendered. From the nature of the subject this 
theory must, in synthetic as well as in analytical geometry, give 
up all claim upon the powers of intuition ; consequently, I shall 
confine myself at this point to the presentation of only the first 
principles of the theory of geometric imaginaries. 

244. We shall define imaginary elements by the following 
proposition which, at the same time, summarizes the results of 
earlier investigations ; 

Two projective elementary forms which are superposed but are not 
identical have two 'real' or two 'conjugate imaginary' self-corre- 
sponding elements. If the self-corresponding elements are real they 
may coincide. 

We say that the self-corresponding elements are ' imaginary ' 
whenever they do not really appear. In all my previous lectures 
only ' real ' elements have been considered. An involution always 
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has from this point of view two {real or imaginary) double elements. 
Moreover, we can say that — 

A curve of the second order has Two tangents 1:0 a curve of the 

two points in common with every second order pass through erery 
real straight line of its plane ; real point of its plane ; 

and only when the different cases comprised under these theorems 
are to be distinguished from each other do we add— 

These two points are imaginary, These two tangents are imagin- 

or real, or they coincide, according ary, or real, or they coincide, ac- 

as the straight line lies wholly out- cording as the point lies within, or 

side, or cuts, or touches the curve. without, or upon the curve. 

If the curve and the straight line are completely given we shall 
always regard their common points as being determined. But if, 
for example, only five points A, B, C, D, E, of the curve are 
given, we imagine it to be generated by two projective sheaves of 
rays A{CDE) and B{CDE)\ these are intersected by the straight 
line in two projective ranges of points which have the required 
points of intersection with the curve as self-corresponding points. 
The two points can be determined by the method given above 
{Art. 242) if any one curve of the second order is completely 
known. We can also ascertain by this means to which variety a 
conic determined by five points belongs ; for, a curve of the second 
■order is a hyperbola, ellipse, or parabola according as the two points 
which it has in common with the infinitely distant straight line 
are real and different, imaginary, or coincident. 

The following problem of the second order may be solved bj' 
the same method : 

Of a curve of the second order there are given — 

Four points and the tangent at Four tangents and the point of 

one of them, or three points and contact on one of them, or three 

the tangents at two of them ; it tangents and the points of contact 

is required to determine the two on two of them ; it is required to 

points which the curve has in com- determine the two tangents «hich 

mon with any given real straight pass through any given real point 

line of its plane. of its plane. 

If it is required to determine the common points of a straight 
line and a curve of the second order of which five tangents are 
given, we find first the points of contact in these tangents and 
so reduce this problem to the one just solved. 
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245. Von Staudt distinguished between Che two conjugate 
imaginary double elements of an elliptic involution AA-^, BB^, 
... by connecting with the form a determining sense ABAy or 
A^BA. 

Without going into the matter more minutely we can enunciate 
the following theorems and definitions upon the basis of what has 
already been said ; 

An imaginary point always lies An imaginary plane always passes 

upon a real straight line ; this line through a real straight line ; through 

also contains the conjugate imagin- this straight line passes also the 

ary point. conjugate imaginary plane. 

An imagmar) 'Straight hne 'of the hrst kind alwajs passes 
through a real point and hes m 1 reil plant with its conjugate 
imaginarj hne, namelj, the point and the pl-ine are the bwes of 
the projective sheaves of the first order which hive the two con- 
jugate imaginary straight lines self correspondmg 

Two projective reguh of the second order which are superposed 
have two real straight lines which may however coincide, or 
two conjugate imaginary straight lines 'of the second kind, self- 
corresponding These imtginarj lines of the second kind are 
distinguished Irom tht imaginar) lines of the first kind in that they 
can be cut by no re^l pline in real points ind can be projected 
from no real point b\ real planes A real plant, ntmul) cuti^ 
the two projective ref,uli in t«o projective ranges of points of the 
first or second order which he up in the sinic base -ind hive real 
self-corresponding points onl} if the leguli have real self corre- 
sponding hnes (passing through them) Thus thtrL cMsts only 
one kind of imagmarj points or planes, but, on the other hand, 
two kinds ot imagiiur> straight hnes 

246. Whenever we m-ike mention simph ol points, straight 
lines, and planes, we shall refer as heiLtotorc. to reil elemtnts, 
unless the contrar\ is c\pressly stated or is evident from the con- 
text. This applies in particular to the following problem of the 
second order 

"In a plane there are i,iven two simple polygons it is reijuired 
"to construct a third pol)oon which is inscntcl tc one oi these 
"and circumscribed about the othci 

Or to speak more definitch 

"To construct in '/point vthosc vcrtics 1 l in ir If-r upin ;; 
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given straight 1 nes u and w 1 o e s des pa s o der 

through n given point S, S'j, S ^ ot [h 

Project the ra ge of po nts j from the po nt S upon tl e st i ^1 1 
hne u e\t project the ra ge „ e the project on of fron 
is upo tl e straight 1 nc then the r ngc fron the po t S 

upon the straight 1 ne , and o on till finally ^e project the 
range from the po nt S upo the stra ght hne u B> th means 
we obta n + i project ve range of po nts of vl ch each s a pro- 
ject on of the p eced g and of wh ch the first ind last 1 c upon 
one a d the sin e st a ght 1 e Each po nt h ch the fir t 

a d last range*; have sell-correspo d g ran be chosen a the first 
ve te of he req ed po t a d a lu o of the p n 

mm d ately prescn s t elt 

I ^en a he e d e th at n o tw po nt h sat f; 

the cond t on of the prot 1 n 

If part cular cases the tw p oject e ranges 1 g i ha e 
more th n t vo uid onsequentl) ill the r po nt elt-co respond nt, 
then there s a nfi te nu nber of solut on of the problen 

1 he cond t on that the stra ght lines u u^ u si all 1 e 

in o e a d the san e plane v. th the iw nts S S„ Sg S 
n oreover not nece sary it suftic ent f i 1 es a plane v th 
u ■ind "i a plane w th and and o on 1 11 hnallj 
S 1 e m % plane th and The t o re, ult n^ po nt 

would then be gau he 

247 In this CO ect on belong ! o the problem To fin 1 a 

stra ght I e h ch ntersects four gven stra ght Is/ / 

whe o t o of them le n o e pla e 

Rela e the si ea\es of planes a a d i^ perspect vel to the ran^e of 
po nt nd 1 t / te sect them n two proje t ve ra ^e of po t 
Through each of the points which these ranges have self-corresponding 
a straight line passes which is cut also by a, b, and c, since it lies 
in two homologous planes of the sheaves a and b. If the straight 
lines a, b, c, d, belong to one and the same regulus, then the 
problem has an infinite number of solutions ; in general, however, 
there are but two. This problem might be stated thus: 

" A ruled surface of the second order is given by three straight 
"lines a, b, c, of one of its reguli ; it is required to find the points 
"which it has in common with any fourth line d." 

248. One of the most important problems of the second order 
is the following : 
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" Two involutions lie upon the same base ; it is required to 
determine two elements which are coordinated to each other in 
both involutions." 

involutions lie on the same curve of the 
1 the one involution, to some two points a 
and /3 of the curve the points "^ 
and (8j respectively are coordin- 
ated, while in the other involu- 
tion, to the points A and B are 
coordinated the points A^ and 
-ff,, respectively; then we seek 
the two centres of involution 
U and V, so that all pairs of 
conjugate points of the one 
involution lie in a straight line 
with U, and all pairs of such 
points of the other lie in a 
straight line with V. If, then, 
the straight line UV intersects the curve in two points X and X^, 
these points will be coordinated to each other in both involutions. 
If UV touches the curve, the point of contact is a double point 
of each involution. Finally, if UV lies wholly outside the curve, 
there is no real point which is coordinated either with itself or 
with a single other point in both involutions. 

This latter case can happen, however, only when each of the 
two involutions has two real double points, i.e. both are hyperbolic, 
since only then do both points f and Flie outside the curve; and 
further, when the polars of U and V intersect within the curve, 
namely, in the pole of UV, i.e. when the double points of the 
one involution are separated by those of the other. 

If the problem should relate to two concentric sheaves of rays in 
involution we may intersect them with a curve of the second 
order which passes through the common centre, and in a similar 
way can reduce any chosen case of the general problem to that 
just now treated. 

The result last obtained holds good, therefore, not only for 
two point involutions which lie upon the same curve of the second 
order, but it can be stated for a general case thus : 

" If two involutions are superposed there will always be two 
" elements which are coordinated to each other in the one involution 
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" as well as in the other ; these elements are (conjugate) imaginary 
"only in case both involutions are hyperbolic and the double 
"elements of the one are separated by the double elements of the 
"other. If the two doubly conjugate elements coincide, the 
"involutions have one double element in common." 

Suppose, for example, the involutions are two sheaves of rays 
of the first order and one of them is rectangular (Art. 224), then 
this theorem follows as a special case: 

" In any sheaf of rays of the first order in involution there are 
" always two real conjugate rays which are at right angles ; these 
"are called the 'axes' of the involution sheaf." 

249. We have thus proved in an entirely different manner the 
theorem that an ellipse or hyperbola has two conjugate diameters 
at right angles, i.e. two axes (compare Art. 159); for, its diameters 
form an involution if pairs of conjugate diameters are coordinated 
to each other. 

This result naturally belongs to metric geometry, as does also 
the allied problem : 

" To construct the axes of a curve of the second order of which 
"two pairs of conjugate diameters are given." 



Through the centre S of the curve (Fig. 80) in which the given 
diameters intersect, pass an arbitrary circle ; let this cut the one 
pair of conjugate diameters in the points A and A-^, the other 
pair in the points B and By Then the points of the circle are 
paired in involution by means of the sheaf of diameters, and 
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the point U m which AA^ and BB-^ intersect is the centre of 
involution with which each pair of coordinated points of the circle 
lie in a straight line. If then we pass a straight line through U 
and the centre C of the circle, this will cut the circle in two 
coordinated points X and X-^ which are projected from S by the 
required axes SX and SXy 

If U lies outside the circle there exist two real double points 
of the involution M and N; these are projected from U by two 
tangents to the circle, but from S by the asymptotes of the hyperbola 
to which the given conjugate diameters belong (Art. i6i). How 
could the axes be constructed if instead of the circle an arbitrary 
curve of the second order passing through S were given ? 

250. In what follows we shall many times need to solve the 
problem ; 

" In a sheaf of rays in involution to determine two conjugate 
"rays which are harmonically separated by two given points in the 
■•plane." 

In order that this problem may not be impossible we assume that 
the given points M and N do not lie in a straight line with the 
centre of the sheaf, and that through neither of them passes a double 
ray of the sheaf. If then we project the involution range of points, 
of which M and N are the double points, from i' by a second 
involution sheaf, we shall have only to find those two rays which 
are coordinated to each other in both sheaves, and these will be 
the rays required. 

This problem may be carried over to other elementary forms 
and stated in different ways. Instead of the sheaf S, for example, 
might be given an involution range upon the straight line MN\ 
if in this case one of the given points, say N, lies infinitely 
distant the problem becomes : 

" In a point involution of the first order it is required to determine 
" two conjugate points which have equal distances from a given 
" point M of the straight line." 

251. A triangle ABC and an A triangle and a point involution 
involution sheaf of rays of the first of the first order, of which no 
order F, of which no double ray double point lies upon a side of 
passes through a vertex of the the triangle, are given in a plane, 
triangle, are given in a plane. It is It is required so to inscribe a curve 
required so to circumscribe a curve of the second order to the triangle 
of the second order about the tri- that all pairs of corresponding 
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anglethat all pairs of corresponding^ points of the involution are Lon- 
rays of the involution are con- jugate with respect to the curve. 
jugate with respect to the curve. 

In order that the problem may be possible it is necessary that 
the centre of the involution F should coincide with no vertex of 
the triangle ABC (Art. 142) ; we assume therefore that at least 
two of the sides of the trianglCj say AB and AC, do not pass 
through 7^ (Fig. 81). Upon each of these sides AB and AC there 




must lie one point whose polar with respect to the required curve, 
in case the latter exists, passes through F\ and since a point is 
harmonically separated from its polar by the curve, while, on the 
other hand, all pairs of corresponding rays of F are by assumption 
conjugate with respect to the required curve, these points may be 
determined as follows : 

Determine in the involution F two corresponding rays p and p^, 
which are harmonically separated by the points A and B, and 
two others q and q-^ harmonically separated by A and C (Art. 250). 
If these rays are imaginary, then no real curve of the second order 
■exists which fulfils the given conditions, but this case can only 
happen if the involution F has two real double rays which are 
separated by A and .5 or by /i and C (Art. 248). Let the straight 
tine AB be cut by the rays p and p^ in the points P and P-y, 
respectively, and let AC be cut by q and q^ in the points Q 
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and Q■^, respectively. Then we must make one or other of the 
following suppositions : 

(i) P and Q are the poles of p-y and ?„ respectively; 

(2) P and 13, are the poles of p^ and g, respectively; 

(3) P^ and Q are the poles of / and ?,, respectively; 

(4) P, and Qy are the poles of / and q, respectively. 

Fich of these tour suppositions jields a solution of the i,nen 
problem If tor eKimple the tirst supposition is made we should 
seek upon the strai^jht line PC the point C which is harmonicalh 
separated Irom C \>y P and its polar /, and simihrl) upon QB 
the point B tthich 1 harmonicall) septratt-d from 5 b> Q '^'^^ 
its polar q^ Ihat rune of the second order which pisses through 
the fi^e po nti 4BC£'C and of whith mj numher of pomts 
can he determined bj previously i,nen methods fulfils then all 
the gi\en conditions For it is circumscnbed to the trnn^lc 
ABC and since two pairs of points of the turve 4 B and C C 
are hirmomcally separated l)> P and /j then is P the pole of p-^ 
and the ray FP or / is conjugate to /, and likewise the raj q I'i 
conjugate to /j so that all piirs of corresponding ra>s if the 
involution F ^k conjugate with respect to the cu•^e 

252 If the in\olut] n F his two real doible rajs these ot 
neeessity bemg tangent to the rcjmred urve ^e cm state tie 
problem thus 

About a given triangle to cir- In a given triangle to inscribe a 

cumscribe a curve of the second curve of the second order which 

order which shall touch two given shall pass through two given points 

lines in the plane. in the plane. 

The above construction shows that each of these reciprocal 
problems has four and only four real solutions if, in the one case, 
the two given straight lines are separated by no two vertices of 
the triangle, and in the other case, if the two given points are 
separated by no two sides of the triangle ; otherwise, there is no 
real solution. 

253. If the double rays of the involution F are imaginary the 
problem has four solutions. This case happens, among other ways, 
if the involution is rectangular and consequently F a focus of the 
required curve (as was supposed in Fig. Si); incidentally, then, 
we have solved the problem : 
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"To detennine the four curves of the second order which circu 
"scribe a given triangle and have a given point as focus." 

254. In conclusion, a problem may here be inserted which 
clearly not of the second order, but which is closely related 
the one last discussed, namely, 

In a plane are given a triangle 
ABC and an involution point-range 



of the first order k, so situated 
that neither double point of u lies 
on a side of the triangle and 
u passes through no vertex of the 
triangle. It is required so to circum- 
scribe a conic about the triangle 
that all pairs of corresponding 
points of u are conjugate with 
respect to the curve. to the curve. 

Let the points K and M (Fig. 82), in which 
lines AB and BC respectively, be coordinated ii 



In a plane are given a triangle 
and an involution sheaf of rays of 
the first order 5, so situated that 
neither double ray of S passes 
through a vertex of the triangle 
and the centre 5 lies upon no side 
of the triangle. It is required so to- 
inscribe a conic in the triangle 
that all pairs of corresponding 
rays of S are conjugate with respect 



the involution 




u to the points A", and M-^, and let K^ be that point of AB 
which is harmonically separated from K by the points A and B 
of the curve, and M,^ that point of BC which is harmonically 
separated from M by B and C. With respect to the required 
conic, K^K^ is the polar of the point K, since both K^ and K^ 
are conjugate to K; similarly, M-^M^ is the polar of M. If then 
C' is the point which is harmonically separated from C by K 
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and K^K^, and A' the point which is harmonically separated 
from A hy M and M^M^, the required curve passes through, and 
is determined by, the five points A, £, C, A', C. Evidently the 
points JC and .^j (and similarly, M and Mi) are conjugate with 
respect to this curve as was required, since JC is the pole of 
^,^2, being harmonically separated from the straight line JT^Ji^^ 
both by the points A, B, and C, C. 

This problem might also be stated as follows (compare Art. 244) : 

Through five points of a plane To a plane pentagon, three of 

of which three are real and the whose sides are real and the other 

other two either are real or are two either are real or are conjugate 

■conjugate iraaginaries, and of which, imaginary lines, to inscribe a curve 

no three lie in one straight line, of the second order, 
to describe a curve of the second 

Each of the reciprocal parts of this problem has one solution. 



EXAMPLES. 

1. In a given curve of the second order inscribe a simple H-point 
whose sides in order pass through n given points of the plane, none 
of which lie upon the given curve. 

2. About a given curve of the second order circumscribe a simple 
M-point whose vertices in order lie upon n given straight lines of the 
plane, none of which touch the curve. 

3. In a plane there is given a simple pentagon ; it is required to 
draw a second pentagon which is both inscribed and circumscribed to 

4. Through a given point it is required to draw two straight lines 
which will intercept equal segments upon, two given lines. 

5. Choose a point in each of two given straight lines so that the 
line joining them subtends a right angle at either of two given points. 

6. Upon a given straight line determini 
a given angle at either of two given poin 

7. Through a given point draw a straigl 
triangle, or which forms with two given straight lines a triangle 

8. Circumscribe a triangle about a given triangle so that two 
its vertices shall lie upon two given straight lines and the angle 
the third vertex shall be of given magnitude. 



a segment which subtends 
t line which bisects a given 
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9. In two projective sheaves of rays find a pair of rays at right angles 
in the one, which correspond, each to each, to a pair at right angles in 
the other (Ex. 5, p. 67). 

10. In two projective ranges of points upon the same straight line 
find a pair of homologous points which are a given distance apart; or, 
in two concentric sheaves of rays projectively related find two 
homologous rays making a given angle with each other. 

11. In two projective ranges of points of the first order find a pair 
■of homologous segments of given lengths. 

12. A curve of the second order has in general one pair of conjugate 
diameters which are parallel to two conjugate diameters of another 
curve of the second order lying in the same plane. Two hyperbolas, 
the directions of whose asymptotes separate each other, make an 
exception to this statement {Art. 248). 

13. About a given quadrangle circumscribe a curve of the second 
order which shall touch a given straight line (Art, 221) ; or, to a given 
quadrilateral inscribe a curve of the second order which shall pass 
through a given point. 

14. In the plane of two curves of the second order there is at least 
one real point U which has the same polar u with respect to both curves 
(Ex. 5, p. 110). The two real or conjugate-imaginary points of u which 
are conjugate with respect to both curves (see Art. 248) form with U 
a common self-polar triangle of the two curves. Two curves of the 
second order lying in the same plane, therefore, have in general one 
common self-polar triangle ; this has at least one real vertex and one 
real side. 
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LECTURE XV. 

PRINCIPAL AXES AND PLANES OF SYMMETRY, FOCAL AXES 
AND CYCLIC PLANES, OF CONES OF THE SECOND ORDER. 
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257 If a pline e rotates about a ray s of the bundle, its pole 
ray e descnbcs a sheaf of nj s in the polar plane of s while its normal 
ray describes 1 sheaf in the plane normal to j The tno sheaves 
of nys thus described arc projertively related to the sheaf of 
phnes s ind consequent) also to each other and generate in 
general 1 sheaf of pKnes of the SLCond order Hence 

' If, of two coniugite normal planes of the bundle, the one t 

' rotates about an axis s the other t will describe in general a sheaf 

of the second order which c^ntims the polir plane i r with 

"respect to the yven cone and the plaie ot the bundle noimal 

The plane e rotates about an axis j onl) if the t«o projective 
sheaves of rays ha\e ptrspectue position that is have a self 
corresponding ra) a In th s case j lies in a plane of symmetrj 
1 of which a is the pole ray (the corresponding pnni.ipal axis) 
and since a is the c mjugate normal plane of the plane sa, s 
must also he in a That is 

In 1 plane of s>mmetrj a for a cone of the sec nd order each 
' ra) s of the bundle is coordinated to a ra> s so that iny two 

planes of the sheaves s and s noimil to uath other ire conjugate 
' with respect to the cone 

This theorem is the analogue of that by the help of which 
(Art ■>''6) we obtained the loti of a curve of the second order 
It brings us to the so called focal axes of the cone of the second 
order but we must first decide the questioi whether planes ol 
symmetry really exist for sich a cone and it so how man) 

258 We shall show in the first pkce that the cone has at least 
one plane of symmetrj 

Let ^ be the sheaf of planes which is formed hv the (Onjui,ate 
normals of all planes passing throujjh a raj s of the bundle If 
this IS of the first order the existence of a plane of s^onmetry is 
evident We shall suppose therefore that 1 is af the second o der 
lo this sheaf of planes belongs ever} plane of s\mmetr) for the 
given cone as conjuj,ate normal to the plaie passing thiough t 
jnd the corresponding principal ax s Now the planes vj which cut 
the cone enveloped by - in two ravs are separated from the re 
maining planes ^ ot the bundle by the tangent planes of the cone 
(compare Art 136) It then f la the straight line in which the 
conjugate normal of one ot the planes ij and a pUne 1^ intersect 
the coniugate normals of ill planes passing throuj,h / torm i sheaf 
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T of the first or second order which has at least two and at most 
four real planes in common with S. One of these common planes 
is the conjugate nornaal of st ; but every other is normal to two 
different planes conjugate to it, namely, to a plane in each of the 
sheaves s and t, and hence is normal to its pole-ray in which 
these two planes intersect. And since any plane normal to its 
pole-ray is a plane of symmetry for the cone, there exists at least 
one, but in general and at most three, planes of symmetry. 

259. For every cone of the second order there exists then at 
least one plane of symmetry a and a principal axis a corresponding 
to it ; but it can easily be shown that in the principal axis a two 
planes of symmetry always intersect at right angles. Namely, if 
we coordinate, two and two, those rays of the bundle lying in the 
plane of symmetry a. which are conjugate with respect to the cone, 
we obtain an involution whose axes b and c are principal axes of 
the cone; for, the ray b, for example, is conjugate and at the same 
time normal to c and to a ; its polar plane ca is consequently normal 
to b, and hence is a plane of symmetry of the cone. In particular, if 
the involution 0. is rectangular each of its rays is a principal axis 
and every plane through « is a plane of symmetry. We are easily 
convinced that in this special case the cone of the second order 
is a cone of revolution, that is, an ordinary circular cone which has 
a as its axis of rotation. 

We have thus shown that^ 

"A cone of the second order has in general three planes of 
" symmetry which intersect at right angSes in the three principal 
" axes a, b, c, and thus form a rectangular self-polar three-edge of 
" the cone. The cone of revolution alone has not only three 
" but an infinite number of planes of symmetry which with one 
"exception pass through the axis of rotation." 

260. We shall now return to the theorem which suggested the 
theory of foci of curves of the second order. In the first place 
let us define : 

The axis / of any sheaf of planes of the first order in which 
planes perpendicular to each other are conjugate with respect to 
a cone of the second order shall be called a. focal axis of the cone. 

If a plane rotates about a focal axis / its conjugate nonnal plane 
at the same time describes the sheaf_;^ and this axis must conse- 
quently (Art. 257) lie in a plane of symmetry for the cone. As 
is easily seen, a principal axis is at the same time a focal axis only 
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if the cone is a cone of revolution and the principal ixis its axis of 
rotation Cones of resolution, rthich we shall hereafter exclude 
trom our discussions, have moreoter onl) one focil a\is, namel) 
the axis of rotatjon 

The plane of two real focal axes/and/ is a plane of a)mmetr> 
for the cone, since it is. conjugate to the two phnes through/and/ 
which are normal to (t No real plane tangent to the cone Lan 
be passed through a local axis (compare Art 227) 

261 A plane of sjmmetrj a for a com- of the second order is 
cut by an> tno conjugate normU plane^i in two ra\s j and i such 
that every plane passing through s is normil and conjugate to 
one passing through j (Art ^'^^) The two sheaves of conjui,ite 
normal planes s and s are projectnclj related and are cut by a 
second plane of sjmmetry j8 in two projective shea\cs of njs 
These are in involution since an) two homolo|,ous ra>s stand to 
each other in the same relation as do j aid j and the double ra\s 
of this involution are focal axes of the cane If the double rajs 
are imaginar>, there are two rajs from which tht involution ^ is 
projected hj shelves in which corresponding planes are at right 
angles (compare Art 229) and which are real focil axes of the 
cone The cone cannot have more than two real focal axes since 
the plane of tvio real foeol axes is alwa)s a plane of symmetrj 
and a phne of sjmmctr) cannot contain more than two focal 
axes and also since a focal axis is also a principal ixis onlv for 
the cone of revolution 

262 Anj two conjUp,ate normal planes are htrmomcall) separated 
hy the two real foeil axes / and / of a eone of the second order 
for two such planPa interseet the phne of sjmmetrv ff in two con 
jugate rays of the involution, of which / and / are the double 
rays In particular the other two planes of symmetrj are haimonic 
all) separated hv / and / consequently the angles formed bj 
/and/ arc biseited by two pnnnpal axes 

W e can now distinguish the three pnncipal axes as follow s 
the first is perpendicular to the plane ff' and lies outside the 
cone ; the second lies inside, the third outside the cone, and both 
in the plane ff'. The first of the three planes of symmetry contains 
the two real focal axes, the second lies wholly outside the cone, 
while the third, like the first, cuts the cone in two real rays through 
the vertex; the second and third planes of symmetry each contain 
two conjugate imaginary focal axes. 
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263. The planes bisecting the angles which are formed by two 
tangent planes to the cone are conjugate normal planes, and as 
such are harmonically separated by the two focal axes / and /' ; 
they therefore bisect the angles made by the two planes which are 
determined by the line of intersection t of the tangent planes and 
the focal axes / and /'. 
Similarly we may prove the theorem (comp \rt 225)- 
' Every tangent plane of -1 cone of the second order forms 
equal ingles with the two pUnes dettrmmed 1 y its ra) of contact 
and the foc-il a\es of the coie T \o confocil cones of tl e second 
order make right in„les with each ochc ilont, thtir c jmmon 
riys 

264 It g js the inverse ra) of / with re pcct ti oie f two 
ta%ent plai es which intersect m a ray t and the ii%ur e of y 
with respect to the other the plai cs fg and if form the same 
anfjle with each oth(,r as do the pki es // and tg and since the 
angle tg equals the inglc tf ind the -ingle tf equals the angle ;^ 
the three edges gtf and fig are congrutnt and may be 1 rought 
into comudencc by a rotat on about their common edge t the 
face angles fj and fg are therefore equal o ih one f these anL,les 
however alters its pos tion as one of the two tangent pi nes gl des 
around the cone hence thc> are of consta t magitude 

From this it follows that — 
The inverse rays of a focal a\is / w th respect to the tan„eit 
' planes of a cone of the second order I e upon a Lone of revolutioi 
which his the other focal axis loi at s of rotation 
In accordaire with the theorem if \rt '63 each of these 
inverse rays must lie in 1 plane with the other focal ims and the 
ray ji contact of tl e correspo id ng tangent plane and since the 
ray ef cjntact torms the same angle with the first fo( 1 a\ as 
with ts m\er e ray we hiie — 

The sum or the difference of the two angles which an irbitrirj 
ray of the cone makes with the two focal axes /"and/ is consta it 
A constant sum or a c nstant difference is obtained according 
as we use the one or the other of the supplementary angles ihich 
a ray makes with one of the focal afes Hence it follows that 
the cone encloses a greater angle of its first plaic of symmetry 
than of the third 

265 The cone is cut by a plane perpendicular to the local axis / 
in a curve of the second order of which one focus hes upon / for 
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any two rays through this point, which are conjugate with respect 
to the curve, intersect at right angles, since they lie in two conjugate 
normal planes through / We can therefore transfer to the cone 
without further demonstration two previously demonstrated theorems 
^Arts. 236 and 239) in the fotlowii^ forms: 

"If planes be passed through a focal axis and each of the rays 
■" of contact and the line of intersection of two tangent planes, the 
" plane through the line of intersection makes equal angles with 
■"those through the rays of contact." 

" The projective sheaves of rays in which two tangent planes 
"of a cone of the second order are cut by the remaining tangent 
" planes are projected from either focal axis of the surface by two 
"equal and directly projective sheaves of planes." 

Let k^ be the curve in which the cone is cut by a plane normal 
to ^ / a tangent, and F the focus lying upon f. A plane passed 
through / at right angles to / cuts / in a point of the circle which 
touches k^ at the extremities of its major axis (Art. 237) ; at the 
«ame time it cuts the tangent plane of the cone passing through / 
in the orthogonal projection of / Hence : 

" If the focal axes / /', of a cone of the second order k- be 
■"projected orthogonally upon the tangent planes, all these projec- 
" tions lie upon a cone of the second order which touches ^^ along 
■"the two vertex rays of the plane ff', and is cut by a plane 
" normal to either / or /' in a circle." 

266. We shall turn now to the ' cyclic planes ' of a cone of 
the second order, which in a certain sense are reciprocal to the 
focal axes and may be defined as follows ; 

The plane of any sheaf of rays of the first order, in which rays 
perpendicular to each other are conjugate with respect to a cone 
of the second order, is called a cyclic plane of the cone.* 

The name ' cyclic ' is applied to such a plane, since every section 
of the cone parallel to it is a circle ; namely, the section is a curve 
of the second order whose centre lies upon the pole-ray of the 
plane, and all pairs of conjugate diameters of the curve are at right 
angles, since they are parallel to two conjugate rays in the plane. 
A plane of symmetry is therefore a cyclic plane only for a cone 
of revolution in which the axis of rotation is the principal axis 

"The plane passes through the vertex of the cone and conjugate rays lie in 
conjugate planes H. 
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normal to the plane of symmetr) The cone of re%oluti n ^^h h 
we shall aga n exclude ha only this one cyclic phni. 

267 A L)clic phnc tan ha\L no rtal ray-j in common «ith the 
cone Mnce no real raj of the pkne is self conjugate Two cycln, 
phnes intersect in a principal atia n-imelj n a sl^^l^ht line to 
which in each of the planes a ray ib conjugate ind normal 

If we denote in general two rajs of the bundle to which the 
cone belongs afi conjugate normal rays when the) are normal to 
each other and conjugate with respect to the corn, then it is eas\ 
to see thil to aij ray / ot the bundle {the thrte principal axt'- 
excepted) onlj one ronju^ate normil rij / caits in / nimel 
the polar plait and the normil pknt ot / ntersect 

If now the xvj I describes, in tht, bundle an ^rbitrarj sheaf ot 
rajs £ its polar and its normal plaies describe two sheaies tf 
planes projective to e and henee 

If a ray / of the bundle in wh ch a cone of the second order 
lies, moves in a [ lane £ its conjugate normal taj / describe 
' in general a cone ct the second order of whi h the pule rij and 
the normal r-n of « are elements as arc also the three principal 
axes of the gi^cn cone The conjugate normal describes a sheat 
ot the hrst order « onlj when e passes through one of the three 
prinapal a\es and in this case e also contains this prm ipal 

In thib special case the two shelves of planes projectile to e 
are perspectiie to each other The relation between the conju 
gate normal rajs of the bundle is an involution of the second 
order which can be used lust as was that between the conjugate 
normal plaies to determu e the principal axes of the cone 
This involution determines all cjclic planes ot the cone le all 
those phnes e whirh coincide with their corresponding plines t 

268 The planes through a principal a\is a are correlated two 
and two so that two conjugate normal rays / / always he in 
two corresponding planes c e of « the, two shea\es « e of con 
jugate normal rays obtained as above are clearly projcctivelj 
related to each other These sheaves of rays are projected from 
a second principal axis ^ b> tw o projective sheaves of planes 
which are in nvolution for any two homolo{,ous planes stand m 
the same relatjoi to each other as do the phnes f and e Ihe 
two double planes of this involution b are cjclie phnes for the 
given cone as is easily seer without further explanatioi 
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Thus through e'ich of the three print pal axes there are t«o 
cychc planes the^e arc howc\er tonjug'ttc imagnares for t\\o of 
the principal a\es and it is onlj in the third principal axib that 
two real cychc planes k and k intersect (compire Art 26") For 
if there were more than two say three real cyclic planes thej would 
inti-rsect two and two in the three principal a\es and so coincide 
with the planes of sjmmLtrj wh th has already bei.n '.hown impos 
sible I hus — 

There \re two sheaves of pirillel pUnes which cut a Lone ft 

the second order in arcles each of these shea\es contains ont 

of the two real cyclic phnes ol the cone 

269 Two principal a\es and in general ill pairs of conjugate 
normal rays are harmonicillj separated hy the c\l1ic planes k and 
k for thej he in pairs of conjuj,-ite planes of the in\oluti(n of 
which k and k are the double elements Of the three plaies of 
sjmmetn for the cone \\q thtrclorc bisect the d 1 cdral angles 
formed b> the two cyclic plane ^ ai d ;^ the third is lornal 
to these planes 

270 Since the lines which bisect the angles formed b) an\ two 
rays of the cone are conjugate normal rays, and hence arc har 
monicall} separated by k and k ne ha\e this theorem 

If the plane ol any two rays ot a cone intersects two cyclic 
planes the angle which the one line of intersection makes with 
one ray equals the an^lc which the other 1 ne of iiterscction 
mokes with the other raj 
b milarly it is easily shown that^ 

The plane angle which the <,\l1il phnes deCcrmme i[ti a 

tangent plane of the cone is bisected b\ the ra\ of contact Iw 

concyclic cones therefore touch each of their common ta j,ciit 

planes along rays at np,ht angles to each other 

Two conjugate normal rays are harmonically separated b) the 

tangent planes along any two rays of the cone which lie in a plane 

with one ot them From this fact we can without difficulty deduce 

the following 

If a cychc plane intersects two tangent planes and the phne 
of their rays of contact the line of intersection Mth the lattei 
forms equal angles with the hnes of intersection with the two 

If now we introduce a third ^ariihle tanj,ent [Une (analogous 
to \rt 2j9) we can further n 1 ide that — 
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The planes b\ «hLh a. viiwble ra\ ol acoie of the secoid 

order is projected from tw j hxed ra>s of the cone detcrm ne 
' angles of l nstant magn tude upon each uf the two real cjrlc 
' planes Two projectue sheaves of planes which generate the cone 

arc consequently cut by each cychc plane in two equil projecti\e 

sheaves of rajt. 

371 Most of these theurema upon cjclic phnes ind many other-, 
may be deduced directly fro n anal agous theorems upu 1 focal axes 
if we bring tD our id bundles of r'^^s icUtcd orthogoially to each 
other Iwo bundles S and S^ are said to he related orlhogonalh 
to each other if eierj plane of one la correlated to t& normil riy 
of the other and thus to each sheaf of planes t one a sheaf ol 
rays projectnc to H in the other the plane of the latter sheaf 
being normal to the axis of the former Four harmonic planes of 
one lundle correspond therefore alwiys to four harmonic ri)b of 
the other whcl are respect \cl\ lOimal to these planes Two 
elements of the bundle S form the same angle w th e h other as 
do the r corresponding elements of the bu idle S 

lo the rays of 1 cone of the second rder m the bun lie i 
torrespond then the tangent planes to a cone of the second order 
in Sj if we look upon the former as being generated bj two 
projective shea\ es of planes the latter will appear as bemg generated 
by the corresponding two projective sheaves of ravs Moreover 
to any two rays which are harmonically separated bv elements 
of the one cone correspond tnc pUnes which arc harmoni ally 
separated b\ two tangent plaies ot the other cone from which 
It follows that in j^eneral Lcnjugate elements correspond to con 
jugate elements 

Two rays ar plaics normal to each other which arc conjugate 
with respect li one cone correspond therefore to two planes cr 
rays normal to each other which are conjugate with respc t to the 
other cone Each cyclic plane of the one eone consequently corre 
sponds to a focal a\is of the other and likewise each plaie of 
symmetry to a principal axis \\ c < an therefore transfer the 
properties of focal *\es without further comment to cyclic planes 
and thus obtain for example the theorem (compare Art 264) 

I he sum or difference of the anj,les which an arbitrarj tangent 

plane of the cone makes with the two cychc planes is constant 

272 If there are given two cones of the second order correlated 

orthogonally to each other, to every plane through the vertex, but 
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conti nmg no raj f the one one there corresponds a rij normal 
to It nh h passes through the vertex and he withn the other 
cone If of all plai e angles which lie rtith n de secDid Lone 
that IS greatebt in which the real fotal a\ct, / / he tl en of all 
dihednl angles whii-h he without the first cone that is greatest 
within which its c}th plinu;. lie bincc now in fact a <.on<_ of 
the second order doe dehne a greiter a iglt, uf on it tirat 
plant, of b\ nmetr\ // thin upon its d ird (Art '64) we learn 
that — 

The cyclic planes k and ^ of a cone of the second order 

intersect in the third pnni.ii>al axis this lies in a plane with 

the second pnnLipiI axis and the two fotal ■^xes but outside 

the Lone 

The first two planes ot &}mmctr\ cl the one therefciL. 1 sect 
the dihedrii inglcs formed b> k ind k while the third phne f 
sjmmetrj is normal to k ind k 

273 A cone of the swond order and a s[.here concentric with 
it have m common a sphero-conic se ti n Ihe sphere cuts 
each pl'Uie of symmetrj of the cone in in ixi& of the sphere 
conic each cychc pline in a ryclic line each t-ingent phne n 
a tangent each pnncipil axis in two centres and c ch focal 
axis of the cone in two toci of the sphero conn 

The sphere conic is a twin curve that is it consists of two 
separate equal hnes whose points he two and two diametncallj 
opposite upon the sphere In general it his three pairs of centrei 
in which iti three axes intersect at right angles also two real 
cyclic hnes and two pairs of real foci The first axis passes 
through the four fuci and the two centres in which the c)clic 
hnes intersect the second axis lies wholl> outside the conic ind 
has these two centres m common with the first the third axis 
intersects the two c)clic lines perpendicularly and like the first 
contains two pairs of real vertices of the conic In a particular 
case the sphero conic consists ot two equal sphero circles 

274 '^ll those properties of the cone ot the second order which 
reler to planes of sjmmetrj principal axes focal axes ind C)clic 
planes cin be transferred directly to the sphero-conic section Bj 
th s means we obtain among others the following theorems 

If one vertex of a spherical tnangle moves upon the sphere 
so that the perimeter of the tnangle remains constant it describes 
a sphero-conic section of which the other two vertices are foci 
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" If one side of a spherical triangle moves so that the area of the 
"triangle remains constant, it envelops a sphero-conic section of 
"which the other two sides of the triangle are the cyclic lines." 



EXAMPLES. 

1 If a given dihedral -ingle is rotated about its edge j the plane of 
the two lines in which the fices of the given angle are cut respectvely 
by two fixed plane; pi'sing through a point of t enielops a cone of 
the second ordei touched b; the fi\ed planes, of which v s \ focal 
a'lis {hxi 265) State the reciprocal theorem 

2 The angles which the tangent planes normal to the plane of the 
real focal axes/ and / define upon the remaining tangent planes are 
projected from the focal avea /and / by right dihednl ani,les 

3 The reil e\clic planes k and ^ of a cone of the second order 
intersect e\cr\ dihedial angle whose faces are determined b\ the two 
rajs of tht. cone normal to the mteisection of L and k ind any third 
ia\ of the cone in a light angle 

4 All dihedid angles whose faces are tangent to < ne or another 
of a system of confocal cones and pass through a fived point /' are 
bisected b% two fi\cd planes at sight angles 

5 Bes des the cone of revolution special mention ahiuld be mide 
of the follow ng cones of the second <.rdei 

(a) The eqmhteral cone (bchioetei] to wh ch ri^ht m^led three- 
edges cin be inscribed 
* That to which right angled thiee edges can be circumscribed. 

( 1 The orthogonal cone (Schroeter) whose c>chi. planes are 
normal to two lajs of the cone 

{dj That whose tocal ixes are normal to two tangent planes 

{t) Pappus cone which is cut b\ the planes throi^h two 
special lines in ra>s at right angles to each othei (the 
special hues aie the pole lays of the cjchc planesi 

(/I Hachette s cone for which the tangent planes pissed through 
two special rajs are normal to each other 

(^) and (A) Those whose focal axes or whose cyclic planes aie 
normal to each other 

6 The lines bisecting the supplementary angles formed by tw o straight 
lines, one of which g remains hved while the other moves m a plane y, 
generate a Pappus' cone. The plane y is a cyclic plane of the cone 
and g its pole-ray. 

From a point /" of a sphere the great circles of the sphere are 
projected by Pappus' cones. 
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APPENDIX. 

THE PRINCIPLE OF RECIPROCAL RADII. 

gi. Two points F and F^ are said to be 'inverse' with respect 
to a circle of radius r and with centre M, if they lie in a straight 
line with M and are conjugate with respect to the circle. They 
are harmonically separated by the extremities of the diameter 
through them, and consequently (Art. 72) 

MP . MF-, = 7^ or MP ^^p . 

The product of the radii vectores of two inverse points is thus 
constant, or the radius vector of any point P is inversely propor- 
tional to that of its inverse point Fy In consequence, this 
phase of ' inversion ' has obtained* the name ' The Principle of 
Reciprocal Radii ' ; jt/" is called the ' inversion centre,' and r^ 
the 'power' of the reciprocal radii. 

To every point within the curve a point outside the curve is 
inverse, and to every infinitely distant point of the plane the 
centre is inverse ; the points of the circle are inverse to themselves. 

§2. The polar of a point F with respect to the given circle is 
perpendicular to MF at the inverse point Py The inverse points 
/"j, Qy ^1 ... of any given points F, Q, Ji ... of a straight line g 
are found by dropping perpendiculars from G the pole of g upon 
the straight lines MF, MQ, MF ... respectively. Hence 

"The inverse of any straight line ^ is a circle y the extremities 
" of whose diameter normal to g are the centre M and the pole G 
"of the given line." 

Conversely, the inverse of a circle passing through M is n straight 

* Liouville in the _/ijar«ii/ de Math^maliqiies, I. S^rie, T. XI!., p. 265. 
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line g; for, to the straight line joining two points A and B whose 
inverse points A^^ and Bj^ lie upon y a circle is inverse, which 
passes through A^, £^, and M and is consequently identical with y. 
On account of this characteristic Moebius* called this quadratic 
transformation a ' circular transformation.' 

§3- If through the inversion centre M we draw a parallel to 
the straight line g, this will touch the circle y inverse to g at M, 
since it is perpendicular to the diameter MG ofy. 

From this we conclude ; 

" Any two straight lines of the plane / and g intersect at the 
" same angle as do their inverse circles ^ and y." 

Two indefinitely small inverse triangles have therefore equal 
angles and are similar ; or in other words, 

" By inversion the plane is transformed into itself so that the 
"infinitesimal portions of two inverse figures are similar," 

This theorem is applicable at ail points of the plane except for 
the indefinitely small portion which lies about the centre M. 

§4. Since a straight line can be looked upon as a circle of 
infinite radius, we may consider the theorem "to every circle 
passing through M a straight line is inverse," and its reciprocal 
{% 2) as special cases of the following theorem ; 

" To every circle k a circle k^ is inverse : M is a centre of 
"similitude for k and k-^J" 

In order to prove this general theorem we choose upon k a 
fixed point P and a movable point Q and mark their two inverse 
points with F-^- and Q-^, and the points in which k is intersected by 
the secants MF and MQ a second time, with F' and Q\ respectively.. 
Then, from the nature of the segments of secants of circles, 

MP.Mr=MQ.MQ', 
and from the principle of reciprocal radii, 

MP. MP^ = MQ . MQ^{ = r") ; 
consequently, MP : MP^ = MQ' : MQ^ 

and the triangles MP'Q' and MP-^Q^^ are similar. 

If then Q, and at the same time (X, traverses the circle k, Q^ 
describes a curve similar and similarly situated to k, that is, 
describes a circle k^. Evidently jJf is a centre of similitude, while 

' 'iAoc\>xa%\ni\if: Abhasdlungiti der Konigl. Sachs. Gesellschaft derWissenscha/ten,. 
Leipzig, 1855, Bd. n., S. 531-595, and in the reports of the proceedings of the 
same Society for 1853, pp. 14-24. 
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Q and Q-y, also F and P^^, are 'homologous' points of the two 
circles k and ky 

§5. "Any circle which passes through two inverse points P and P-^ 
" is inverse to itself and intersects the assumed circle whose points, 
"coincide with their inverse points orthogonally." 

For it has in common with the circle inverse to it the points 
P and /\ inverse to each other and two points inverse to them- 
selves in which it is touched by straight lines through M, since 
MP.MP^^r^. 

§6. If we assume two systems of points P, Q, ^...and P■^, 
(2i, ^1 ... inverse to each other in a plane, and one system rotates, 
ahout the centre M till each of its points has described a semi- 
circle, the pairs of inverse points P and /*-,, Q and Q-^, etc. are 
again in straight lines with M, but now lie upon opposite sides 
of M. As before, 

^fP MP MQ MQ MK VR^ a CLnsUnt 

but the power th^t is the product of the radu vuctorts ol mverse 
pomts has no longer a positive value but is now negative 

Thus we obtiin 1 second case of inversion which ts distinguished 
from the first b> having no point ol the plane coincident with its 
inverse point In this secund case ilso the plane is transformed 
into itself Lonformdly to each line a circle through t/ is inienc 
and in j,eneral to each circle k a circle k here again the centre 
of reciprocal radii is a centre of similitude of two inverse circles 

i^ 7 The points of space can likewise be coordinated two and 
two so that each is the inverse of the other, the centre M and a 
po'iitive or neg'itue \alue of the power being chosen at pleasure 
This can be accomphshed most easily by tirst coordinating to each 
other, two and two the points of any phne through M -ind then 
rotating this plane about some axis through 1/" Two inverse 
points of the plaic indicate in each position ot the plane two 
inverse points of spice 

^8 If we rotate the plane about the 1 nc ot centres ot two 
inverse circles, which passes through M, the circles will describe 
two spheres hence, 

The inverse of anj sphere i is a sphere k-^ J/" is a centre of 

simihtude of k and k-^ Any plane 7 is inverse to a sphere which 
"passes through ^f and which is touched m J/by a plane parallel 
"to 7 
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The last part of this theorem may be koked upr i is i spe al 
case of the hrst part ur it mij easily le proved indtpcndwitl} 

And further, 
\ii) two planes in space intci-ject at the samu ^ngle is do 

the spheres irnersc to them 

Two mdctinitel) small tetrahedra which lie merse to cich jther 
ha\e therefore equal dihedral angles and hence equal lace angles 
the> are -is a little reflection will show similar if the power of the 
reciprocal ladii is negatut \nd symmetrical f the power is posit ve 
Since therefore their homoloi,)us fices are alwa)s similar 

Two inverse surficcs ire depicted conformalh upjn each 

ij 9 In order then to depict a sphere k conformally upon i plane 
5 choose as centre of inversion 1/one of the two poinf. of ^i whose 
tangent pknes are parallel to s and fix the ^owtr equal to the 
product of the two segments MP a.nd JZ/'j which k ind s determine 
upon any straight line pissed through 1/ The plaie s is thus in 
verse to a sphere which has in common with the given sphere k 
the points P and M ind the tangent plane at M and w h ch conse 
quently coincides with k Hence 

If a sphere k is proiected (stereoEiriphically) from oi of its 
points M upon a plane s which is parallel to the tangent plane at 
' M the suriace k will be depicted conformall) upon the plane % 

Much Uie is made of this stereographic projection which was 
known as early is the time of the istronoraer Ptokn \ in the con 
^truction of ^co^riphical mips By this means it is ensured that 
the most minute angles upon the map have the same size as the 
angles corresponding to them upon i globe the lengths of different 
lines upon the globe ire always repre ented ipon the map according 
to a variable scale since i sphere cannot be flittened out up n 
a plane without distortion 

Siio The inverse of any circle is always I circle two spheres 
intersect m the litter which are inverse to two s; heres through 
the formei If in particular the one circle passes throui,h M the 
other becomes a strii^ht hne The meridnns and parallels of 
latitude upon a globe transform therefore b) slercc^raphic pro- 
jection into two sj stems of orthjgonil circles the pro]ections of 
the meridians are circles which intersect in two paints (the njrth 
and south poles) ind to these the projections of the parallels of 
latitude which have no real point m common ire it ri^ht angles 
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Only the circles of the sphere whith ptass through )/ a e rcpre 
sented upon the plajie of projection by stn j,ht lines 

If the centre of projection J/ is phced at the north oi bouth pole 
the parallels of lat tude will be dcp cced as a sjstem of concentrii, 
circles and tht mendiins as their diameters 

i^ii For inj three given spheres there can in general be found 
2. circle which intersects ■ill three at right ingles it lies m the 
plane ot centres and its centre is the radical centre of the three 
■circular sections The construction for this circle is only impossible 
when the spheres have either one or two points in common 

If now we choose a point of this orthogonal arcle as centre of 
inversion the circle itself is transformed nto a straight line and 
the spheres into three 'ipheres which are cut orthogon\ll\ by 
this straight line and whosi,' feitres consequentl) he upon the line 
Three spheres can therefore alwajs be trai sformed hy inversion 
into three others whose centres lie m one straight line except when 
the three gnen spheres have i point in common in wh h cise 
they can be trinstormed into three planes 

?I2 A sjstem of spheres which is descr bed b) the coi tinuous 
motion of 1 vmable sphere envelops in general i surface F 
which has a sjstcm of circular 1 nes of curvature Each sphere 
■of the generating sjstem toucfes the surface F aloi g the circle 
which it has in common with the ne\t consecutive sphere of the 
system and sinec the normals to F in the points of this line 
intersect in the centre of the sphere the circle is a line ot curv iture 
ot F If now the surface F is transformed by inversion into another 
surface F^ these lines of curvature become circular lines of curva 
ture ot Fy snce F-^^ is enveloped b\ that system of spheres which 
IS inverse to the system enveloping F All surfaces inverse to 
surfaces of revolution have therefore a system of circular lines of 

i;i3 One of the most ren arkible of these surfaces is the 
cyclide discovered bv Dupin This is generated bj i varable 
sphere which eonstintlj touches three ^ivcn Spheres The theorj 
of this cjchde can be developed easilj upon the basis of the 
preceding paragraphs at the same time piovin^ the following 
statements 

A Dupin s cyclide is alwaj s transformed bv mv er^^ion into a 
cyclide it the centre of inversion is properly hosen it em be 
tr^nsfjrmed into a rotition ejchdc which is [,ei ented bv sphere 



Hosted by 



Google 



212 GEOMETRY OF POSITION. 

or a plane rotating about an axis. The cyclide therefore com- 
prises two systems of circular lines of curvature and is touched 
along these by two systems of spheres ; the centres of these spheres 
and lines of curvature lie in two planes of symmetry of Che cyclide, 
which are normal to each other and in each of which two lines 
of curvature he. Every sphere of the one system touches all 
spheres of the other system along the points of a circular line of 
curvature. A sphere can he passed through two lines of curvature 
if they belong to the same system ; if to opposite systems they 
intersect in one point at right angles. 

§ 14. The cyclide has either no (real) double point, or two 
conical-points in which all lines of curvature of one system intersect, 
or a cuspidal point in which all lines of curvature of one system 
are tangent to each other. Essentially different forms of these 
three principal varieties are obtained if we transform the corre- 
sponding rotation cyclide by reciprocal radii whose centre is 
chosen (i) inside, (2) upon, and {3) outside the rotation cyclide. 
The last two principal varieties can be depicted conformally by 
inversion upon a right cone and a cylinder, respectively. 

The planes In which the lines of curvature of either system 
lie, two and two, all intersect in one straight line. This lies in 
the one plane of symmetry, and is perpendicular to the other. 
Each of two planes touches the surface along the points of a circle. 

If spheres be passed through the lines of curvature of either 
system and a fixed point Jf, these will all intersect in one circle. 

If a cyclide extends to infinity, as may happen in any one of 
the three varieties, it must have two right lines of curvature which 
are perpendicular to each other. The planes of all remaining lines 
of curvature pass partly through one and partly through the other 
of these two gauche lines. 

RULED SURFACES OF THE THIRD ORDER. 

§15. A range of points n of the first order and a range if- of 
the second order which are projective, but neither lie in the same 
plane nor have a self- corresponding point, generate a system of 
straight hnes which we shall call a 'regulus of the third order.' 
Any straight line g intersects at least one and at most three 
lines of this system, as is easily seen (Art. 194) if we project the 
range u from the axis ^ by a sheaf of planes. The regulus of the 
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third order is in general projected from in arVitrar- jrrint b) 1 
shuif of planes of the th rd order 

^16 Every plane passing through i whiLh cut the cunc k 
contains two rays of the regulus It now from D the intersection 
ot two buth rays wt, project the two raigcs of puints u ind k 
we obtain a sheaf of rajs of the hrst order and 1 ctne of the 
second order which are ptojectivel) rehted and liave two rijs self 
coriesponding and which generate (\rt 195) a sheaf it planes d 
af the first order Ail j air, it rijs of the re^lus which he in a 
plane throut,h u intersect thcrctort in the points of a stra i,ht 
line d and trom each of these points of intetsecticn the re|,ulijs> 
IS proiected b) a sheaf of planes of the first order perspective to 
the ranges u and k We ma> call the straight lines u and d 
"directors of the regulus since the} intersect all ra\s of the 
■system The straight line d coinridea with i only when u iite sects 
the curve k in this special case the director u is als( i ny of 
the regulus 

§17 From a point ,S which lies upon i nj i oi the regilus 
but upon neither director the ranges / aid ;* are projected b> a 
■sheaf of the first order and 1 one of the second oider which 
have the raj ( self correspond 1 j, and consequently (Art 197) 
generate a sheaf of phnes ot the second order perspectve to « 
and k The reguli s therelore is projected from an> point S 
lying upon it b) a si eaf of plaies of the second order Since 
this sheaf is project ve to the sheaf of planes d which m tun is 
perspective to the ranges u and k^ 

s 18 The regulus of the th rd order ma) be j,cncrated b) a 
■sheaf of planes d of the first order upon whose a\is the rajs of 
the system intersect two and two and a sheaf of planes S of the 
■second order projective to the sheaf d whose centre mi} be 
chosen anywhere upon the regulus 

This second methcd of gcnerat ng the regulus is rec procal to 
the method hrst stated and the regulus of the third order is 
consequently self-reciprocal. 

From the second method too we obtain properties which are 
reciprocal to those just deduced, among others : 

The regulus of the third order The regulus of the third order 

is projected from any point which is intersected by any plane which 

lies upon one of its rays by a sheaf passes through one of its rays in a 

of planes of the second order ; curve of the second order ; 
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and all such projecting sheaves ind cuncs cf section are pro 
jective to one mother to the r^nge of points u and to the shtaf of 
planes d The cuT\es of section ire perspectue to the sheaf d 
and to all sheaves ot planes oi the sttond ordc pr ijcctini, the 
regulus 

§ 19 The regulus of the th rd ordrr lies upon i ruled surfai e 
of the third order F which is intersected bj an\ straight line in 
at most three pi its and is cut b> any pkne in a curve of the 
third order Ihe surface F'' passes twice through the director 1 
and of an) plane section of the surface either an actual or 
an isolated double point lies upon th s director Pknes pissed 
through 1 ray of the regulus ntcrsect tht ruled surlacc m that 
ray and a curve of the second order the curve is intcrsetttd 
by the r-ij in two points one of which lies upon the double line d 
while at the other the plane of section is tan£,ent to the surface 
All planes p'lssmg through the rays of the ref,ulus are thus tangent 
to the surface of the third order the planes through the director u 
in each of which two ra>s of the surface le are dcublj tan^tnt 
planes of the surface 

§20 Three varieties of tht ruled surface of the third order 
may be distinguished Any one of the curves k of thi, second 
order which he upon the surface F mav either enclose tht. point 
in which Its pJine cuts the a'Kis u of doubl) tangent planes or this 
point may he outside the curve or it ma> he upon the curve and 
whatever be the relation between this one curve and point the 
same relation will exist between anj other such curve and 
correspoidng point lying upon the same surface 

In the first case (as is seen from the method of i;enerat ni; the 
surface given in ^15) two rajs of the rej,ulus he in each plane 
through 14 and it the same time intersect n a point of d In 
the second case the sj called cuspidal planes of the surfiee whii h 
pass through u and are tancrent to the curve k sepirate the 
actual doubly tangent planes and the actual double po nts of the 
surface Irom the isohted doubly tangent pknes which piss, 
through u and the isolated double points which he upon d The 
third ease is to be look.ed upon is the limiting case between the 
first two here the two dmctors ?/ and /(and also the two cuspidal 
planes) coincide 

?ao(i Suppose there arc given two gauche hnes u and d and a 
conic section k which is met m a point bj the one straight line d 
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but which lies in a plane with neither of the lines, and let a 
straight line g move so as constantly to intersect w, d, and k^ ; this 
line will describe a ruled surface of the third order of which d 
is a double line and whose doubly-tangent planes pass through u. 
State the reciprocal of this theorem. 



§ 21. A complete quadrangle is called a ' self-polar quadrangle ' 
V th espect to a conic section y if each of its six sides s trnjugate 

th e pec o y to its opptsite side Similarlj a complete quadri 
1 1 all d a stif polar quadnlateral if each oi its x vertices 
s onj gate to its opposite ierte\ The pohrs of the vertices of a 
self pola qu d an|,lt. form a sUf polar quadrilateral the sit sides of 
the quadrangle piss through the si\ \ertices of the quadnl-iteril 

^22 If two pairs of oppusite sides of 1 complete quidringle 
consist of conjugate M>a with respect to a conic y the same is 
true of the third pair and the quadrangle is sdfpila with resject 
to y* For the pohr of any \ertc\ intersects the quadrangle in 
an involution (Art -19) in which these two piirs of opposite sides 
and hence all three pairs, pass through conjugdtt points. 

The reciprocal theorem, viz., a complete quadrilateral is self-polar 
if two pairs of opposite vertices are conjugate with respect to a conic, 
is proved in a similar manner. 

g 23. If the vertices A, B, C, of a triangle be joined to the poles of 
their opposite sides, the three Joining lines will pass through one 
point D which taken with A, B and C forms a self-polar quadrangle 
with respect to the conic -f (§ zz). Three vertices A, B, C, of a self- 
polar quadrangle, chosen arbitrarily, thus determine the fourth vertex 
D ; in particular, if A and B are conjugate with respect to 7^ they 
form with D a self-polar triangle of y^. A quadrangle which consists 
of a self-polar triangle and any fourth point of the plane is a self- 
polar quadrangle with respect to y^ (§ 21). Improper self-polar 
quadrangles of which three vertices lie in one straight line or two 
vertices coincide may also arise. 

g 24. If the three sides a, b, c, of a triangle are made to intersect 
the polars of their opposite vertices, the three points of intersection 
will lie upon one straight line d, which taken with a, b and c forms 
a self-polar quadrilateral of the conic (§22). Three sides of a self- 
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polar quadrilateral thus determine the fourth side ; it is only when 
the three sides form a self-polar triangle that the fourth side can 
be chosen arbitrarily. 



§ 35. If two self- polar quadrangles 
ABCD and ABCiy of a conic -f 
have two vertices A and B in com- 
mon, their six vertices lie upon a 
cuiTc of the second order, which 
may however degenerate into the 
two straight lines AB and CD. 



If two self-polar quadrilaterals of 
a conic y^ have two sides in com- 
mon, their six sides are tangent to a 
curve of the second class, i.e., they 
belong to a sheaf of rays of the 
second order, which may however 
degenerate into two points. 



Since the sheaves of rays A and B are related projectively to each 
other when to each ray of A is correlated its conjugate ray of B, 
then 

A(Cr)C'n) X BiDCD'C), 

^nd hence (Art. 215) 

A(CDC D-)l{ B{CDC D'\ 
as is asserted in the theorem on the left. 

I 26. Since a self-polar triangle of -f is converted into a self-polar 
quadrangle by the addition of any point of the plane, we derive the 
following theorems from those just stated ; 



If a self-polar triangle : 
polar quadrangle have c 



a self- 






e of the second order. 



If a self-polar trilateral and a self- 
polar quadrilateral have one side in 
their six sides are tangent 
e of the second class. 



Any two self-polar triangles of a conic -f can be inscribed in a 
■curve of the second order and circumscribed to a curve of the 
second class (compare Art. 215, note). But these curves may 
■degenerate into two straight hnes and two points, respectively. 

g 27. Two conies -f and -f^ which lie in the same plane have 
an infinite number of self-potar quadrangles and self-polar quadri- 
laterals in common. Two sides a and b of any such quadrangle may 
be chosen at random. The opposite sides a^ and b-^ join their two 
poles with respect to the given conies 7^ and -fy 



If two self-polar quadrangle 
ABCD and AB'C'D' common t 
-j^ and y\ have one vertex A in side ii 
comraonj their seven vertices he touch 
upon a curve of the second order. 



j elf-polar quadrilaterals 
■ y2 and y^i have one 
, their seven sides 
the second class. 
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If, namely, ABB'F is a self-polar quadrangle of f, and ABB'Q, a 
■self-polar quadrangle of y\, the conies ABCDB'P and ABCDSQ 
have five points in common and therefore coincide with the conic 
ABBPQ ; in the same way, the conies AB'C'D'BP and 
ABCUBQ coincide with ABBPQ. 

% 28. With respect to three given conies 7^, y^j, 7*3, of a plane, a 
straight line a has three poles which in general do not lie upon one 
straight line. If a describes a sheaf of rays U, its poles describe 
three ranges of points u, «„ u^ projective to U and hence to each 
■other ; of the rays which join homologous points of u and a,, at most 
three and at least one passes through the corresponding point of u^ 
(Art. 192) and is conjugate to a ray of T/ with respect to all three 
■of the conies -f, y^j, y^^. From this we derive the first of the 
following reciprocal theorems : 

In a plane there is an infinite In a plane there is an infinite 

number of pairs of rays which are number of pairs of points which 

conjugate with respect to three are conjugate with respect to three 

given conic sections. These pairs given conic sections. The locus of 

of rays in general envelop a curve these pairs of points is in general a 

of the third class, and any two of curve of the third order, and any 

them fonn two pairs of opposite twoof them form two pairsofoppo- 

sides of a self-polar quadrangle site vertices of a self-polar quadri- 

■common to the three given conies lateral common to the three comes 

{§ 22). Three tangents which can Three pomts m which any one 

he drawn from a point U to the straight fine intersects the cune 

curve of the third class form with of the third order form ttith the 

their three conjugate tangents the points of the curie conjugate to 

three pairs of opposite sides of a them the three pairs of opposite 

self-polar quadrangle common to vertices yf a self polar qu^diilateral 

the three conic sections. common to the three re mc sections 



NETS AND WEBS OE CONIC SECTIONS. 

§29. If a conic section k"^ is circumscribed to a quadrangle 

which is self-polar with respect to another conic section ■y-, the 

two ctirves -f and K^ have the following remarkable relations to 
each other : 

(if) Any three points of k^ deter- {a^) Any three tangents to -f 

mine a self-polar quadrangle of -f determine a self-polar quadrilateral 

(i 23) whose fourth vertex also of I? whose fourth side is also a 

hes upon k^. tangent to -f. 
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{b) If Ifi is intersected by tivo 
straight lines which are conjugate 
with respect to -f, the points of 
intersection are the vertices of a 
quadrangle which is self-polar with 
respect to -f. 

(<■) To the curve k^ there can 
therefore be inscribed an infinite 
number of quadrangles and an 
infinite number of real triangles 
which are self-polar with respect 
to •f ; every point of k^ enclosed 
by y* is a vertex of one of these 
self-polar triangles. 

id') The polar of a point of B 
with respect lo y'^ intersects cither 
one or both of the curves in two 
real points which 
with respect to th 
which they do not lie. 

(«) Two tangents to y^, whose 
points of contact are conjugate 
with respect to k\ always inter- 
sect in a point of Ifi. 



conjugate 



(^i) If tangents be drawn to y^ 
from two points which are con- 
jugate with respect to ^, the four 
lines so drawn are the sides of a 
quadrilateral which is self-polar 
with respect to k^. 

(c,) To the curve -f there can 
therefore be circumscribed an 
infinite number of quadrilaterals, 
and in general an infinite number 
of r^a/ triangles which are self-polar 
with respect to ^ ; every tangent 
to y^ which lies wholly outside ^ 
is a side of one of these self-polar 
triangles. 

{d\) From the pole with respect 
to k\ of a tangent to y^, theie can 
be drawn to one or to both curves 
two real tangents which are con- 
jugate with respect to the conic not 
touched by them. 

(^i) Two points aik-, the tangents 
at which are conjugate with respect 
to y\ always lie upon the same 
tangent to -f: 



{/ and f^) The curve K^ lies either wholly outside y" or partly 
outside and partly inside ; neither of the two curves wholly encloses 
the other 

^^30 The loJlowing will be sulficient pioof of these thLOiems 

Two vertices of the self polar quadranjjle ot y to wh i,h the conic 
k IS ciicumscribed determine with anj third point .^ of ^ a 
second selfpolar quadrangle of y'^ which is inscribed to k (^'■3 
and i^z^) from this second selfpolar quadrangle a third can be 
denved in the same way of which two vertices 4 and B are 
chosen arbitrarily upon k and thii third jields a fourth selfpolar 
quadrangle of y" inscribed to k which has threi. vertices 4 B C 
arbitrarily chosen upon k I'nh proves theorem {;) and from 
It {b) follows immediately 

Let J be the pjlar of 4 w th respi_ct to ■) and if this should 
have no real point in common VMth 7^ 4 lies inside y"^ the polar 
a mtersc ts the opposite sides of the sclfpohr quidnngle tf 7 
which has one vertex at 4 in pairs of points conjugate with 
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respect to -f (§22), while the involution so determined upon a is 
elliptic, i.e., has no real double elements. The conic sections 
which can be circumscribed to any one of these self-polar quad- 
rangles must therefore intersect the straight line a in two real 
conjugate points which, taken with A, form a real self-polar triangle 
of -f ; for, these conies form a continuous series, an infinite number 
of them have two real conjugate points in common with the involu- 
tion a (Art. 22i), and it is impossible that one of them should 
have imaginary points of intersection, since then between this 
conic and those having real intersections there would lie a conic 
tangent to <i at a real double element of the involution. Thus 
theorems (1:) and (/) are proved, and from these {d) and (e) follow 
easily. 

§31. Theorems (aj) to (/j) of §29 can be proved in the same 
way as those numbered from (a) to {/) as soon as it is shown 
that to the conic 7^ some one quadrangle can be circumscribed 
which is self-polar with respect to k'^. In order to show this, 
choose three points P, Q, R, upon k^, whose joining lines lie 
outside -f, this being always possible (§29/)- These determine 
a quadrangle PQHS self-conjugate with respect to y^ and inscribed 
to k^, whose opposite sides intersect in three points U, V, iV, lying 
outside 7^ ; these three points are conjugate two and two with 
respect to k-, and two of them lie outside k". If now from 
W and V pairs of tangents be drawn to y', these harmonicallj 
separate the pairs of opposite sides of the self-polar quadrangle 
FQRS (Art. 143) ; consequently, these four tangents form a 
quadrilateral whose opposite vertices are harmonically separated 
by the pairs of opp.osite sides of the quadrangle PQRS, and since 
one of the six vertices of the quadrilateral, as is easily seen, lies 
within k\ it must also be harmonicallj separated from its opposite 
vertex by the curve k'^ (Art 220) Two opposite vertices of the 
quadrilateral are thus conjugate with respect to k^ ; this quadrilateral 
circumscribing y^ is consequend> self polar with respect to k'^. 

§ 32. Of two conic sections k^ and 7^, of which the one k^ is 
circumscribed to a self polar quadrangle of the other 7^, or of 
which 7^ is inscribed to a self polar quadrilateral of ^^, we say* 
that "the curve of the second order i:^ supports or carries the 



Hosted by 



Google 



220 GEOMETRY OF POSITION. 

■curve of the second class 7^," or, on the other hand, ' 

by or rests upon k^." If It' breaks up into two straight lines, or -f 

into two points, we say accordingly, 

A line-pair* supports the curve 
of the second class y^ if its rays are 
conjugate with respect 10 -f. points are conjugate with respect 

to X-^. 

And since a straight line Is conjugate to itself with respect to 7- 
■only when it touches 7-, we add, 

A two-fold line supports the curve A two-fold point rests upon the 

of the second class 7^ if it is tan- curve of the second order B if it is 
gent to -f. a point of i^. 

§33. All conies which support a given curve of the second 
class 7* and pass through three given points chosen at random, 
are circumscribed to the self-polar quadrangle of -f which is 
determined by these points {§29«); through an arbitrary fourth 
point of the plane there passes therefore only one of these conies. 

Hence : 

The conic sections k"- which The conic sections f- which 

support a given curve of the second rest upon a given curve of the 

class 7* form a manifold of four second order K' form a manifold 

which we shall call a of four dimensions which we shall 



' net of conies of the fourth grade ' caii a ' web of conies of the fourth 
{linearis Kegelschnitt-System -vier. grade ' {lineares Kegelschnitt- 
ter Stufe). About an arbitrary Gewsbe vierter Stufe). To an 
quadrangle there can be circum- arbitrary quadrilateral there can 
scribed in general only one conic be inscribed in general onl;- one 
of this net; for the quadrangle conic of this web; for a quad- 
becomes self-poiar with respect to rilateral becomes self-polar with 
•f, and all conies circumscribed respect to k^, and all conies in- 
about it belong to the net, as soon scribed in it belong to the web, 
as any two of them support the as soon as any two of them rest 
curve 7*. upon the curve k": 

§34. Of the conic sections which support two given curves of 
the second class 7^ and y^j, in general only one passes through 
three given points A, B, C, of the plane. This conic also passes 

• A curve of the second order which breaks up into two straight lines will 
be spoken of as a line-pair, while a curve of the second class which breaks up 
into two points will be called a point-pair. — H. 



Hosted by 



Google 



NETS AND IVEBS OF CONICS. 221 

through the two points which with A, B, and C form aelf-polar 
quadrangles of 7^ and y^j, respectively. In general then we may sa)' ; 

The conic sections k^ which The conic sections y^ which are 

support two, three, or four curves supported by two, three, or four 

of the second class, chosen arbi- curves of the second class, chosen 

trarily in a plane, foiin a triply, arbitrarily in a plane, form a triply, 

doubly, or singly infinite manifold, doubly, or singly infinite manifold, 

which we shall call a net of conies which we shall call a web of conies 

of the third, second, or first grade, of the third, second, or first grade, 

as the case may be. as the case may be. 

For particular relative positions of the given curves these state- 
ments are subject to exceptions which are quite apparent. The 
number indicating the grade does not merely suggest of how many 
dimensions the net or web of conies is, but it is also, as we shall 
see (gg 45 and 51), equal to the number of points or tangents by 
which one of its conies is determined. 

§35. The net of conies of the first grade is ordinarily called 
a ' sheaf of conies,' and whenever the term ' net of conies ' is used 
without specifying the grade it is to be understood that the net 
is of the second grade; the reciprocal forms bear the names 
'range of conies,' and 'web of conies,' it being understood in the 
latter that, as before, the web is of the second grade unless other- 
wise specified. To be sure, we are accustomed elsewhere to 
define the 'sheaf of conies' and the 'range of conies' as the totality 
of conies which 'circumscribe a quadrangle' and 'are inscribed 
in a quadrilateral,' respectively, but these definitions are contained 
in the above, as the following theorems will show: 

If two conies of a net of any If two conies of a web of any 

grade are circumscribed to a quad- grade are inscribed in a quadri- 

rangle, this quadrangle is self-polar lateral, this quadrilateral is self- 

with respect to all curves of the polar with respect to all cui-ves of 

second class which are supported the second order which support 

by the net (g 33), and consequently the web (§33), and consequently 

all conies which circumscribe the all conies inscribed in the quadri- 

quadrangle belong to the net. lateral belong to the web. 

§36. The theory of nets of conies of the fourth grade is not 
essentially different from the poiar theory of the curve of the second 
class -f which rests upon all conies of the net. We shall therefore 
only call attention to the fact that the net is a special one if -f 
reduces to two points P and Q, or to a two-fold point P. Thus, 
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All conies of the plane which All conies of the plane which 

pass through a given point /", or touch a given straight line, or with 

with respect to which two points P respect to which two straight lines 

and 2 ai"*! conjugate, forma special are conjugate, form a special web 

net of conies of the fourth grade. of conies of the fourth grade. 

For example, all parabolas of a plane form a special web of 
conies of the fourth grade. To what two imaginary points does 
the curve of the second class y^ which rests upon the equilateral 
hyperbolas of a plane reduce ? The conies of a plane, of 
which one axis has a given direction, form a special net of the 
fourth grade to which belong all circles of the plane ; a circle 
can be circumscribed about any quadrangle which is common to 
two of these comcii. 



FIRST AND THIRD 



§ 37. If there are given two vertices A and ^ of a self-polar quad- 
rangle of a curve of the second class -f, and the side u conjugate to 
AB, upon which the other two vertices C and D lie, these latter 
vertices are a pair of coordinated points of an involution upon u. 
This involution is obtained if to any ray AC or AD of A is correlated 
the ray BD or BC conjugate to it of B and then the intersections 
with u of pairs of corresponding rays of the two sheaves A and B 
thus related projectively to each other are noted. If now we wish 
to construct a common self-polar quadrangle of two conies y^ and -f^, 
having the points A and B for vertices, the straight line u upon 
which the other two vertices C and D lie must pass through the two 
poles of AB with respect to the conies 7^ and y^j ; the points C and 
D are coordinated to each other in each of two involutions lying 
upon M, and are therefore uniquely determined (Art. 248), unless, as 
an exceptional case, the two involutions are identical. The double 
elements of each of these involutions are conjugate with respect to 
all conies which can be circumscribed to the seif-polar quadrangle 
ABC-D ; and, if C and J? are imaginary there is always one of these 
conies which passes through any chosen point J', as was shown 
in Art. 254. 

' Compare Schriiter, E>ie Theurii der KegdsfkiiilU, il. ed., pp. 324-403 (Leipzig, 
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Hence (compare ' 34) 




§ 38 All con cs 1 ch up 


\ 1 cl r p t V 


t cur es of the second las 


cu e of 1 e e nd ord k n 


V and y and pa s through t vo 


k^ and touch t real 1 nes w 


real po nts -i e c rcumscnbed to a 


nscr bed to a con Tion self pok 


common self poUr quadruigle of 7 


q adr lateral of k and B 1 os 


and y*j vhose remi n^ t er 


eman nj, two s des t < 


t ces may ho ve er be co u;, e 


1 e conjugate n ag narj 


maginary 





We may consider this self-polar quadrangle fullj known (-^rt 244) 
if, besides its two real vertices A and B, there be ys en any one of its 
■circumscribed conies and the straight line u upon which the other 
two vertices He. If two circumscribed conies are given project all 
the points of one of them both from A and from B upon the other, 
and we obtain upon this latter curve two projective ranges of pomts 
in which C and D, the remaining vertices of the inscribed quadrangle, 
.are the self-corresponding points ; the straight line u is thus deter- 
mined by a known construction, even if C and D are imaginary ( \rt. 
240). The self-polar quadrangle then is determined as well b) two 
of its circumscribed conies ; all conies cireumscribmg the quadr^ngle 
support both y^ and y^j. 

§ 39- Upon the basis of the two preceding sections -ind the 
theorems of § 35 we can now prove the following important theorems, 
which most intimately connect the net and web of eonics of the 
third grade with those of the first grade.* 

With a net of conies of the third With a web of conies of the third 

^rade there is always connected a grade there is always connected a 

range of conies, in such a manner sheaf of conies, in such a manner 

that each curve of the range rests that each curve of the sheaf sup- 

upon every curve of the net. ports all curves of the web. 

Suppose that -f and y^i are the two curves of the second class 
■which rest upon all conies of the net of the third grade and determine 
it (§34). Choose four conies k, I, m, n, in the net so that k, I, and 
m pass through any chosen real point and intersect two and two in 
the vertices of three different self-polar quadrangles {kl), {km), (/m), 
common to y^ and y\ ; the fourth conic n does not pass through I' 

■These theorems originated with Mr. H. J. S. Smith; compare the article 
by Rosanes, " Ueber Systeme von Kegelschnitten " in Math. Annaiai, vol. 6, 
page 264. 



Hosted by 



Google 



224 



CROMETRY OF POSITION. 



but is intersected by -4 in a self-polar quadrangle {kn) common to y'-' 
and 7^1, which has either two or four real vertices. Finall)', denote 
by 3* any one of the conies of the range, different from -f and 7^,, 
which rests upon k, /, ot, n (gg 34, 35). 

The theorem on the left is then proved by showing that upon 
any conic of the net of the third grade, for example, upon chat one 
which passes through some three real points A, B, C (% 34), there 
always rests, besides y^ and 7^,, also S^. 

§40. The quadrangles {kl), {km), {Im), and {kn) are self-polar 
with respect to S^, since 8"^ rests upon each of the four conies k, /, m, 
n ; consequently, S^ rests upon the four conies which are circum- 
scribed to these four self-polar quadrangles and pass through any 
chosen point A. Three of these new conies are circumscribed to 
the self-polar quadrangle common to 7^ and y\, determined by P 
and A (§ 3S) ; the fourth does not pass through F if, as we may 
specify, A does not lie upon k ; it therefore intersects the first three 
in three different self-polar quadrangles common to 7^, y^^, and 8^. 
Among the four conies which pass through the point £ and are 
circumscribed to these three self-polar quadrangles and to that deter- 
mined by F and A, common to 7-, y^j, and 3^, there are therefore at 
least two different ones supporting the curves y^, y\, and S^; these 
intersect in the common self-polar quadrangle of 7^ and 7^, of which 
A and B are two real vertices, and which is thus self-polar also with 
respect to S^; consequently, the conic passing through the point C 
and circumscribed to this latter self-polar quadrangle supports the 
curve S^. Thus the theorem on the left of | 39 is proved. 

g 41. Two cui-ves of the second Two curves of the second order 

class y^ and 7^1 lying in the same k? and k\ lying in the same plane 

plane thus determine not only a net determine not only a linear web of 

of conies of the third grade, but also conies of the third grade, but also a 

a range of conies to which these sheaf of conies to which these two 

two belong, whose curves rest upon belong, upon whose curves all 

all curves of the net. curves of the web rest. 

The net contains an infinite number of conies which break up into 
pairs of straight lines ; any straight line s of the plane together with 
that straight line s' which joins its poles with respect to y"- and 7-1 
form one such line-pair. This degenerate conic supports all curves 
of the range of conies and its rays are conjugate with respect to each 
curve of the range (g 32). 
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Hence, 



The polesofasti-aight line i-ivith The polars of a point S ivith 

respect to all curves of a range of respect to all curves of a sheaf of 

conies lie upon a straight line / ; conies pass through one point S ; 

these rays j and ^ constitute a these points S and S constitute a 

line-pair (degenerate curve of the point-pair (degenerate curve of the 

second order) of the associate net of second class) of the associate web 

the third grade, of the third grade. 

In particular, the centres of all conies of the range lie upon one 
straight line. 

§42. If J is a common tangent of y"- and 7^1 it coincides with ^ 
and is thus a two-fold line of the net. It is self-conjugate ivith 
respect to all curves of the range. Thus, 

A straight line which touches any A point through which two conies 
two conies of a range is a common of a sheaf pass is a common point 
tangent of all curves of the range of all curves of the sheaf and a two- 
and a two-fold line of the associate fold point of the associate web of 
net of conies of the third grade. conies of the third grade. All the 
All the conies inscribed in a quadri- conies circumscribed to a quad- 
lateral fonn a range of conies ; the rangle form a sheaf of conies ; the 
t of the third grade associate web of the third grade 
conies for which the contains all conies for which the 
quadrilateral is self-polar (g 35). quadrangle is self-polar. 

§ 43. If a straight line s rotates about a point A its poles with 
respect to -f and -f^ describe two ranges of points a and a^ project- 
ive to the sheaf A, and the line S' joining these poles describes in 
general a sheaf of rays of the second order. This contains all rays 
which are conjugate to the rays through A with respect to the range 
of conies {§41); it contains also the polars a, a-^ ...oi A with respect 
to y^, 7^1, and every other curve of the range. These polars can be 
constructed by determining the poles of any two rays g and h through 
A, with respect to each of the curves of the range, and joining these 
pairs of poles. Since the lines joining these poles form a sheaf of 
the second order, we have (compare §4i)~ 

The poles of any two straight The polars of any two points with 

lines g and k with respect to the respect to the curves of a sheaf of 

curves of a range of conies are conies are homologous rays of two 

homologous points of two project- projective sheaves of rays of the 

ive ranges of points of the first first order, and the poles of a straight 

order ^1 and h^, and the polars of a line « lie in general upon a curve of 
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point A lie in general in a sheaf of the second order whose points are 

the second order whose rays are conjugate to the points of a, with 

conjugate to the rays through A, respect to the sheaf of conies, 
with respect to the range of conies. 

The centres of the curves of a sheaf of cotiics lie therefore 

in general upon a curve of the second order. In particular, the 

points of bisection of the six sides of a quadrangle and the points 

of intersection of the three pairs of opposite sides lie upon a 
conic. 

In conformity with thest theorems we may establish the following 
definitions : 

Four conies of a range are said Four conies of a sheaf are said 

to be 'harmonic' if the poles of any to be 'harmonic' if the polars of 

straight line with respect to them any point with respect to them are 

are harmonic points. four harmonic rays. 

With these definitions it becomes possible to correlate ranges and 
isheaves of conies protectively to each other and to the elementary 

§ 44, Through a point A there pass in general two rays which are 
■conjugate with respect to a range of conies (§ 43). 

f points in which any 

T two double elements 
on are conjugate with 
sheaf of conies, and in 
a touches a conic of 

^ 5 four conies of a net 

d g d { , 39), in particular 

b se line-pairs so that 

ght line /, it appears 
of the range ; for a 
rays which are har- 
monically separated from / by the four chosen pairs of rays (§32). 
If two curves ■f' and 7^^ of the range are given, the second tai^ent to 
this third curve, from any point A of /, can easily be drawn in accord- 
iince with the last section (g 44), 
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From this it follows that^ 

An arbitrary straight line of the Through an arbitrary point of the 

plane is touched by only one conic plane there passes only one conic 

of a range; but through an arbi- of a sheaf; but an arbitrary straight 

trary point two conies of the range line can be touched by two of these 

can pass (§ 44). conies. 

A range of conies therefore contains one, and only one, parabola 
tinless all its curves are parabolas; the sheaf of conies contains 
two parabolas. 

§46. A straight line u whose poles with respect to y'^ and y^j 
■coincide at a point ij (p. no Ex. 5) forms with each ray through 
Ua. degenerate conic of the net of the third grade and is the polar 
of f with respect to all curves of the range of conies (compare § 41). 
Hence (p 195, Ex. 14), 

The curves of a range (or of a sheaf) of conies have in general 
Si common self-polar triangle. 

This is real and is easily constructed if any two of the conies have 
four real points or tangents in common (Art. 140) ; it has in any case 
at least one real side u and one real vertex (/. If the eonies y^ and 
y^i do not touch each other, f/ cannot lie upon its own polar; and if 
the common self-polar triangle UVIV oi y^ and y'j is imaginary, the 
points V and W of u, which are conjugate with respect to the two 
conies, are imaginary. The pairs of points then in which y^ and y\ 
ate intersected by u must in this ease be real and must separate each 
■other (Art. 248), and each of the conies y^ and y\ must enclose a 
portion of the other. 

From this, and from what has previously been said, it easily 
follows that — 

If the common self-polar triangle of a range or a sheaf of 
■conies is imaginary, the conies themselves intersect by pairs in 
two and only two real points, and have two and only two real 
■common tangents. These two tangents intersect upon the real 
side u of the self-polar triangle, and the two points lie in a 
straight line with the real vertex of the triangle. 

For, otherwise, the intersection with u of the line joining 
the two points would be conjugate, with respect to the two conies, 
to the point V and also to a point of the Joining line, and a 
second real vertex of the triangle would exist, hence the triangle 
itself would be real. 

§47. If a straight line s rotates about a point P of the straight 
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line u, its two poles with respect to y and y , describe two pro 
jective ranges of points which have the point U self concspondint, 
and (.onsequentlj the hnc joining these t\vo poles rotates ibout ^ 
point /", since the two poles of PU lie upon u P must 
also be i point of ii If now ^ conic k which supports the two 
comes 7 and y i ii p^ssed through F it must ilso pass through P 
for any two conjugate n}% of P and F inter&ect i m a sdf polar 
quadrinyle commnn to y and y^ (§29 b), and since at least 
two sides ot th s quidrangle different from u p-iss thruugh F 
the opposite sides conjugati, to them (and hence also k ) must 
pass through P Smce now u is cut in an involution by a sheaf 
of comes which is circumscribed to an) selfpoUr quadringle of 
the comes y and 7°,, it follows that — 

Each real side u of the common From each rei! \erti:>. £ of tl c 

selfpDlai triangle of a nnge of common selt poWr trai&k of 1 

comes intersects the curves (and sheaf of eoniLs there can be diawn 

line pars) of the assoc ate net of as tangentstothecunes (andpo t 

con C3 of the third gride in pairs pairs) oftheassOLnte web of comes 

of points I", /", of an involution. pairs of rays of an involution. The 

The double elements of this involu- double rays of this Involution U 



constitute a degenerate < 
conic of the range, since they arc the sheaf, since they are conjugate 
conjugate with respect to all curves with respect to all cuives of the 
of the net. web. 

§48. The sheaves of rays P and P" (§47) are projectively 
related if to each ray of the one is correlated the ray of the other 
conjugate to it with respect to y^ and y\ ; they generate a curve 
of the second order w'hich is touched in P and P" by PUnnd F U, 
respectively. If the common self-polar triangle is real, this curve 
passes through the double points of the two involutions v and w- 
which arise upon the other two sides of the triangle; and if the 
double points of the involution u are imaginary, as when P and 
F' are separated by v and w, one of the involutions v, w, has two 
real double points lying upon this curve of the second order, and 
the other, two imaginary double points. The rays through a real 
double point O of u, v, or w are paired in involution in such a 
way that any two conjugate rays of the involution are polar con- 
jugates with respect to both conies 7^ and 7^1, while O is the 
point of intersection of two common tangents (real or imaginarj') 
of these conies, for instance, of the two double rays of the involution.. 
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If the common self-polar triangle of 7^ and y^j is imaginary, 
two real common tangents of -f and 7^, intersect in a point O 
of its real side u {§ 46), from which it follows that the involution « 
in this case has two real double points O. 

Out of all this we have — 

A sheaf of conies contains at 
least one, but in general and at 
most three, line-pairs ; these three 
pairs of rays intersect in the three 
vertices of the self-polar triangle of 
the sheaf, and form the three pairs 
of opposite sides of 
imaginary quadrangle 
sheaf of coni( 



A range of con 
least one, but in general and at 
most three, real point-pairs ; these 
three point-pairs, whether real or 
imaginary, lie upon the three sides 
of the self-polar triangle of the 
range, and form the three pairs of 
opposite vertices of a real or 
imaginary quadrilateral to which 
the range of conies is inscribed. 

§49- Besides the different limiting varieties whose ( 
or osculate in one point, we distinguish — 



o which the 
inscribed. 



Three principal classes of ranges 
of conies, according as the curves 
of the range have four, or two, or 
no real common tangents. An 
imaginary self-polar triangle occurs 
only in the second of the'ie classes 
(•j 46), and the three real pumt 
pairs occur only in ranges of the 
first class. Two conies of a ran|,e 
of the first or the third class hdve 
either four or no real points of 
intersection ; two conies of a range 
of the second class alwajs have 
two real points of intersection '^46) 

If all curves of a range of comes 
degenerate into point-pairs, as is 
possible in a range of the second 
class, the range is a special one ; it 
is likewise special if it contains a 
two-fold point. 

Accordingly, all conies which 
pass through the real or imaginary 
double points of an involution, or 
with respect to which any one point 






glV( 



Three principal classes of sheaves 
of conies, according as the curves 
of the sheaf have four, or two, or no 
real points of intersection. An 
imaginarv self polar tnan^le occuis 
onh in the scLond of these clisses 
and the three real 1 ne piirs ociur 
onl) in sheaves of the first cHss 
Two conirs ot a sheaf of the first 
or the third diss haie either four 
or no leal common tangents two 
comes of a sheaf of the second 
class alwa> s have two real common 
tangents 

If ill curves of a sheaf ot comes 
degenerate into line pairs the sheaf 
IS a special one it is likewise 
special if it contains a two-fold 

Accordingly, all conies which 
touch the real or imaginary double 
rays of an involution, or with 
respect to which any one straight 
line has a given pole, constitute a 
special web of conies of the third 
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spcLial net of comes of the th rd gnde % web of comes ii 1 kew 5e 
grade a net is likeuiie specnf if specw! if all its coniLS haie one 
Its comes ill pass through one point common tangent 

§50 The circles ot a plane lorm a bpetial net of tht. th rd ^radc 
the associate range of comes consists of the pairs cf points ot the 
involution in which the infinitel> distant straight 1 ne cuts in ortho 
goiul involution sheaf Confocal contcs form a ringe of the third 
class, their two foci constitute the one real point pair of the ranj,e 
and the associate net of comes of the third grade eonsists of all 
equihteral hyperbolas with respect to which the two foci arc con 
jugate Ihe circles which paas through two real points form t 
sheaf of <,onics of the second tlass and the circles orthogonal to 
them form a sheaf of the third class A special web of the third 
grade is formed by the comes which have 1 given point F for 
focus the comes of the issociite sheaf degenerate into hnt pairs 
which intersu t at rii;ht angles in F 

NETS AND WEBS OF CONICS OF THE SECOND GRADE." 

§ 51. Three curves of the second Three curves of the second order 
class y\ y\ y% which lie in one which lie in one plane but do not 
plane but do not belong to a range belong to a sheaf of conies, de- 
of conies, determine a net of conies tcrmine a web of conies of the 
of the second grade (or briefly, a second grade {or brielly, a web of 
net of conies) upon whose eui-ves conies) whose curves rest upon 
they rest (§§34, 35). them. 

All conies of the net which support, in addition to these three, 
an arbitrarily chosen fourth curve of the second class, for example 
a twofold point, form {| 34) a sheaf of conies. 

Hence (§45), 

Through every point of the plane Every straight line of the plane 

thei-e passes one sheaf of conies touches one range of eonics l>elong- 
belonging to the net ; through two ing to the web ; two lines chosen 
points chosen arbitrarily there arbitrarily touch in general only 
passes in general only one conic one conic of the web. 
of the net. 

§52. Any two of the three curves y", -f-y, y-^ determine a net 
of conies of the third grade containing the net of the second grade, 

* Compare Schrijtet, Die Theorie der Kegelsckmtie, 11. ed., pp. 500-535 (Leipzig, 
1876). 
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and at the same time a nnge of tonics whose turves rest upon 
alt curves of the first net, henct, also upon all curves of the second 
net (541) The net of the second gtade therefore supports the 
three rangeb of comes. dcCermmcd b> y-, y■■^, y^^- ^"^^ ^^"^ ever} 
fourth range which contains any two cur\es of these first three 
ranges ^11 these ranges he in the web of the second grade which 
IS determined by three curves of the net chosen arbitrirdy, for 
they rest upon these three curves, it may further he shown with 
out ditticultj that each curve ot the web belongs to an infinite 
number of these ranges, and consequendj rests upi n evu> curve 
of the net of the second gnde 

Hence the important theorem 

"\^ith a net of comes there is alnajs connected a web of comes 
' in such a way that each curve of the web rests upon ever) curve 
' of the net, ind con\ersel> Three cunes of the net or of 
"the web ire suflicicnt in general tc determine bDth thee 
" manifolds of comes 

The net and the wef of which we shiU speak in the f Ho line 
sections art, so connected that the web rests upon the net 

§ 53. \. net of comes contains an infinite number of line pairs 
which in ^eneral envelop a curve ol the third class G^ and in 
tersect by twos m selfpolar quadrangles common to y^ 7^1 y^a 
and the assoaate web ol comes (§'8) The rajs of any such 
line-pair are conjugate with respject to the web 1 1 with re'ipect to 
all curves of the web (^^jz) and the poles of one of these rajs ali 
he upon the other Anj two selfpolar qutdrangles of the web 
arc alwajs inscribed to one curve of the net for that come which 
Is circumscribed to one of these quadrangles ind passes through 
one vertc\ 17 of the other mu t belong to that sheaf of the net 
which passes through f7 and therefore must p^ss through the 
remaining three vertices of the second quadrangle. 

Similarly, 

§54. A web of conies contains an infinite number of point- 
pairs; these lie in general upon a curve of the third order C, 
and any two of them are pairs of opposite vertices of a self-polar 
quadrilateral of the associate net of conies. The points of such a 
pair are conjugate with respect to the net, i.e., with respect to all 
curves of the net, and the polars of one of these points all pass 
through the other. Each point-pair of the web is harmonically 
separated by every line-pair belonging to the net. Any two self- 
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polar juadnlaterals of the net are ilwajs circumscribed to one 
curve of the web Of tuo conies, f oni. dccribes a sheaf the 
straight hnes joining their points of intersection in ^ener^l envelop 
a curve of the third class (^^52 53) and if one describes a rinj,e 
the points of intersection d their common tangents in gencril 
move upon a curve of tho thud order 

§55 A net of comes together with its associate web of com s 
IS determined hj three pans of rays chosen arbitrarily which do not 
form the three p^ rs of opposite sides of a complete quidrai^le 
{§52} If a sheaf of comes is circumsrnbed to the selfpolar 
quadrangle ot the web in which two of these pairs of rays intersect, 
and we determine the interseLtions of the turves of this sheaf 
with the third pair of raj we obtain all selfpolar quadrangles 
■of the web whjse vertices lie upon these three pairs of rajs (^53) 
aid It the same time all line pairs belonging to the net and the 
cur(e of the third class G^ enveloped by them Since now the 
thud par of rays may be an> line pair whatsoever of the net 
and s nee its ra\s intersect the sheaf of comes in two point mvolu 
tions (Art - 1) 

4 IV Undent to the curve of the third elass G^ is intersected 

by the con cs of the net n pai s of points of an mvoluticn Tl e 

double ponts of this involution form a pont pa r cf the web ai d 

he upon the curve of the third order C 

ior they are conjugate w th respect to all curve of the net 
since they are harmon eally sej anted by three of thtse cunes 
chosen arbitronly 

"-56 In the same wa\ a web ot comes together with its associate 
net is dcte -mined bv three purs ot points chosen arbitrarily which 
do lot form the three jaiis of opposite vertices of a complete 
quidrilateral and from these all remaimng point pairs of the neb 
and the eurve of the third order C^ upon which the> he can be 
deriv ed 

1 he pa rs oi tant,e its n hi h <. an be draw n fre m anv point 
P of the curve of the third order C to the conies of the web 
form an involution The double ra>s of this iivolution constitute 
a hnepair of the net aid touch the eune of the third class G 

Fron a point / rhosen aibitrinl) B> an arb trarj taigent tj tie 

upon the curie C the po nt pa rs, cur\e (? the hne pans belonging 
of the leb are projected by an to the net are cut the po nts of 
involut on sheaf an in olutioi 



Hosted by 



Google 



NETS AND WEBS OF CONICS. 233 

The points of intersection of all line-pairs of the not lie upon 
C^; on the other hand, G^ is enveloped by the joining linos of 
point-pairs of the web (compare g 61). 

§57. The points of C^ are conjugate, two and two, with respect 
to the net, and the tangents to G^ are conjugate, two and two, 
with respect to the web (^ 53, 54). 

We shall now define as follows 1 

Three points of C^, whose con- Three tangents to G^, whose con- 

jugates lie upon one straight line, jugates pass through one point, 
shall be called a 'point-triple' shall be called a 'tangent-triple' 
of C=- of CP. 

Since two point-pairs of the web always form two pairs of opposite 
vertices of a self-polar quadrilateral of the net determined by them 
{§ 54)> "s li^ve immediately : 



The three tangents of any tan- 
gent-triple of £?, together with 
their conjugate tangents, form the 
three pairs of opposite sides of a 
self polar quad angle of the web 
eier\ sell polar quddrangle of the 
web contams lour tangent triples 
of C ' Anv ttt 3 tang ta of C? 
which intersect upon a given tan 
gent C, of ij' form with the con 
jugate tangent to f^ a tangent-triple 
of6--3. 

§58. The two triangles formed by any two point-triples of C^ 
re always circumscribed to a conic of the web (§ 54) since they lie 
n two self-polar quadrilaterals of the net (§57). 

But from this it follows (see p. 81, Ex. 10) that — 



The three points of any point- 
triple of C, together with their 
conjugate points, form the three 
pairs of opposite vertices of a self- 
polar quadrilateral of the net PC") 
self-polar quadrilateral of the net 
contains four point-triples of C 
Any two points of C whose joining 
line passes through a given point 
P^ of C* form with the coniugate 
point P of P^a point-triple of C^ 



Any two point-triples of C are 
inscribed in a curve of the second 

If then a conic is circumscribed 
to a point-triple of C^ and passes 
through two other points /" and Q 
of the curve, it is also circumscribed 
to the point-triple of C determined 
by P and Q. 



Any two tangent-triples of G^ 
are circumscribed to a curve of the 
second class. 

If then a conic is insciibed in a 
tangent-triple of G^ and touches 
two other tangents p and y of 
G\ it is also inscribed in the 
tangent-triple of C? determined by 
p and If. 



§59- The second triple in the theorem on the left of liie last 
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section coincides with the first if P and Q approach indefinitely 
near to two points of the first triple. Hence, 

To every point-triple of C^ a To every tangent-triple of G' a 
conic can be circumscribed which coniccanbeinscribed whichtouches 
touches the curve C^ in the three the curve (?' at the points of con- 
points of the triple. tact of these tangents. 

From the theorems of §57 we further obtain corollaries as follows : 

The tangents at P and 1\, two The points of contact of two 

conjugate points of C, intersect in conjugate tangents t and Ix of G^ 

a point 2 of C which with P and lie upon that tangent of G^ which 

P\ constitute a point-triple of (7. together with t and h constitute a 

tangent-triple. 

g6o. It follows from S 59 and the concluding statements of §57 
that — 

Kxi's two points of C^ whose loin 
mg line p ibises through a gnen 
point Pi of O lie upon a conic of 
that sheal which js cncumscribed 
CO the quadrangle formed by an 
arbitrary point triple of C and P 
the conjugate point ot /*] 

In the theorem on the left, the sheat of rays P■^ and the sheat 
of comes are so related projectively to each other that they generate 
the cune O, and similarh, in the theorem on the right, the range 
of points ("j and the range of comes generate the curve C But 
it 11 not my intention to prove the truth ol this statement at this 
point 

§61 The sides of the self polar triangle common to two comes ^- 
and ^-j of a net belong to and determine a self polar quadrilateral of 
any third conic B^ of the net (§ 24). This is then a self-polar quad- 
rilateral of k"^, k^-i, and B^, and hence of the net (compare g 57). 



Any l»o tangenta to 6^ which 
intersect upon a given tingent /, 
of (P touch a conic of that range 
tthich IS inscribed m the qmd 
nlateral formed by an arbitral} 
tangent triple ot <? and the tan 
gent / conjugate to t^ 



The vertices of a self-polar tri- 
angle common to any two conies 
of the net always form a point- 
triple of the curve C^. In par- 
ticular, the three pairs of opposite 
sides of any self-polar quadrangle 
of the web intersect in a point- 
triple of C. 



The sides of a self-polar tri- 
angle common to any two conies 
of the web always form a tangent- 
triple of the curve G^. In par- 
ticular, the three pairs of opposite 
vertices of any self-polar quad- 
rilateral of the net lie upon a 
tan gent -triple of G: 
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The first half of this theorem is converse to itself. It is easily 
proved further that every point whose polars with respect to two 
curves of the net coincide lies upon C", and that every straight 
line whose poles with respect to two curves of the web coincide 
is tangent to the curve G^. 

§63. The straight lines which The points from which tangents 

intersect any three given conies of to any three given conies of a plane 
a plane in three pairs of points in form three pairs of rays in involu- 
involution envelop a curve of the tion lie upon a curve of the third 
third class C (SSS); this curve order C^ (§56); this curve passes 
also touches the lines joining the through the points of intersection 
points of intersection of the conies, of tangents common to the conies, 
two and two (§ 53). two and two (§ 54)- 

§63. Since two conjugate points Q and Q^ of the curve C^ are 
harmonically separated by all pairs of conjugate tangents to the 
curve G^ (§54), and since to the point Q^ of C-, which lies in a 
straight line with two conjugate points P and P^, is conjugate the 
point of intersection Q of the tangents at /'and P^ (^^57 SqK 

Any tangent to C and the three Any point of C and the three 

straight lines which can be drawn points in which the tangent at this 
from its point of contact P to touch point intersects C^ foim a harmonic 
G^ form a harmonic sheaf of rays ; range of points ; 

and the tangent to C^ is harmonically separated from PP^ b;' 
two conjugate tangents to the curve 6^. If /*, is a point of in- 
flexion of C^, Q coincides with P^, and PP-^ is tangent to C^ at 
P, and conversely. But in accordance with the theorem on the 
right, the point in which C is met by the tangent PP^ coincides 
with P. Hence the theorem : 

"The curves C and G^ touch each other at all common points; 
"the tangent at any common point P intersects the curve C^ at 
" one of its points of inflexion P-^ and is intersected at P by an 
"inflexional tangent of the curve G^." 

§64. In the web of conies there is contained one range of 
parabolas {I51); the foci of the parabolas in this range lie upon 
a circle, while their directrices intersect in a point K (compare 
p. 179 Ex. 3). The net contains in general one circle (centre 
at K'), one sheaf of equilateral hyperbolas, and an infinite number 
of parabolas of which not more than two pass through any one 
point (§§45> 5')- 

§65, Nets of conies may be divided into four main cUuses, 
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between which a number of varieties of special nets form a 
transition. We distinguish these main classes by the aid of the 
involutions in which the net is cut by the straight lines of its 
degenerate conies (§55). If these involutions are in part elliptic 
and in part hyperbolic, i.e., if some of the involutions have 
imaginary and some real double points, their bases envelop two 
different branches of the curve G^\ for the net is intersected by 
successive tangents to this curve in involutions of the same 
kind since the double elements lie upon the curve C^. The two 
branches of G^ have a common tangent /, only when the two 
double points of the involution upon t.^ coincide ; but since these 
double points are conjugate with respect to all conies of the 
net, the conies in the assumed case all pass through one (self- 
conjugate) point and the net is of a special character. 

§66. A non-special net of conies is either cut by both rays 
of all its degenerate conies in hyperbolic involutions, or by the 
rays of some of them in elliptic involutions, or, finally, by one 
ray of each pair in a hyperbolic involution and by the other 
in an elliptic involution. I shall call the net in the first case 
hyperbolic, in the second elliptic, and in the third dual. A net is 
hyperbolic if it contains a sheaf of conies of the third class (g 49), 
or, in general, two conic sections which have no real points in 
common ; for, a sheaf of the third class is intersected by the lines 
of the plane in hyperbolic involutions. The conies of an elliptic 
or dual net intersect, two and two, in at least two real points. 

^67. If the net is given by three of its degenerate conies, we 
can select two of these as two pairs of opposite sides of a quad- 
rangle contained in the net. By the third pair, and in geneml 
by any conic of the net, either one vertex or no vertex of this 
quadrangle is separated from the remaining three, according as 
the net is dual or hyperbolic. On the other hand, if the net 
is elliptic, either two or no vertices of the quadrangle are 
separated from the others by the third line-pair, and in genera! 
by the conies of the net ; certainly two, if any pair of opposite 
sides of the quadrangle intersect the net in elliptic involutions. 

S 68. A dual net is cut by the two rays of any of its line-pairs 
in involutions of different kinds, while, on the contrary, a hyper- 
bolic or elliptic net is cut in involutions of the same kind. 
Every quadrangle contained in a dual net has one vertex which 
is separated from the remaining three by the line-pairs and the 
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comes of the net the three sides of the quadrangle wh(,h pass- 
through this vertex intersect the net in elhptic involutio is the 
remaining three =iides in hjpcrholit involutions 

In an elhptic net there is an infinite number of quadrangles 
of which two pairs of opposite sides intersect the net m elliptic 
involutions and the renaining piir n hjperbjl l involutions The 
two pi rs of vertices of such a quadrangle which In. upon the 
latter two sides an, separated by the coniLS of tl e net 

In 1 hyperbolic net theit is no quadra i^le whose vertLes are 
separated by any come of the net 

SfCg A web of comts is projected tr m the pdnts I if its 
point pairs by involution sheaves / e throUj,h each of these 
points F then, pass p'lirs ot tauj^ents to the com s whi(.h form 
an involution In partir ilar the poi it pairs of the web are 
projected from the points P b) pairs of rajs of these involutions 
If some ot the involutions are elhptic and others hyperbolic their 
centres P he ipon difTerent branches of the curve of the third 
order C and only in special cases are these two branches con 
ncctcd in -h double point (compare ^65) If all of these involutions 
are h}perbohc we call the web hyperbolic if thej ire in pairs 
partly elliptic and partly h)perboIic the web is said to be cll ptic 
if finally the web is projetted from one point of an) p mtpair 
and hence of everj point pair b) an elhptic involution ind fron 
the other by a h)perbohc involution it is called a dual web 

§ 70 I shiU denote the dual net ot comes as i net of the 
first kind Its une of the third chss G consists of an odd 
and an even branch The net is cut by the tangents of the even 
branch in hyperbolic involutions and by those of the odd branch 
m elliptic involutions from 1 vertex of anv quadrangle ctnn ned 
in the net there can be drawn one rr three tangents to the odd 
branch and to the even branch either two or none (&68) Two con 
jugate tangents to G never touch the same biinch of the curve 
if they simultaneousl) glide along 6-^ their point of intersection 
descnl ts the curve C^ which is unicursal ; e it consists of 
only me real branch In every real point P of C^ two real 
conjugate tangents of G^ intersect, and the web resting upon the 
net IS accordingly projected from the points P ot its jxunt pairs 
by hjperboliL lolutions ot which the pairs of real conjugate 
tangents to G-^ arc the double rajs The dual net is therefore 
the support of a hjpcrbolc wet whose 70 it pairs Ic i pon a 
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unicursal curve of the third order C^ The tangents to the 
evtn branch alone of 6^ Lonnect two real conjugitc points of C 

§71 Thi. elliptic net of comes is de'iignated a 'net of the 
second kind Its cune of the third class G^ consists ot an odd 
and an even branch the net is intersected bj the tangent'! of the 
even branch in elliptic involutions and b) those of the odd br-imh 
m hjperbolic involution;, Either two opposite sides only or else 
all sides of a quadrangle conta ned in the net inter'«ct the net 
in hyperbolic involutions so that through each \erte\ of the 
quadrangle there pass Lither one or three bisLS of hjperbolic 
involutions and either two or no bases ct elliptic imolutions Of 
two conjugate tangents to G^ either both touch the odd branch 
or both the even branch of the curve in the first case their point 
of intersection lies upon the even branch of the curve C in the 
second case upon the odd branch of 6' wth which thej now have 
no other real points in common The curve of the thud order 
C thus consists, for the net ot the second kind of two different 
brinches ■md in eai h real point ^ ot the cuive two real conjugate 
tangents ol G^ intersect It toUons from this (compare ^70) that 
the elliptic net is the support of a hyperbolic web The tangents 
to the odd branch alone of G^ connect two real conjugate points 
of C '^ and it is evident that one ot these two points hes upon he 
odd branch and the other upon the even branch of O 

!; 72 A hj'perbohc net of comes shall be called a net of the 
third or fourth kind according as the web resting upon it is du^l 
or elliptic 

The net of the third kind is therefore the reeiproral of a weh 
which rests upon a net of the first kind Its line pairs envelop t 
unicursal curve G^, while C consists of two different branches 
Every real tangent of G^ joins two real conjuj,ite points of t ^ 
vrhich are distributed upon both branches of C through a real 
point of C on the other hand there pass two real oi two 
imaginary conjugate tingents of G"', according as the point lies 
upon the evei or upon the odd branch of C The net contains 
sheaves ot comes ol the first, second, and third classes the web 
resting upoi it contains i inges of eomcs of the first and second 
classes but none of the third class 

s73 The net of the fourth kind is the reciprocal of a web 
which rests upon a net of the second kind The ass. ciate curves 
C^ and G^ cmsist therefore cf two different brioches each (^■]\) 
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NETS AND WEBS OF CONICS. 239 

Every real tangent to G^ joins two real conjugate points of €•' - 
these lie upon the odd or the even branch of C^ according as the 
tangent touches the even or the odd branch of G^. Through a 
Teal point of C^ there pass two real or two imaginary conjugate 
tangents to G^, according as the point lies upon the odd or upon 
the even branch of C'^. The net contains sheaves of conies of all 
three classes ; the web resting upon it contains ranges of only the 
first and second classes. 

§74. No others than the four principal kinds of nets of conies 
mentioned above can exist, since a hyperbolic net is never the 
support of a hyperbolic web. In a hyperbolic net, for instance, 
there are always imaginary line-pairs with real intersections P; but 
from such a point P the associate web is projected by an elliptic 
involution sheaf of which this imaginary line-pair forms the double 
rays, and the web accordingly is not hyperbolic. 

If a non-special net supports a web, then of these two manifolds 
of conies, the one is always hyperbolic and the other either elliptic 
or dual (§70 to §73). Both or at least one of the two associate 
curves G^ and C consists of two branches. 

g 75. The web is a special one if it contains a two-fold point Z; such 
a fM>int becomes a double point of C^ and through it pass all the 
conies of the associate net, which is likewise a special one, and 
the curve G^ breaks up into the sheaf of rays Z and that curve 
of the second cJass G^ .whose tangents are conjugate to the rays 
of Z with respect to any two curves of the w^eb. The sheaf of 
rays Z and the sheaf of tangents to G- are projectively related 
and generate the curve C^ (§56). 

The web and the net are again special if the net contains a 
two-fold line s ; this line is a double tangent to (?' and touches 
all the conies of the web ; the curve C, in this case, degenerates 
into this twofold line and a curve of the second order. 

§76. The web is also special if it contains all pairs of points 
of an involution u. In this case the conies of the net all pass 
±rough the two double points of u, the curve G^ degenerates into 
these two double points and the pole 17 of u with respect to any 
curve 7^ of the web, and C^ degenerates into the straight line w 
and a curve of the second order (compare p. i6z, Ex. 14). The 
straight line u is conjugate, with respect to the web, to. all rays of 
the sheaf U, and through U there passes a common chord of every 
pair of conies of the net. If, in particular, the involution u is the 
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section of an orthogonal involution sheaf made by the infinitely 
distant line, then the net consists wholly of circles (compare § 50). 

§77. The circles which support a given cur^•e of the second class 
y^, /.If., which can be circumscribed to its self-polar triangles and 
quadrangles, form a special net of conies. The chords which are 
common to these circles two and two intersect in the centre U of y^ ; 
they are parallel if -f is a parabola. If -f is an ellipse or hyperbola, 

dhhpdhg h 
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^78. From the reciprocal to g 76 we have, among other thmgs, 
the following: 

The conies which have a given point !• for focus and rest upon 
a curve of the second order k^ form a special web. The two 
real tangents which any two of them have in common always 
intersect upon the polar f oX F with . respect to )?. The curve 6^'* 
breaks up into F and a curve of the second class ; C^, on the 
other hand, breaks up into / and the two imaginary double rays 
of the orthogonal involution sheaf F. Two opposite sides of each 
self-polar quadrangle of the web intersect at right angles in F; 
the points of intersection of the remaining two pairs of opposite 
sides lie upon f. In general, / is the polar of F with respect to- 
all conies of the net upon which the web rests. 

§ 79. The conies which can be circumscribed to a triangle ABC 
form a highly sf>ecialized net ; of the curves of the associate web, 
ABC is a common self-polar triangle ; the curves C^ and G^ reduce, 
respectively, to the three sides and the three vertices of the triangle. 
The conies of which ABC is a self-polar triangle form not only a 
highly specialized web, but a highly specialized net as well; uponthis- 
net rests the web which can be inscribed in the triangle. 
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projeclively related 



polar theory of, 109. 
focal axes, planes of symr 
Cones of the second order, 



projeclively related, properties of. 143. 

Concentric sheaves of rays, projectirely 
related, generate a stieaf of planes of 
the second order, 69. 

Configuralionoften points and ten lines, 5. 

Confocal conies intersect at right angles. 



171. 
Confocal cones inte 

Conformal depictioi 



190, I 



It right angles. 



of the second 






Iriply tangent lo a curve of the second 

order and to a curve of the second 

class, 234. 
Conies, four, determined by three points 

and two tangents, or three tangents 

and two points, 192. 
associated nets and webs of, 303, 231. 
range or sheaf of, determines an involu- 
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sides of inscribed pnnllelogrnm ire 



para 



mfor I 



of a hyperbola aie hinncnii-ill) separ- 
ated by the nsymptotfi 117 
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two projective forms when threi 
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117, 109. 
for the double elements of an involution, 

S'. IS3- 
of the sixth element of an involution, 

153. 159- 
for the foci of an ellipse or a hyperbola, 

170. 
for the focus of a parabola, 17S. 
for Ihe self-corresponding elements of 

two superposed projective forms. 182. 
of a polygon whose sides pass through 



els and webs of, of thf 



-ange of the third 
;eond grade, 



Conjugate points and lines, with respect 

to a conic, defined, 105. 
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by the curve, 105. 
on two non-conjugate lines form pro- 
jective ranges, 105. 
on one straight line form an involution, 
152- 



imaginary elements, 194. 
Correlation, detined, 21. 

methods of, ar, aa, E3, no, in. 
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Cross-ratio defined. 65. 
Curve of the second order, defined, 61. 
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given three real and two imaginarj 
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first order and a sheaf of rays of the 

second order, 143. 
generated by projective sheaves of rays 

of the first and second orders, 143. 
generated by a sheaf of planes and a 

regulus of the second order, 146. 



related project! lely, 
ding points or tangf 



>, projective, gi 

one, 14s. 

), projective, g 



locus of point-pairs of a. web 

<.'urves of the third order and 1 
ciprocally correlated, 232. 
tangent in inflexional elements 
doubly degenerate, 240. 

Cyclic planes of a cone of thi 

intersect in a principal axis, 2c 
reciprocal to focal axes. 204. 
Cyclide, Dupiii's, 2ir, 212. 



Dcsargues, 68, 97, 160, 
Desargues' theorem, 160. 
Diagonals of a complete quadrangle, 
each cut harmonically by the other 

of a circumscribed parallel<^ram are 
conjugate diameters, 114. 
Diagonal triangle of the complete quad- 
rangle determined by four points of 
a conic is identical with the diagonal 
(riangle of the complete quadrilateral 
formed by the tangents at these 



Diar 



;rofac< 



efined, i 



Directrix of a curve of the second order, 

defined as the polar of a focus. 171. 

relation of the curve to a focus and, 



EL, locusoftlleiIlte^- 
;onal tangents, 171. 
: orthocentre of a 



onhc 



tangent tr 
Double elements of an involution, 153. 
harmonically separate pairs of corre- 
sponding elements, 154, 166. 
conslrucUon for, 51. I53- 
Duahty, the principle of, 55-33. 

Elementary forms, defined, 134. 

when in perspective position, 135, 145, 

projectively related, 135, 136. 

when superposed have at most two self- 
Ellipse, defined, 93. 

equation of, referred to a pair of con- 
jugate diameters as axes, 132, 
Envelope of a system of spheres, 311. 
Eqtiation of an ellipse referred to a pair 
of conjugate diameters, 122. 

of a hyperbola referred to its asymptotes, 

of a hyperbola referred to a pair of con- 
jugate diameters, 123. 

of a par.ibola, 133. 
Kquilaleral hyperbola, defined, irB. 

projected from the extremities of a 
diatiieter by equal shpaves, 118. 
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Focal axes of a cone tlcfiiied, 198, 

Focal axes of a eotic, properlies of, EOI. 

reciprocal to cyclic planes, 204. 
Focal radii of an ellipse or hyperbola, 
their sum or difference constant, 
174. 
Foci of a curve of the second order, 
detined as points in which conjugate 
lines intersect orthogonally, 168. 

must lie inside the curve, 16B. 

arc the double elements of an involution 
formed upon an axis by pairs of con- 
jugate normal rays, 169. 

two for ati ellipse or hyperbola, 170. 

of a parabola, one at infinity, 170, 

the centre the only focus of a circle. 



for, 1 
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of a hyperbola, ) 

and a tangent, 178. 
Focus, property of a, with 
tangents, 172. 

three tangents, 176. 
inversion of, with respecl 

tangent, 175. 
Focus of a parabola, coi 

176, 178. 
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order, 107, iii. 
Gergonne, 15. 
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variable tangent, 175. 
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154. 156. 166. 
metric properties, 164. 
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double elements, when reil 166 
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sect in two points, 167 
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inscribed in a conic, 167 
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lines conjugate to one side of in inscribed 

conjugate points, 107. 
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of the middle points of chords which 

of the point of intersection of ortho 
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a tangent, 175. 
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the focus on a tangent, 17s 
of the poles of a straight line with re 
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Maclaurin, 64. 
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Net of conies, defined, 221 
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of the second grade, h 
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for the cone of the second order, 
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